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Abstract. In this paper, we consider some nonlinear parabolic problem involving the well known
p—laplacian and some operator having exponential growth with respect to the gradient. We start
by dealing the asymptotic behavior for some evolution equation then we give some numerical results

with an application in image processing.

1. Introduction

Image processing has always been a challenging problem, this field has become "hot". In recent
years, image processing has been a very active field of computer application and research [9].
The most active topics in this field is image restoration because it allow to recovery lost information
from the observed degraded image data.
In [4, 6,19, 24, 25] the authors have studied the partial differential equation (PDE) and fractional
partial differential equation (FPDE) methods in image processing and proved the fundamental tools
for image diffusion and restoration.
In 1987, the Perona Malik is the first attempts to derive a model from an image within a PDE
framework in [21].
Then, by using Perona Malik the authors were concluded a nonlinear diffusion model (anisotropic

model).
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In [1], the authors have studied a diffusion model, this model is a combination of fast growth with
respect to low gradient and slow growth when the gradient is large which used for restoration in
image processing.

Then, in [14] the researchers showed some class of nonlinear parabolic inequalities in Orlicz spaces.
The authors presented a novel model for image denoising and compared the results with the model
of Perona-Malik and the method of the total variation (see [18]).

And, in [3] the authors proposed a novel parabolic equations for image restoration and enhace-
ment. They proved the existence of solution, established a nonnegative weak solution obtained as
limit of approximation and give some application in image processing.

Also, in [15] we find some optimal control problem for the Perona-Malik equation. The authors
obtained existence results and approximation of an optimal control problem.

In [8], authors studied the minimisations problem numerically with anistropic diffusion and obtained

the results in image restoration.

Let Q be a regular open bounded subset of RN with N > 2. And let Q@ be the cylinder
Q x (0, T) with some given T > 0.

We consider the following nonlinear parabolic problem:

WA =f in Q
anp (x,t,Vu).n=0, On 0Q =002 x (0,7) (1.1)
u(x,0) = up in €,
where
A(u) = —div (aapg (x, t, Vu)), (1.2)

with aq g (x, t, Vu) satisfying the following expression

Vu -
a,p (X, t,Vu) = exp (a|Vul|) Vuxqvu<py + vl log” (14 |Vul) x{jvugy + & |Vul® 2Vu. (1.3)

For instance, if we take B8 =« = 0 and p = 1 in problem (1.1), so we obtain the curvature-driven
diffusion (see [22]).
fa=0,B=1v=0and kK =0 is treated in [7].

And, if we make k = 0 and B > 0 then, the problem (1.1) has been recently studied in ( [1], [20])
and successfully used in image processing.
Actually, nonlinear partial differential equations of type (1.1) can be considered as Perona—Malik
equations see [21].

In this work, we will study the problem (1.1) when 8 = 400, k > 0 and p — +o00. More precisely ,
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we will show that the problem

% —div(aq (x, t,Vu))=1f inQ

(Pp){ au(x,t,Vu).nm=0, On 0Q =02 x (0,7) (1.4)
u(x,0) = up in €,
with
aq (x, t,Vu) = exp (a|Vu|) Vu+ k|VulP? Vu, forp> 2, (1.5)

admits at least one solution u, € WXL, (Q) where A,(t) = t?exp(at). Next, we study the
asymptotic behavior of the solution up, as p — 400, we show that the limit of u, satisfies some
parabolic obstacle problem.

In our work, we use an application illustrating that the problem can be used for denoising filter in
image processing.

For recent works which involving the partial differential equations with nonstandard growth and with
applications in image processing, the reader can refereed to [8], [17], [18] and [13].

This work is organized as follows: in the next section, we present somme lemmas and spaces; in

section 3, we obtain main results; in section 4, we get some numerical results.

2. Preliminaries

In this section, we shall give some corollaries and definitions which will be used throughout this

work.

2.1. N— Functions. Let A : RT — RT be an N— function, i.e. A is continuous and convex with
A>0, for t >0, @HOast%Oand@%nLoo as t — +oo.

Equivalently, A admits the representation: A(t) = fta(s)ds, where a: Rt — R* is nondecreasing,
right continuous, with a(0) =0, a(t) > 0 for t >0 a%d a(t) tends to oo as t — oo.

The N— function A conjugate to A is defined by A(t) = fta_(s)ds, where 3: RT — Rtis given by
a(t) = supfs  a(s) < 1} ( [2]). O

The N-function is said to satisfy the A, condition (3 k > 0 : A(t) < kA(t),Vt > 0), so for some
k > 0 we obtain,

A(2t) < kA(t), YVt >0, (2.1)

when (2.1) holds only for some t > 0 then, A is said to satisfy the A, condition near infinity.

We will extend these N-functions into even functions on all R.

2.2. The Orlicz spaces. Let Q be an open subset of RN. The Orlicz space L4 (Q) is defined as the

set of (equivalence classes of) real-valued measurable functions v on €2 such that:

/A <u(>\x)> dx < +oo for some X > 0. (2.2)
Q
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LA (€2) is Banach space under the norm

lullag = inf{ A >0, /A <“;)> dx <1V (2.3)

Q
The closure in La (R2) of the set of bounded measurable functions with compact support in Q is
denoted by EA(€2). The equality EA(2) = La (2) holds if only if A satisfies A, condition, for all t or
for t large according to whether Q has infinite measure or not.
The dual of Ea(Q2) can be identified with L () by means of the pairing [ uvdx, and the dual
Q

norm of L4 (€2) is equivalent to [|.[ 4 .
The space L () is reflexive if and only if A and A satisfy the A, condition, for all t or for t large,

according to whether  has infinite measure or not.

2.3. The Orlicz-Sobolev Spaces. Now, we turn to the Orlicz-Sobolev space, WL 4 (Q) (respectively
WLEA(Q)) is the space of all functions u and its distributional derivatives up to order 1 lie in L
(respectively EA(S2)). It is a Banach space under the norm

lully o= > |Dku]| .- (2.4)

[k<1
Thus, WL (Q) and WLEA(Q) can be identified with sub-spaces of product of N + 1 copies of
L a. Denoting this product by ML 4, we will use the weak topologies o (ML, MEz) and o(MLa, ML 7).
We say that u, converges to u for the modular convergence in WL 4 (Q) if for some A > 0

D*u, — D¥
/A (“”A”> dx — 0 for all |k| < 1. (2.5)

This implies convergence for o(MLa, ML 7).

If A satisfies A> condition on RT, then modular convergence coincides with norm convergence.

2.4. Duality in Orlicz-Sobolev space. Let W =1L, (Q) denote the space of distributions on Q which
can be written as sums of derivatives of order < 1 of functions in Lz. It is a Banach space under the
usual quotient norm.

If the open set 2 has the segment property then the space D(Q) is dense in WL (Q) for the
modular convergence and thus for the topology o(MLA, ML z) ( [12]). Consequently, the action of a
distribution in WL 7 (Q2) on an element of WL (Q) is well defined.

2.5. Inhomogeneous Orlicz-Sobolev spaces. Let Q be an abounded open subset of RY, T > 0, and
set Q = Q x (0, 7). Let A be an N—function. For each k € NV, denote by DX the distributional
derivatives on @ of order k with respect to the variable x € RV, The inhomogeneous Orlicz-Sobolev

spaces of order 1 are defined as follows

WX La(Q)={ue La(Q): Diue La(Q), Y|kl <1}, (2.6)
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and
WX EA(Q) ={u€ Ea(Q): Df € EA(Q), V|k| <1}. (2.7)

The latest space is a subset of the first one. They are Banach spaces under the norm

lul = > [IDkull 4. (2.8)
|k|=1

We can easily show that they form a complementary system when  satisfies the segment property.
These spaces are considered as subspaces of the product spaces ML 4 (Q) which has N + 1 copies.
We shall also consider the weak topologies o (ML, MEz) and o(MLa, NLz). If u € WXL, (Q)
then the function t — u(t) = u(.,t) is defined on (0, T) with values in W1LA(Q). If, further,
u € WEXEA(Q) then u(t) is a WIEA(Q) valued and is strongly measurable. Furthermore, the
following continuous imbedding holds: WXEA(Q) C L*(0, T; WEA(R2)). The space WXL (Q) is
not in general separable, if u € WXL 4 (Q), we cannot conclude that the function u(t) is measurable
from (0, T) into W'LA(Q). However, the scalar function t — HDﬁu(t)HA,Q ,isin LY(0,T) for all

|k| < 1.

2.6. Duality in inhomogeneous Orlicz-Sobolev spaces. We denote by F = W™1X[ z (Q) the space

F={f=) Difi:ficlz(Q) . (2.9)
|k|=1

This space will be equipped with the usual quotient norm:

Il =inf > 1fllzq . (2.10)

k|=1
where the inf is taken on all possible decomposition f = Y. DKfi : fr € Lz(Q). The space

k=1
Fo = W™1XL z(Q) is then given by

Fo=(Sf=Y Difi:ficEz(Q). (2.11)
lk|=1

The following corollary will be useful in the proof of our existence theorem.
Corollary 2.1. ( [10]). Let A be an N—function. Let (u,) be a sequence of WXL 4 (Q) such that

Uy — u  weakly in WYXLA(Q) for o(NMLa NEZ) (2.12)

and %“t" is bounded in WXL z(Q) +M(Q), where M(Q) is the space of measures defined on Q.
Then u, — u strongly in L1 (Q).

loc
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3. The Main Results of the Existence

Theorem 3.1. Let f € L*°(Q), and ug that |Vug| < 1. Then the problem

up € WL, (Q)

(P,) <a”” v> +fVupe><p(a|Vup|)Vvdxdt+f|Vup|p 2 Vu,Vvdxdt —Cf)fvdxdt,

for v e W1 XLa, (Q)NL2(Q) such that P ew Lz (Q)+ L2(Q),
(3.1)

admits at least one solution u, € W**L s (Q) such that up, — u for the modular convergence where

u Is solution of the following parabolic inequality:

Vul <1
(P) ({2, u—v)) —I—ga(x,Vu) (Vu—Vv)dxdt §g<f, u—v)dxdt+ %g{(uo — v(x,0))? dx

for v e WYL (Q)NL2(Q) such that & € W1¥Lz (Q)+ L3(Q) and |Vv| < 1.

Remark 3.1, Since  {veWW™ L (QNL3Q) :FeW XLz (Q)+L3(Q)} C
C (([0,T]), L2(S2)) (see, [11]) the least term of problem (P) is well defined.

Proof. Step 1
Let us consider the following approximate problem:
— div(Vul exp(a | Vull])) — div(‘VuE!p_ZVul’j) + 2 (ui=M)exp(a|ul —M|])=f inQ
(Po.n) up(x,0) =up in Q

exp(a!Vup})ar‘l’ —I—‘V n|P~ 26L—O on 9Q x (0, T),

(3.2)
where M = max(||f]|. . [ltolls)- As it is done in [11], one can is seen easily that the problem (P, ;)

admits at least one solution vy € WXL, (Q) furthermore

Jun]| < max{|lflloc . lltolloe} - (3.3)

By choosing up — M as test function in (P, ), we obtain [ ‘Vuglzexp(a {Vug})dxdt <C, and
Q

via (3.3) it follows that

l45lly 0, < M
and thanks to (Pp,,,), we deduce that % is bounded in W=1*L 7 (Q) + L (Q) . Thanks to corollary
(2.1) we have u — u, in L' (Q) as n — +oo almost everywhere convergence in Q.

Arguing as in [10] and [5], we pass to the limit in (P, ) to obtain
a”” — div(Vup exp(a [Vup|)) — div(|VulP™ 2Vu)=f inQ
(Pp) u(x,0) =up inQ (3.4)
exp(a|Vup|) b 4 |VulP? 8”” =0 on Q2 x (0,T),
with up, € WHXLa (Q) N L>®(Q) and ||upll, < M".
Step 2: A priori estimates
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Choosing v = up as test function in (P,) we obtain:

0
<<£,Up>>+/|vup|2 exp(a|Vup|)dxdt+/|vup|P dxdtZ/fupdxdt,
Q Q

Q
f2dxd L 2dxd
XH_E upxt

Q Q

which gives by using Young's inequality

1 1
2/u/g(x, t)dx—Q/ung+/|Vup|p d><dt—|—/|Vup|2 exp(a |Vup|)dxdt <
Q Q Q Q

N =

t

1 1 1

2/u,§(x, t)dx+2/u(2)dx+/|Vup|” dxdt+/IVup|2exp(a|Vup|)dxdt§ c+2//u§dxdt,
Q Q Q Q 0 Q

by Gronwall's lemma (see [23]), we get

/ug(x, t)dx—I—/|Vup|2exp(oc|Vup|)dxdt+/|Vup|pdxdt< C.
Q Q Q

Consequently, since uj, is bounded in WXL, (Q)N L?(Q) so there exist some v € WXL, (Q)N
L2(Q) such that ( for a subsequence still denoted by uj,)
up — u weakly in WL, (Q) N L3(Q).
Step 3:

To obtain |Vu| < 1, we will use the estimate

/|Vup|p dxdt < C. (3.5)
Q

Let g < p, we have

/|Vup|qudt: / |Vup|? dxdt + / |Vup|? dxdt
Q

[Vup|<1 [Vup|>1

< meas(Q) + / |Vup|?dxdt < meas(Q) + C,
[Vup|>1
which gives
/|Vup|q dxdt < M,

Q
by letting p — oo for g fixed, we obtain

/IVu|qudt < M.
Q

Now, let k > 1, we get

M
/ |Vul?dxdt < M = meas {|Vu| > k} < = meas {|Vu| > 1} =0,
[Vul>k
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which gives
[Vu| < 1.

Step 4: Modular convergence of u, — uin WL, (Q):
Let w, = u, + e Mup, where wu, is the mollifier function defined in [16] with respect to time of

u and the function wy, have the following properties:

T =i W (0) = o, 39

with .
=t [ wlx 907 exp(1 (5~ )3, (37)
Vw, =i / Vu(x, s)xo,1)exp(k (s — t))ds + exp (—ut) Vuo. (3.8)

By using [Vu| < 1 and |[Vug| < 1, we get:

Vil < o [ explu (s~ ))ds -+ exp (~ut) = [expliu (5 = )] +exp (~pst) = 1
0

This implies that
IVw,| <1.

Now, we proof that u, — u in Wl'XLAa (Q), for the modular convergence as p — +oo.

For this, we will denote by € (p, i, 8) function with all quantities such that

lim lim lim €(p, u,0) =0, (3.9

p—+00 6—1 p—r+o0
and we will respect the order of the parameters p, 0, . Similarly, we will write € (p), or € (p, u) that
the limits are made only on the specified parameters. Firstly take v, = up — 6w, for 0 < 6 < 1 as test
function in (P,), which belong to WXL, (Q), we get

)
<6“t”, vp> +/Vupexp (@ |Vup) V (up — Ow,) dxdt (3.10)
Q

+ / IV up|P~? Vup,V (up — Ow,) dxdt = / f (up — 6w,) dxdt.
Q

Q
On the other hand, by using the monotonicity of the p—Laplacien, we deduce that;

/ IVup|P 2 Vu,V (up, — 8w,) dxdt > 6P~ 1 / Vw2 Vw, (Vu, — 8Vw,) dxdt, (3.11)
Q Q

by using the Holder's inequality

1

T m

| (p, ., )] =

/ VP2 Vw, (Vu, — 0V w,) dxdt
Q

< (/|VWM|D dxdt) (/ Vu, — 0Vw,|’ dxdt)
Q Q
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which implies

1
P
(/wpempdxdt> < <2P (/(Vupp—i—GPW“p)dxdt)) < 2M>.
Q Q

And finally, we obtain

T =

li(p. . 0) <e(p).
On the other hand

() (5}~ (3o ({3

=1 +6L.

ou ow,
S = <<af—96t”,up—9wu>> :/(up—GWM)zdx—/(uo—GWM)zdx,
Q Q

we deduce that

With

5> —/(uo—QWM)ZdXZ —(1—9)2/u§dx+e(y,) —e(1.0).
Q Q
For what concerns J,, we deduce that

o= (St - om, ) ) = uQ/(u — ) (up — 6w, dxdt

. . . . ow,
lim |im b =Im Iim £, up — 0wy ) > 0.
6—1 p—+oo 6—1 p—+oo \ Ot

Finally, we get

lim lim  lim /a(x, Vup) (Vu, —6Vw,) dxdt < 0. (3.12)

u—>+o0 6—1 p—+oo
Q

Since

/[a (x,Vup) —a(x,Vu)] [Vup, — Vu] dxdt — / a(x,Vup) (Vup, —0Vw,) dxdt
Q Q

= —/a(X,Vup)Vudxdt—/a(X,Vu) [Vup — Vu] dxdt+9/a(x,Vup)VW#dxdt.
Q Q Q
Since a(x, Vup) is bounded in (Lz, (Q))N, we have a(x, Vup) — h weakly for o(MLg ,MEa,)

consequently

/[a (x,Vup) —a(x,Vu)] [Vup — Vu] dxdt — /a (x,Vup) (Vu, —6Vw,) dxdt
Q Q

= —/hVudxdt—i—@/hVW#dxdt—l—e(p)
Q Q
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:/hVUdth+/hVWMdth+€(P, 0)=¢e(p 0, u).
Q Q

Which gives

/ [a(x,Vup) —a(x,Vu)] [Vup, — Vu] dxdt — /a (x,Vup) (Vu, —0Vw,) dxdt =€ (p,0, 1),
Q Q
by using (3.12), we obtain

/[a (x,Vup) —a(x,Vu)] [Vup — Vu] dxdt — 0 as p = +o0.
Q

By strict monotonicity of a(.,.), we obtain that Vu, — Vu a.e in Q.

Finally a (x, Vup) — h = a(x, Vu), weakly for o(MLz_,MEa,), consequently

/ [2.(x, Viip) — a (x, Vu)] [Vup — V] dxdt
Q

= /a(x,Vup)Vupdxdt — /a(x, Vup) Vudxdt — /a(x, Vu)[Vup, — Vu] dxdt,
Q Q Q
because Vup, — Vu weakly in (Lj, (Q))N, we get

p—>+o0

lim /[a (x,Vup) —a(x,Vu)] [Vup — Vu] dxdt
Q

= lim /a(X,Vup) Vupdxdt—/a(x,Vu)Vudxdt:O.

p—+o00

Q Q
Since a(x, Vup) Vup = Aq (|Vup|) we get

lim /Aa(|Vup|)dxdt—/Aa (|Vul]) dxdt.

p——+00

Q Q
Thanks to fact that

Ao (250 < 5 A (905D + A (9.

By using Vitali's theorem, we obtain

Vu, —V
/Aa <|UD2U|> dxdt — 0 as p — +oo.

Which shows that Vu, converges to Vu for the modular convergence in L4, (Q).

Step 5: The passage to the limit

Let us consider v € W ¥La (Q)NL3(Q) = WL, (Q) such that [Vv| < 1, ¥ € WXL 5 (Q)+
L2(Q) and 0 < 6 < 1. Using up — Ov as test function in (P,), the fact that

<<%th” Up — 9v>> + /Vup exp(a |Vup|)V (up — 0v) dxdt (3.13)
Q



Int. J. Anal. Appl. (2023), 21:25 11

+/ IVup|P2Vup,V (up — 0v) dxdt < /f(u,, — 0v) dxdt,
Q Q

Oup ov ov
<<6t — Qa, Up — 9v>> + 6 <<8t Up — 9v>>

+/Vupexp(a|Vup|)V(up—9v) dxdt+/|Vup|p_2VupV(up—Gv) dxdtg/f(up—ev) dxdt,
Q Q Q

we have

since
/|Vup|p_2 Vu,V (up — 6v) dxdt > P71 / |Vv[P72 VvV (u, — 8v) dxdt,

Q Q
which gives

9<<g\;,up—9v>>+/a(x,Vup) (Vu, —6Vv) dth+9p_1/|VV|pZVVV(UP—QV) dxdt
Q Q

S/(f, up — 0v) dxdt+/(uo—9v)2dx.
Q Q

Since a(x, Vu) belongs to (LA—a (Q))N, and using Fatou's lemma in the first term of the last side
gives
Iplmir;z / a(x,Vup) (Vu, — 6Vv) dxdt > /a(x, Vu)(Vu—6Vv)dxdt,
Q Q
then, we can easily pass to the limit as 8 — 1 and p tend to infinity, we obtain

1
<<g: u— v>> +/a(x, Vu)(Vu—Vv)dxdt < /(f, u—v)dxdt+ 2/(u0 — v(x,0))? dx.
Q Q Q
Which completes the proof. O

4. Numerical results

We consider the following model problem:
% — div(Vupexp(a [Vup|) — div(|VulP 2 Vu) =f inQ
(P1) u(x,0) = ug in Q (4.1)
exp(a |Vup|)% + |VulP™2 % =0 in 802 x (0, T),
where ug represents the input image. We apply finite differences method to this problem. We denote
respectively by h and At the spatial and time steps sizes.

In what follows, we take h = 1 and we define for every field p = (p1, p2) € R?, the discrete divergence

approximation:

p1(ig) —p1(i—=1,) if1L<i<n p2(i ) = p2(i,j—1)if 1 <j<n
divi ;(p) =< p1(i.)) if i=1 +9  p2(iJ) if j=1
pi(i—1,)) if i=n —pa(i,j—1) if j=m,

(4.2)
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where n and m is an integer greater than 2.

One can write the following scheme:
UL J) = o (7)) + At [(div(da(x, Vu) + div(g (x, Vu)))¥ (i,j)] . 1<k<N  (43)

where dy(x, Vu) = Vupexp(a|Vu|), q(x,Vu) = |[VulP 2 Vu, u(ti, xi,y;) = u (i, j), x =
ih, yj=Jjh tx=kAt, and At = .

In our numerical tests we take At = % = 0.1, and we compute the PNSR (Peak Signal to Noise
Ratio ) quotient of every image.
In Figs. 1-3, we give some examples by taking a = 0.25, o is the standard deviation of the distribution
which performs an edge-preserving average filter on the image and with different values of p.

We give in Fig. 4, tests with different values of «a, with p = 40.

Noisy image with salt&pepper = 0.008

50 100 150 200 250 300 350 400 450 500

Noisy image with salt&pepper = 0.08 p =40, PSNR = 16.0574

fig 1.
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200 200

400 400
00 600
800 800

1000 § 1000

1200 1200

Sl 4 3 . -+ T
200 400 600 500 1000 1200 1400 1600 200 400 600 800 1000 1200 1400 1600

Noisy image with 0 =1 p =900E900, PSNR = 15.2328

WDD 3

100
20 f 200
30 fak 300
400 ok
500 500 B
500 500
700 700
800 ga0
500 500
e i e 1000

200 400 600 800 1000 1200 1400 00 40 600 B0 1000 1200 1400

Noisy image with 0 =1 p = 900E900, PSNR = 16.4051
fig 2.
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50 100 150 200 250 300 350 400 450 500 550

Noisy image with ¢ = 0.9

&0 100 150 200 250 300 350 400 450 500 550

p=300, PSNR=25.1073

fig 3.

80 100 180 200 250 300 350 400 450 500 &80

p=3,PSNR =19.4112

S0

100}
150
200

250

300

350

400

50 100 150 200 250 300 380 400 450 EOO &0

p = 900E900, PSNR = 25.1176



Int. J. Anal. Appl. (2023), 21:25 15

100
200
300 by 300
400 400
500 500
500 £00
700 : 700
800 800
900 500

1000 1000

100
200 g
300 300
400 400
500 400
600 600
700 700
800 a0o

200 00

1000 1000

100 200 300 400 500 600 700

o = 0.25, PSNR=20.1509 a = 10E — 15, PSNR = 18.5800

fig 4.

In Numerical tests, we show the better value of a a which gives a good restored image is equal to

0.25, so we should not take o close to 0 and no more than 0.25.

5. Conclusion

In this article, we presente a parabolic model for image denoising and restoration, with their theo-
retical results and numerical results.
This model preserve the contours of image more than other models.
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