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Abstract. In this paper, we study global existence of weak solutions for 2 x 2 parabolic reaction-
diffusion systems with a full matrix of diffusion coefficients on a bounded domain, such as, we treat
the main properties related: the positivity of the solutions and the total mass of the components are
preserved with time. Moreover, we suppose that the non-linearities have critical growth with respect
to the gradient. The technique used is based on compact semigroup methods and some estimates.
Our objective is to show, under appropriate hypotheses, that the proposed model has a global solution

with a large choice of non-linearities.

1. Introduction

The study of reaction-diffusion systems (or systems of parabolic partial differential equations) was
extensively developed in the literature, see for example in [10, 13, 26, 29, 30].

The question on the existence of solution for reaction-diffusion systems have long been a subject of
active research like their global existence, their positivity, and some other qualitative properties.

In the present paper, we study a mathematical model of reaction-diffusion system
(

% —alu— bAv =f(t,x,u,v,Vu,Vv), in Qr,
% —cAu—dAv =—f(t,x,u,v,Vu,Vv), in Qr, (1.1)
u=v=0, orge=25=0 in T,

| (0.0 = w0 (), v(0.%) = w (), nQ
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where Q is an open bounded subset of RV, with smooth boundary 8Q, Q7 =10, T[xQ, 7+ =0, T[x
0Q, T > 0, and A denotes the Laplacian operator on L! () with Dirichlet or Neumann boundary
conditions, the constants a, b, ¢ and d are supposed to be positives, a < d, and (b+ c)2 < 4ad

which reflects the parabolicity of the system and implies at the same time that the matrix of diffusion

A:<jg).

is positive definite, that is the eigenvalues A1 and A> (A1 < A2) of its transposed are positives.

We consider the problem (1.1) where we suppose the following hypotheses

(1 + 3%‘1) (u— Lﬁv) f(t,x,u,v,Vu,Vv) <0,

a—X\ a—X\ (1'2)
VES2y <u < FAy, ae (tx) € QT

14—5’*—CAl f t,x,a*—;‘lv,v,a;cxls,s <0,
14222 f (t,x, 222y, v, 2225,5) >0, (1.3)

forall Vv >0, Vs e RN, ae. (t,x) € Q.

M2 f (¢ x,u, v, Vu, V) < Ly (@H 1)

a—\ a—\ (1'4)
VER2y <u < FFy, ae. (tx) € QT
where L1 is a positive constant.
Now, we condider the following hypotheses:
f:]0, T[ x Q x R? x R?N — R is measurable, (15)
f:R?2 x R2N — R is function locally Lipschitz continuous. .
A —A
— (1 + a—cl) f(t,x,u,v,Vu,Vv) < C (‘—u(t,x) + a—clv(t,x)D 06

X <F1 (t,x) + ‘—Vu(t, x) + "’_—C)‘1Vv (t,x)‘2 + ‘Vu(t,x) — a_—CMVv (t,x)‘a> ,

(1 + a_—g‘?) f(t,x,uv,Vu,Vv) <G, (‘—u(t,x) + Lf‘lv(t,x)‘ , ‘U(f,X) - LCAQV(KX)D

x <Gl (£, %) + ‘—Vu(t,x) + 2Ny (t,x))2 + ]vu (£, x) — a—jzw(t,x)]a> ,

(1.7)
where C1 1 [0,00) = [0,00), Co : [0,00)° — [0,00) are non-decreasing, Fi,G; € L'(Qt) and
1<a<?.

In the diagonal case (i.e. when b = ¢ = 0), Alikakos [5] established global existence and L°°—bounds
of solutions for positive initial data for

2
f(u,v)=—uv?, and 1<0<%.

Masuda [23] showed that the solutions to this system exist globally for every ¢ > 1 and converge to

a constant vector as t — +o0.
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Haraux and Youkana [14] have generalized the method of Masuda to non-linearities f (u, v) = —uW (v)
satisfying
i g +V W) _
V—+00 v

In [24, 25], Moumeni and Barrouk have obtained a global existence result of solutions for reaction-
diffusion systems with a diagonal and triangular matrix of diffusion coefficents. By combining the
compact semigroup methods and some L! estimates, we show that global solutions exist for a large
class of the function f.

Recently, Kouachi and Youkana [18] have generalized the method of Haraux and Youkana to the
triangular case, i.e. when b = 0.

In the same direction, Kouachi [17] has proved the global existence of solutions for two-component
reaction-diffusion systems with a general full matrix of diffusion coefficients, non-homogeneous bound-
ary conditions and polynomial growth conditions on non-linear terms and he obtained in [18] the global
existence of solutions for the same system with homogeneous Neumann boundary conditions.

Rebiai and Benachour [28] have treated the case of a general full matrix of diffusion coefficients with

homogeneous boundary conditions and non-linearities of exponential growth.

This article is a continuation of [3] where ¢, b # 0. In that article the calculations were relatively simple
since the system can be regarded as a perturbation of the simple and trivial case where b = ¢ = 0;
for which non-negative solutions exist globally in time.

In the present paper, to show global existence result for reaction-diffusion system with critical growth
with respect to the gradient (m = 2), we truncate the system (1.1) then we give suitable estimates.
To that end, we show the convergence of the approximating problem by using a technique introduced

by Boccardo et al. [7] and Dall'aglio and Orsina [11].

2. Existence

Multiplying second equation of (1.1) one time through by ‘3_—3‘1 and subtracting first equation of (1.1)

and another time by —a_—C>‘2 and adding first equation of (1.1) we get,

%—"tv —MAw = F(t,x,w,z,Vw,V2z), in Qr,
% —XAz=G(t,x,w,z,Vw,V2z), in Qr,
(2.1)
W:Z:Oor%:%zo, in >,
| w(0,x) =wp(x) >0, z(0,x) =29(x) >0, inQ,
where
— A — A
Wit x) = —u(t.x)+ 2Lyt x), z(tx) = u(t x) — 2 - 2y (t,x), (2.2)
and
F(t.x,w,z,Vw,Vz) = — 1+ 2Z2) f(t,x,u,v,Vu, Vv),
( N ) (2.3)

G(t,x,w,z,Vw,Vz) = (1 + "”;C)‘Q) f(t,x,u,v,Vu,Vv).
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2.1. Assumptions. Suppose that the hypotheses (1.2)-(1.7) are satisfied, then the problem (2.1)

true the following hypotheses:

e The non-linearities F, G have critical growth with respect to |Vw|, |Vz|. With respect to

w, Z.

We assume that the hypotheses (1.2) are satisfied and we obtain,

(1+ a_—fl) (u— a_—cxlv) f(t,x,u,v,Vu,Vv) <0,
-X -X
ViR2y <u < Ry, ae. (tx) € QT
- (1 + a_—;‘l) (—u+ a‘—?v) f(t,x,u,v,Vu,Vv) <0,
V—u+—a?1v2 0, Vu——a_f?vzo, ae. (t,x)e€eQr,

by (2.2)-(2.3), then F satisfies the sign condition

wF (t,x,w,z,Vw,Vz) <0, Vw,z>0,ae (t x)eQ.

Moreover, the following properties hold:

- -
2 1v(t,x),z(t,x):u(t,x)—a c 2

w(t,x)=—u(t,x)+

e By (2.2)

(2.4)

v(t,x), (2.5)

{W(t,x):O, ifu(t,x):a*—flv(t,x), and inthecasez(t,x):Lchv(t,x),

z(t,x) =0, ifu(t,x):a*—chv(t,x), and inthecasew(t,x):@v(t,x),

from (1.3), we get that
Y Y Y
— (1 + aicl) f (t,x, ALy, v, a—cls,s) >0,
Y Y Y
(1 + Q—CQ) f (t,x, Ry, v, =25, 5) > 0.
forall Vv >0, Vs e RN, ae. (t,x) € Q.

Yw,z>0, Vr,s € RN, ae. (t,x)€Qr.
e From (2.3), we obtain that
- -
(_1 _a 1 a 5
c c

{ F(t,x,0,z,0,5) >0, G (t,x,w,0,r,0) >0,

F+G = +1+

Al — A
- - 2f(t,x, u,v,Vu,Vv)

and (2.2) is given

a—X a— A

w(t,x)+z(t,x) = —u(t,x)+
A2 — A1

= V’
C

v(t,x)+u(tx)— c

(2.6)

) f(t,x,u,v,Vu,Vv)

v (t, x)
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then by the hypotheses (1.4), we obtain that
F+G<Li(w+z+1), Vw,z>0, ae. (t,x)eQr, (2.7)

where L1 is a positive constant.
e et us, now by (2.3) and (1.5) introduce for F and G the hypotheses

F,G:]0, T[x Q x R? x R?N — R are measurable. (2.8)

F,G : R?> x R?N — R are locally Lipschitz continuous, (2.9)

namely
|F(t,x,w,z,p,q)— F(t,x,w,2,p,4)|+|G(t,x,w,z,p,q) —G(t,x,w, 2,p,q§)|

<K () (Iw—=wl+|z—=2[+lp—pll + [lg — 4l))
fora.e. (t,x) € Qr and forall 0 < |w|,[w[,|z|,[2].[[pll. [[Bll. [lqll. [[g]l < r.
e By (2.2)-(2.3) and the hypotheses (1.6)-(1.7), we obtain that

F(t.x,w,z,Vw,Vz) < Ci (|w]) (Fl (t,x) + |Vw]? + |Vz|°‘> , (2.10)

G(t,x,w,z,Vw,Vz) < G (Iw], |z]) (Gl (t,x) + |Vw]? + |vZ|°‘) , (2.11)

where C; : [0,00) — [0,00), Co : [0, 00)% — [0, 00) are non-decreasing function, Fi, G €
[ (Q7)and 1 < a < 2.
Let us now point out that if the non-linearities F and G do not depend on the gradient (system (2.1) is
semi-linear), the existence of global positive solutions has been obtained by Haraux and Youkana [14],
Hollis et al. [15], Hollis and Morgan [16], and Martin and Pierre [22]. One can see that in all of these

works, the triangular structure, namely hypotheses (2.7) and
F<lo(w4+z+1), Vw,z>0, ae. (t,x)€Qr, (2.12)

plays an important role in the study of semi-linear systems (in our case, hypothesis (2.12) is satisfied
since by (2.4), F < 0 whenever w,z > 0). Indeed, if (2.7) or (2.12) does not hold, Pierre and
Schmitt [27] have proved blow up in finite time of the solutions to some semi-linear reaction-diffusion
systems. When F and G are depend on the gradient, Boudiba [8] has solved the case where the

triangular structure is satisfied and the growth of F and G with respect to |Vw|, |VZz| is sub-quadratic
31<m<2 C:[0,00)> = [0,00) non-decreasing such that
|F(w,z,Vw,Vz)|+ |G (w,z, Vw, Vz)| < C(|lw], |z]) [1 + [Vw|" + |Vz|"] .

About the critical growth with respect to the gradient (m = 2), we recall that for the case of a single

equation (A1 = Ap and F = G), existence results have been proved for the elliptic case in [4,6,20]. The

corresponding parabolic equations have also been studied by many authors, see for instance [1,7,11,21].
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3. Statement of the result

First, we have to clarify in which sense we want to solve problem (2.1).

Definition 3.1. We say that (w, z) is a solution of (2.1) if

w,z€ C([0,T]; LY (Q)) nL(0, T; Wit (Q))

F(t,x,w,z,Vw,Vz) and G (t,x,w,z,Vw,Vz) € L} (QT)

w(t) = Sx, () wo + fot Sy (t—=s)F(s,.,w(s),z(s),Vw(s),Vz(s))ds, YVt >0
z(t) =S, (t) 20 + fot Sxa, (t=5)G(s,.,w(s),z(s),Vw(s),Vz(s))ds, Vt >0

(3.1)

where Sy, (t) and S, (t) denote the semigroups in L' (Q) generated by —\1A and —X, A with Dirichlet

or Neumann boundary conditions.

Example 3.1. A typical example where the result of this paper can be applied is

(2 NAw = —wp (2) [Vw]? in Qr
% — XAz =wp(2) |VW|2 in Qr
W:Z:Oor%:%zo onyr
w(0,x) =wp (x), z(0,x) =20(x) inS,

where @ is a bounded function.
3.1. Main Result.

Theorem 3.1. Assume that (2.4)-(2.11) hold. If wy, zo € L? (), then there exists a positive global
solution (w, z) of system (2.1). Moreover, w,z € L2 (0, T; H§ (£2)).

Before giving the proof of the above theorem, let us define the following functions. Given a real

positive number k, we set
Tk (s) = max{—k, min(k,s)}, and G, (s) =5 — Tk (s).

We note that

Te(s)=s for0<s<k,
Tk (s) =k fors> k.

0<s<k Tx(s)=sand Tx(s) =k s> k.

4. PROOF OF THEOREM 3.1

To prove Theorem 3.1, we will use the results which we will present in this section.
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4.1. Preliminaries.

Theorem 4.1. Let Q is an open bounded domain in R”, and X = L (Q) N H?(Q). The operator A
defined by

0
D (A) = {UE LY Q)N H2(Q) | a#}:o or u=0 on@Q}
Au=Au , forallue D(A)
is m—dissipative in L* (Q) N H? ().
An important result of functional analysis which ensures the local existence of the solution is the

following lemma:

Lemma 4.1. Let A be a m—dissipative operator of the dense domain in the Banach space X and
S(t) a semigroup engendered by A, F a function locally Lipchitz. Then for any wy € X it exists
T (wo) = Tmax such that the problem

we C([0,T],D(A)NCL([0,T], X),

dw
E_AW: F(s,.,w(s),Vw(s)),
w (0) = wo,

admits a unique solution w verifying
t
w(t) =S (t)wy +/ S(t—s)F(s,.,w(s),Vw(s))ds, Vt € [0, Tmax] -
0

4.1.1. Compactness result. In this subsection we will give a compactness result of the operator L

defining the solution of the problem (2.1) where the initial value is equal to zero, i.e.
t
L(F) () = w(2) :/ S(t—s)F(s..w(s).Vw(s)) ds, Vte[0.T].
0

Theorem 4.2. For all t > 0, if the operators S (t) are compact, then L are compact of L* ([0, T], X)
in LY([0,T],X).

Proof. Step 1: We show that S(A\)L : F — S(X) L (F) is compact in L! ([0, T], X), i.e. show that
the set {S (X)L (F)(t), ||F|l; <1} is relatively compact in L* ([0, T], X).
Since S (t) is compact then, the application t — S (t) is continuous of 0, +oo[ in £ (X), therefore

Ve > 0,V6>0, In>0 VO<h<nm,
vt = 6, [S(E+h) = S(O)llgpx <€

We choose A =9, we havefor0 < t<T —h

S(A)W(t—i—h)—S()\)W(t):/t+h5(>\+t—i—h—s)F(s,.,W(S),Vw(s))ds
0
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~/t5(>\+t~s)F(s,.,W(s),VW(S))d5
0
— /HhS(AJrt+h—s)F(s,.,W(5),VW(S))dS

+/t(5(>\—|—t—l—h—s)—S()\—i-t—S))F(S,.,W(S),VW(S))C/S,
0
from where
ISO)w (t+h) — SO w (D)l
t+h t
S/t ||F<s,.,w<s>,w(s>)||xds+s/0 IF (s, w(s), Tw (s))lx ds.

We define z (t) by
t fo<t<T
2(py=q W TO=ES
0 if not
Therefore

1SN z(t+h) =SSN z(@)l, < (h+eT)IF (s, w(s), Vw(s))ll;,

which implies that all {S(\)z, ||F|l; <1} is equi-integrable, then it is conventional that all
{S(N)L(F)(t), |IFll; <1} is relatively compact in L* ([0, T], X), this way S (\) L is compact.
Step 2: We show that S(A) L — L when A — 0, in L ([0, T], X). We have

SN w(t)—w(t)
= /t5(>\+t—S)F(S,.,W(S),VW(S))dS—/tS(f—S)F(S,.,W(S),VW(S))dS.
0 0
So for t > §, we have

IS w () —w ()] < /5IIS(%+S)—5(5)||.c(><)||F(5,-,W(S),VW(S))I|dS

+2/t IF (s, w(s),Vw(s))| ds.
t—5
We choose 0 < A < 7, then
1S w(t) —w (D] < 5/ IF(s,..w(s), Vw (s))] d5+2/ |F (s,..w(s),Vw(s))| ds,
5 t—5
and for 0 < t < 4, we have
SN w(t) —w ()] < 2/ IF (s,..w(s),Vw(s))| ds.
0
Since F € L1(0,T, X), from where
1SN w () —w (D)l < (eT +20) IF(s..,w(s), Vw(s))ll; .

Therefore, if A — 0 then S(A\)w — w into L' ([0, T], X), where the operator L is a uniform limit

with compact linear operator between two Banach spaces, then L is compact in L1 ([0, 7], X). O
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Remark 4.1. The semigroup S (t) generated by the operator A is compact in L' (Q).

4.2. Approximating Scheme. For every function h defined from RT x Q x R? x R?M into R, we

associate h such that

h(t,x,w,z,p,q) ifw,z>0
h(t,x,w,0,p,q) ifw>0,z<0
h(t,x,0,z,p,q) fu<0,z>0
h(t,x,0,0,p,q) ifw,z<0,

h(t,x,w,z,p,q) =

and consider the system
& MAw=F(t.x,w,z,Vw,Vz) inQr

%2 _XoAz=0G(t,x,w,z,Vw,Vz) inQr
(4.1)

S — ow _ 0z _
W—Z—Ooran—an—o, on Xt

w(0,x) =wp (x), z(0,x) =2z0(x) in <.

It is obviously seen, by the structure of £ and G, that systems (2.1) and (4.1) are equivalent on the
set where w, z > 0. Consequently, to prove theorem 3.1, we have to show that problem (4.1) has a
weak solution which is positive.

To this end, we consider the truncated function 9, in C° (R) such that
0<%9,<1

and

b () 1 if|jr|<n
r) =
! 0 if |r|>n+1,

and the mollification with respect to (¢, x) is defined as follows. Let p € C (R x R") such that
suppp C B(0,1), [po=1p>0o0on R xRN and p,(y) = nMp(ny). One can see that p, €
Cx (RxRN), suppp, € B(0,%), [p,=1and p, >0o0nR xRV

For all n > 0, we define the functions wy, and z,, by
Wn, = min{wp, n} € C () and z, =min{z, n} € C°(Q)
It is clear that wp, and z,, are non-negative sequences and
Wpy, = Wo, Zn, = 20, in L2(Q),
and define for all (t,x, w,z, p, q) in Rt x Q x R? x R?N:

Fo(t.x,w,z,p,q) = [, (Iw[+[z[+ lIpll + [lall) £ (... w, 2, p, a)] * p, (T, X)

Go(t.x,w, z,p,q) = [y (Iwl+[z]+lpl+1al)G (.. w,z p a)]*p,(t x)
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Note that these functions enjoy the same properties as F and G, moreover they are Holder continuous
with respect to t, x and |F,|, |Gn| < M, where M, is a constant depending only on n (these estimates
can be derived from (2.9), the properties of the convolution product, and the fact that [ p, = 1.

Let us now consider the truncated system

e
aV';n — MAw, = Fp(t, x, Wy, zp, VW, VZz,) in Qr
azn—)xAZ—G(tXWZVW Vz,) inQ
ot 28<4p n\t, X, Wn, Zpn, n n T (4.2)
_ _ Own _ Ozn __
wp=2z,=20or 877—an—O, on X
Wp (0, X) = Wy, (X), 2 (0, x) = Z5, () in Q.

4.2.1. Local existence of the solution of problem (4.2). We transform the system (4.2) into a first
order system in the Banach space X = L1 () x L' (Q), we obtain
o
Wn _ Aw, + V (t, x,wp, Vw,) , t>0

ot (4_3)
Wn(0) = wpy, = (Why, Zn,) € X.

Here w, = col(w,, z,), the operator A is defined as follows
MA O
A=
0 XA

D (A) :={wn = col (wy, z5) € X : col (Aw,, Az,) € X}

where

and the function W is defined by

W (t, x,wy, Vw,) = col (Fy (t, x,wn, Vw,) , Gy (t, X, wn, Vwy))

with Dirichlet (w, = z, = 0) or Neumann (aa";’,” = %f;’ = 0) boundary conditions.
Theorem 4.3. There exist Ty, > 0 and (wp, z,) a local solution of (4.3) for all t € [0, Ty] .

Proof. We know that Sy, (t), Sx, (t) are contraction semigroups and that W is locally Lipschitz in

wp, then there exists Ty, > 0 such that (w,, z,) is a local solution of (4.3) on [0, Ty] . O
It remains to show the positivity of the solutions

4.2.2. Positivity of the solution of problem (4.2). The positivity of the solution is preserved with time,
which is ensured by 2.6.

Lemma 4.2. Let (wp, z,) be a classical solution of (4.2) and suppose that wy,, z,, > 0. Then wy, z, >

0.



Int. J. Anal. Appl. (2023), 21:30 11

Proof. Let W, = e °tw, and z, = e 'z, 0 > 0. then

Own e”t<awn+am7n>

ot ot
0z, ot [ 0Zn -
5r e Bt + 0z,
Consequently By the problem (4.2), we have (W, Z,) is a solution of the system
ow, _ _ ot o _ .
ot + oW, — MAW, = e T, (t, X, Wy, Zn, VW, VZ,) in QT
0z,

+0Z, — XAz, = e %G, (t, x, Wy, Zy, VW,, VZ,) in QT

ot i} ) (4.4)
VT/n:anooraav,’V]n:%i;’:O OnZT
[ Wi (0,X) = Wpy (X)), 25 (0,x) = Zn, (x) in €,

Let Up = (to, xo) be the minimum of w, on Q. We will show that w, (Ug) > 0 which will imply that
wp > 0 on Q7 and then w, > 0 on Q7.
Suppose the contrary, namely w, (Up) < 0.

By the properties of the minimum, we can ensure that Uy € ]0, T] x © and

aa“;” (Up) =0, Vi (Up) = 0, AW, (Up) >0 ifO<to<T
W (Us) <0, Vi, (Ug) = 0, Ay (Ug) >0 if to = T.
a@t
Hence the first equation in (4.4) yields
ow, B _ _ _
o (Uo) = =5 (Uo) + Maity (Uo) + €~7F, (Uo, o (Uo) 2 (Uo) 0, V25 (L)

> e_UtO Fn (U0. Whp (UO) ' Zn (UO) .0, VZn (UO)) :
Now we use the structure of w, (Ug) and hypothesis (2.6) to write
Fn (UOv Wi (UO) v Zn (UO) 0, vzn (UO)) = Fn (UO, 0, Zn (UO) 0, vzn (UO)) > 0.

This implies that w, (Up) > 0 which is impossible by the hypotheses.

Arguing in the same way for the second component Z,, we obtain the positivity of (wj, z,). [l

4.2.3. Global existence of the solution of problem (4.2). The total mass of the components w, z is

controlled with time, which is ensured by the following lemma.

Lemma 4.3. There exists a constant M depending on [|wol|;1(q) . |20l 1(q) . L1, T and [2| such that
[wn () + 2o (D)l 1) <M, Vtel0,T]. (4.5)

Proof. Of the first and second equation of (4.2) with:

0
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The hypothesis (2.7) allowed the following estimate
1o}
5t (Wn+2p) = A(Mwp 4+ Xozp) < Ly (Wp+2,+1).

let us integrate on €2 and apply the formula of Green, then

/AWH:O, and /Azn:O,
Q Q

5
/at(wn+zn)gL1/(Wn+zn+1).
Q Q

we find

SO
0
Bt Jo (Wn + z5) dx
<
Jo W+ 2z, +1)dx —
Integrating this inequality on [0, t], Vt € ]0, T] yields

Ly,

¢
In/ (Wp+2zp+1)dx| < Lit,
Q 0
thus
n Jo (Wa (t) 4+ 2z, (t) + 1) dx <Lt
Jo Wny + 2ny + 1) dx

which implies
Jo (Wa (1) 4+ 2z, (t) + 1) dx
Jo (Wno + zny + 1) dx

<exp(Lit)

then we have
/ (Wn (t) + 2z, (t) +1)dx < exp (th)/ (Wny + 2n, + 1) dx
Q Q

also

/(Wn+zn)(t)dx < /(Wn(t)+zn(t)+1)dx
Q Q
< exp(th)/Q(W,,O—i—znO+1)dx

= exp(Lit) [/Q(Wno—i—zno)dx—klm]

< exp(L1T) [/ (wo + 20) dx + !Q|] as if wp, < wo, 2z, < 20
Q

< o (LaT) [IWoll sy + 20l 3y + 1921

This ends the proof of the lemma.

(4.6)

0

We can conclude from this estimate that the solution (w,, z,) given by the Theorem 4.3 is a global

solution.
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Lemma 4.4. There exists a constant Ry depending on T, [[woll 1. 20/l 1(q), L1, L2 and [2] such
that
/ [Fn (t, X, Wn, Zn, VWn, VZ0)| + |Gn (t, X, Wn, Zn, VW, VZp)| < Ry
Qr
Proof. Considering the equations satisfied by w, and z,, we can write
ow, 0z
—Epr—a;+MA%,md—Gw:—a;+MA4
Integrating on Q1 and using (4.6), the positivity of the solutions yield
—/ Fn, < / Wi -
QT Q
Hence by hypothesis (2.4)
[iml==[ F<[m (4.7)
QT QT Q
Similarly, we get
—/ Gn < / 20. (48)
QT Q
Integrating on Q7 and by hypothesis (2.7) we get
QT QT QT
Moreover, by (4.5) and (4.7) we have
/‘@gurw+mnﬁ/m. (4.9)
QT Q
By (4.8) and (4.9) we conclude that
/ 1Gn| < LlT(l\/I+|Q|)+/ Wo. (4.10)
Qr Q
By (4.7) and (4.10) we get
/ [Fn (t, X, Wn, Zn, VWn, VZo)| + |Gn (t, X, Wn, Zn, VW, VZ,)| < Ry
QT
Let us put:
R1= LlT(M + ’QD +2 HW0||L1(Q)
O

Lemma 4.5. (i) There exists a constant R depending on A1, |[woll 2(q) such that

/|vmﬁ<&,/|vnmmﬁ<@.
QT QT

(ii) There exists a constant R depending on A1, A2, L1, [[woll 2(q). [|20ll 12y . [2| such that

/ Waﬁs&,/ VT (z0) 2 < R,
QT QT
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(iii) There exists a constant Ra depending on A1, X2, T, |[woll 2(qy) . |Z0ll12(q)+ L1, [€2] such that
/ 2wy + zp) (|Fn (t, X, Wh, Zn, VWa, VZ)| + |Gh (t, X, Wn, Zn, VW,, VZ,)]) < Ry.
QT

Proof. (i) We multiply the first equation in the truncated problem by w,, and we integrate on Q7. We

0
/ Wn% — >\1/ whAw, :/ Faw,.
QT QT QT

Since, by hypothesis (2.4), w,F, < 0, we have
1 1
[P <5 [ < [ o),
Qr A Ja A Jo

1
/ IVw,|? < Ro, where Ry > — ||W0||f2(9).
QT A1

obtain

Then

We have

[owwl= [ wmPs [l <R
QT [wn<Kk] [wn>K]

Then, since f[WHZk] IVw,|> >0
/ VT (wa)” < R> (4.11)
Qr

(ii) Of the first and second equation of (4.2) we obtain

0

ot
e
0
(W’é:rz”) A Wp + Aozn) — MoAwn + AoAw,y = Fy + Gy
we use hypothesis (2.7). We get
0 +
(W'étzn) — XA (Wp+ 27) + (Mo — A1) Awp < Ly (W + 27) + L1 (4.12)
multiply (4.12) by exp (—L1t). We obtain
0 +
exp (—Lit) Olwn+2,) _ Liexp(—L1t) (wy + zn)

ot
—Xoexp (—L1t) A(wy+ zp) + (A2 — A1) exp(—L1t) Aw, < Liexp (—L1t).
Set x, = exp (—L1t) (w, + z,) we get

Oxp
ot

Now, multiply by x, and integrate on Q+ and by simple use of Green’s formula we have

0
/anf’+x2/ |vX,,|2+(A1—A2)/ exp(—ztlt)anV(wn+zn)stl/ X
Qr ot Qr QT Q

T

— XolAxp+ (Ao — M) exp(—L1t) Aw, < Lyexp(—Lit) < Lj.

hence, by Lemma 4.3

1
x2/ |vXn|2+(x1—x2)/ exp (—2L18) VwaV (Wy + 24) < / %2 (0) + Ly MT.
QT QT 2 Ja
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Using Young's inequality |ab] < a—pp + % (where a = exp(—Lit)|Vwy|, b = |Vx,| =
exp(—L1t) |V (wy+ z5)|, p=qg=2), we have

Mo — A
>\2/ VX2 < 21/ [Vxn|? +
QT 2 QT

Ao — A 1
2 1/ exp(—2L1t)|VWn|2+/ (Wp + 21)? (0) + L1 MT.
QT Q

2 2
Then, by (i)
(A2+A1)/Q |Vxal? < (Az—A1>Rz+/ﬂ<wO+zO)2+2L1MT.
Now, using Young's inequality Tanother time and the fact that exp (—2L1t) > exp (—2L1T), for all

t €10, T], we end the proof of (ii).
Similarly, by the same method of proof 4.11 given

/Q VT (z)P < Ry (4.13)
)
(iii) Set

Ro=Li+Li(Wh+2z,) —F,— G, >0, (4.14)

by hypothesis (2.7). Combining the equations of system (4.2), we have

0 (2wy + zp)
ot

Multiplying by (2w, + z,) and integrating on Q7 and by simple use of Green's formula we have

—A(2>\1Wn+)\22n)+ |Fn| + Rn = Ll +L1(WH+Z,7)

1
5 / (2w, + Z,,)2 (T + V 2 1wy + Xozy) V (2w, + z)
Q QT

+/ Cwh+ z,) (|Fal + Rp) =1+ J,
QT
where
/: L]_/ (2Wn+Zn)+L]_/ (2Wn+Zn)(Wn+Zn>
QT QT

and
1
J= / (2wn + 27)% (0)
2 Ja

We have by Lemma 4.3

L1 (2Wn+Zn)+Ll/ (2wp + z4) (Wn + 2p)
QT QT

IN

2L1/ (Wn+Zn)+2L1/ (Wn+Zn)2
QT QT

IN

2L MT + 2L1/ (Wp + 2)?,
QT

then
/§2L1/\/IT+2L1/ (W + 2n)? (4.15)

QT
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and

1
J< / (2wo + 20)? (4.16)
2 Jo

since fQT |Vw,|? and fQT |V z,|? are uniformly bounded with respect to n by (i) and (ii), then fQT |wal?

fQT |zn|2 are bounded too. Now, we investigate the second term of the inequality

V (2 1wy + A2z,) V (2w, + z,)
QT

= 4x1/ |an|2+x2/ |VZn|2+2(>\1+>\2)/ Vw,Vz,
QT QT QT
hence

/ wn + 22) (1Fl + Ry)
QT

1
_ /+J—2/(2Wn+zn)2(T)—/ ¥ (20 W+ Aaza) V (2wy + 20),
Q Qr

1
= /+J—/ (2Wn+z,,)2(T)—4>\1/ IV w,|?
2 Ja Qr

—>\2/ |Vz,|> =2 (M +>\2)/ Vw,Vz,
QT QT
using (4.15) and (4.16) yields
/ (2w + z5) (|Fal + Rn)
Qr

1
< 2L1/\/IT+2L1/ (Wn+Zn)2+/ (2W0+ZO)2—2(>\]_+>\2) Vw,Vz,,
ar 2 Ja Qr

/ wo + 22) (1Fl + Ry)
QT

< 2LiMT + 2L1/

1
(Wn+Zn)2+/ (2wo + 20)% 4+ 2 (A1 + Ao) VW,V z,|
Qr 2 Ja

Qr
Using Young's inequality (where a = |Vw,|, b= |Vz,|, p = g = 2) we conclude that

Jo, @Wa+25) (IFal + Rn) < 2LaMT + 2Ly [o (Wn + 2,)°
+3 Jo @0+ 207 + O +22) [fo, IVl + Jo, V2ol
and by (i), (i) we obtain

fQT (2Wn + 2n) (|Fal + Rn)

(4.17)
< 2L MT + 2Ly [ (Wa+20) 43 Jo (2wo + 20)° + (A1 + A2) (R1 + R2)

by (4.14) we have
G, = L1+L1(Wn+Zn)—Fn—Rn.
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Then
|Fn‘+|Gn| < Rn+2|Fn|+L1+L1(Wn+Zn)

Now, multiply by (2w, + z,) and integrate on Q7 using (4.17) yields

/ (2o + 20) (IFal + Gal)
QT

< (2w + z0) (Rn + 2 |Fa| + L1 + L1 (wy + 2,))
QT

= / 2wy + zp) (Rn+2|Fn|)+Ll/ (2Wn+zn)+Ll/ (2w + zn) (Wn + 25)
QT QT QT

< 2 (2w, + zp) (Rn+|Fn|)+Ll/ (2Wn+zn)+2L1/ (Wn + zn) (Wn + 2p)
QT QT QT

< 4L{MT +4L, (Wn+Zn)2+/(2Wo+20)2+2(>\1+>\2)(R1—|—R2)
QT Q

+2L MT + 2L, / (Wp + 2n)?
QT

6L1MT + 6L, (Wn+2n)2+/ (2Wo+Zo)2+2(>\1+>\2) (R1+R2)
QT Q

since fQT (w, + z,,)2 is uniformly bounded with respect to n, we get the result where

R4Z/ (2Wo+20)2+2(>\1+>\2) (R1—|—R2)+6L1MT—|—6L1/ (Wn—|—Zn)2.
Q2 QT

0

Remark 4.2. The estimates (4.11) and (4.13) enable us to study the convergence of the truncated

problem.

4.3. Convergence. Our objective is to show that (w,, z,) converges to some (w, z) solution of the
problem (3.1). The sequences w,, and z,, are uniformly bounded in L (Q) (since they converge in
L?(Q), and by Lemma 4.4, the non-linearities F, and G, are uniformly bounded in L (Q7).

We define the application L by

LZ(Wo,h)'—>5d(t)Wo+/O Sg(t—s)h(s)ds

where Sy (t) is the contraction semigroup generated by the operator dA. According to the previ-
ous Theorem 4.2 and as Sy (t) is compact, then the application L is the addition of two compact
applications in L (Q7), which shows that L is also compact from L (Q7) x L* (Q7) in L' (QT).
Then the applications

(Who, Fn) = wp, and (zp,, Gn) — zn

are compact from L (Q) x LY (Q7) into L (0, T; W, (Q))
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Therefore, we can extract a subsequence, still denoted by (w,, z,), such that

(Wn, zn) — (w, 2) in LY (0, T; Wyt Q)
(Wh, zn) — (w, 2) a.e. in Qr
(Vw,,Vz,) = (Vw,Vz) a.e.in Q.

since F, and G, are continuous, we have

Fn(t,x,Wn, z2n, VW, VZz,) = F(t,x,w,z,Vw,Vz) a.e. in Qr
Gp (t, X, Wn, Zn, VW, VZz,) = G (t, x,w,z,Vw,VZz) a.e. in Qr

This is not sufficient to ensure that (w,z) is a solution of (3.1). In fact, we have
to prove that the previous convergences are in L!(Q7). In view of the Vitali theorem,
to show that F,(t,x, wp, zn, Vw,, Vz,) (respectively G, (t,x, Wy, zn, VWp, Vz,)) converges to
F(t,x,w,z,Vw,Vz) (respectively to G (t,x,w,z,Vw,Vz)) in L' (Q1), is equivalent to proving
that (Fp (t, x, Wp, Zzp, VW, VZz,)), and

(Gn (t, X, Wn, Zn, VWp, VZ,)),, are equi-integrable in L1 (Q7).

Lemma 4.6. (F, (t,x, Wn, Zy, VWn, VZp)) sery @and (Gp (t, X, Wy, Zn, VWp, VZ,)) jen are equi-integrable

in Ll (QT)

The proof of this lemma requires the following result based on some properties of two time-
regularizations denoted by wy and w,(+y, o > 0) which we define for a function w € L2 (0, T; H3 (Q2))
such that w (0) = wg € L2 (Q). In the following we will denote by w (¢) a quantity that tends to zero

as € tends to zero, and w? (€) a quantity that tends to zero for every fixed o as € tends to zero.

Lemma 4.7. Let (w,), be a sequence in L? (0, T; H§ (©2))NC([0, T]) such that w, (0) = wy, € L2 (Q)
and 9 = py , + po., with py, € L2 (0, T; H71(Q)) and ps,, € L' (QT) . Moreover assume that w,

converges to w in L% (Q7), and w,, converges to w (0) in L2 ().
Let W be a function in C*([0, T]) such that W >0, V' <0, U(T) =
Let ¢ be a Lipschitz increasing function in CO(R) such that ¢ (0) =
Then for all k,v >0,

<pl,n’ \U(p (Tk (Wn) - Tk (Wm)'y)> + fQT ,02,,,\]/(,0 (Tk (Wn) - Tk (Wm)'y)
>wr (%) +wY (5) + Jo W (0) D (Ti (W) — Tk (w),) (0) dx
— Jo Gk (W) (0) W (0) @ (T (W) — Ti (w).,) (0) dx

where ®(t) = fot o(s)ds and Gi(s) = s — Ti(s).

Proof. See N. Alaa and |. Mounir [3]. O
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Proof of Lemma 4.6. Let K be a measurable subset of Q7. We have

S |Fn (t, %, W, 2p, Vi, VZzp)|

= fKﬁ[Wn>k] |F”| + fKﬂ[ank,zn>k] |F’7| + fKﬂ[wngk,zngk] |F’7‘
=h+h+1/3

Using Lemma 4.5, we obtain for k large enough

< —

IN
wWlm Wlm

< 24
1< p

IA

Now, using hypothesis (2.10), we write
ne | Cr (Iwal) [Fr (£.) + [V wal? + [9.20/°]
KN[wp<k,zp<k]

Then

5 < Cy (K) [/ Fl(t,x)—l—/ |vW,,|2+/ |vZ,,|°‘]
K KN [Wa<k,zo<k] KN [Wa<k,za<k]

The third integral can be controlled by using Holder's inequality for a < 2

/ Vol < [/ V22 K < R§|K|2z°‘] ,
KN[wn<k,zp<k] K

where in the last inequality we used Lemma 4.5. Therefore
b )| [ Ao+ REKIE + [ 19T ]
K K
Similarly by hypothesis (2.11), we get

1 1
/|Gn| / wn|Gn|+/ zn|Gn+/ Gl
K k Jor k Jor KN[wn<k,za<K]

S S Gk k) /Gl(t,X)JrREIKIQ;aJr/ VT (wa) |-
3 3 K K

IN

<

For the remaining term, we must prove that (|VTk (Wn)|2) is equi-integrable in L' (Q7) . To do this
n
we will show that T (wy) converges to Ty (w) in L2 (0, T; H§ (Q2)) ; more precisely we will show that

lim / IVTk (W) = VT (W)> =0

n—oo
T

Let k and <y be positive real numbers, let m € N, and choose W a test function as in Lemma 4.7,
define @ by ¢(s) = sexp (Bs?), with 3 to be fixed later. We will use a technique introduced by
Boccardo et al. [7], we will multiply the first equation in the truncated problem (4.2) by the function
test W (Tk (wp) — Tk (Wm),y) , then we will integrate on Q7. Finally we will use Lemma 4.7 to get

the result.
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Since &% = p, , +p, ,, Where py , = MAw, € L2 (0, T; H71(Q)) and py,, = Fp € L1 (QT) , we have
by Lemma 4.7

Jor BEVE (T (Wn) = T (Win),)

> W (%) +wY (5) = Jo W (0) D (Ti (W) = Tk (w),) dx

— J Gk (W) (0) W (0) ¢ (T (w) — T (w).) (0) dx
Hence

A1 o Vw, Vo' (Tk (wn) — Tk (Wm)'y) \Y (Tk (Wa) — Tk (Wm)'y)

- /Q Vo (T (Wn) — T (W),

1

W <> + (}7) +/Qw(o)<1> (T (W) = Tk (w),)

m

IN

+ [ 61w) 0¥ 0 (T (W) = Tic(w),) (0
(1 1 1
<) (5)+e3)
since Ty (w), — Tx (w) strongly in L2 (0, T; Hj (Q2)). We have

[ =X fQT VWnW(P, (Tk (Wn) — Tk (Wm)'y) \Y (Tk (Wn) — Tk (Wm)'y)
J=- fQT FaVe (Tk (wn) — Tk (Wm)ry) .

The term [/ can be written as
I = /Q YTk (Wn) W' (T (W) = Tie (Win)) V' (Tie (W) = T (wim),)
T

Hl /[vank] VW' (T (Wn) — Tk (Wi)y) V (Tie (wn) — Tie (Wi ).,)

= 1+
For I, we have
= —hn T (T ) = T ) ¥ (T o)) Xt
=W (r}7> o ar VWV (Tic (W) = Tie (W)y) V (Tie (W)y) X, 4
— n <1> _>\1/ Vw W' (T (Wa) — Tk (w),,)
m Qr

XV (Tk (W) Xpwn> k1 X[x]

A /Q VW' (Th Wn) — T (W),)) ¥ (The (W)2)) Xuno i X<
)

1
= " (m) + o1+ oo
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For 151, we have by Holder's inequality

|/2.1| < >\l HVWn‘PI (Tk (Wn) - Tk (W)fy) HLz(QT) HV (Tk (W)'y) X[WZK] HLQ(QT)

Using the fact that ¢’ (Ty (wy) — Ti (w),,) < ¢'(2k), and Lemma 4.5, we obtain
ol < 0C 9 (T 0)y) Xzl = 5)
since Ty (w)., = Ty (w) in L2 (0, T; H§ (Q2)) , and VT (W) X{w>k = 0 a.e. in Q7. Now we study the
term /25
lro= —X fQT Vw, W' (T (Wn) — Ti (w),)

XV (Tk (W) Xiwo> k] Xw<k] = W7 (%)
Since X[y, >k X[u<k — 0 a.e. in Q7. Thus

1 1 1
I > w" () + W () +w <>
m n ¥
1

lh = " <m) + A1 5 VT (Wn) Vo' (Ti (W) — Tk (w).,)

We investigate /1

XV (T (wn) = Ti (w).,)

= Gv) o /Q V (Tk (i) = T (W) V' (Tic (wy) = Tic (w),)
xV (Tk (wn) — Tk (W),y)
Y /Q VT (W) W' (Ti (W) — T (W),) V (Tk (wn) = Tie (W),

o <1) T+ <I17) A . VT (W) Vo' (T (W) — Tk (w),)

m
XV (T (W) = Ty (w),)
o /Q (T () = T (W) W (Ti () = Tic (1)
XV (T (W) = Tk (w),)
o (E) e )l
o /Q 19 (T ) = T () 0 (T () = T (),

Y /Q Y (Ti (wn) — Tie (W) W' (T (wn) — Tie (),

XV (T (W) = Ti (w),,)

(3o ()l

Y /Q IV (Ti (wn) — Tie ()2 W' (T (w) — T (w).,)
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= (5) e (5) e 5)

Y /Q IV (i (wa) = Toe (W) W' (T (wi) — Tie (),

Hence

For J, we have

o= gvn (;) _ /QT FoWe (Ti (wn) — Tic (w),)
= W’ (;) - /[Wn>k] FaVo (Ti (Wn) — Tk (w),)

—/[ i FaWe (Tk (Wn) — Tk (W)'y)
Then
1
J Z w’y'" (m> — /[Wn<k] an(p (Tk (Wn) - Tk (W)'y)

since @ (T (wy) — Tk (w),,) > 0on [w, > k], W > 0and —F, > 0 by hypotheses (2.4). On the other
hand

[ Swnzia Fn (T (wn) = T (w),)

< Ci(K) Jpweny Fr (8 X)W lo (T (Wn) = Tk (w),,)|

+C1 (k) f[vvngk] |VZn|a Y “P (Tk (Wn) — Tk (W)'y)’

+C1 (K) Juwocig |V Tk (W) P W [0 (T (W) = Tic (w),)|
We set

h=a) [ A0V (T - Tew,) w7 (1) +u(5)

since a < 2, we have
1 1
b= [ 9wl (Tt = T =7 (3) +u 5)
wh<k

and

5 o= k) /[W] VT (wn) 2V |60 (Tic (wn) — T (w),)|
— c1<k>/[ 9 Tk ) = Tic )P W (T () = T (),
+2C1(k) . VTi (Wn) VTi (W) W |0 (Tie (wn) — T (W),y)|
0 / VT (W) @ (Ti (W) — T (w),)]

o))

Ci(k) /[W T Tk o) = TGP o (Ti (o) = T (),
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Thus
—/[ » FaVo (Ti (wWn) — Tic (w),)
> (5) v (5) 0 [ IV 00 = T )P W fo (T ) = i ()
hence
J > </17> + w (i)
~C1(k) i IV (T (Wn) = Tie W) PV @ (Tie (wn) = Tie (w),)|
Then

1 1 1
[+ J<w" <> + W <> +w<>
m n ¥

We conclude that

/Q IV (T (wn) — Te W) 2 00! (T (wn) — Tie (w),)

—C1(k) ‘(P (Tk (Wn) — Tk (W)'y)’

o () () ()

Now, choose 3 such that 8 > C7(k)/4X7. Then we have

Ml(s) —~ CRlo(s)] > 2,

and this ends the proof. [l

Consequently by (2.2), we proved the existence of global solutions to a reaction-diffusion system (1.1).
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