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MIXED PROBLEM WITH AN INTEGRAL TWO-SPACE-VARIABLES

CONDITION FOR A THIRD ORDER PARABOLIC EQUATION

OUSSAEIF TAKI EDDINE∗ AND BOUZIANI ABDELFATAH

Abstract. This paper is concerned with the existence and uniqueness of a strong solution to a mixed

problem which combine Dirichlet and integral two space variables conditions for a third order linear

parabolic equation. The proof uses a functional analysis method presented, which it is based on an
energy inequality and the density of the range of the operator generated by the problem.

1. Introduction

The importance of the problems with integral conditions has been pointed out by Samarskii [25].We
remark that integral boundary conditions for evolution problems have various applications in chemical
engineering, thermoelasticity, underground water flow, plasma physics and population dynamics.

Problems which combine local and integral condition for second order parabolic equations are in-
vestigated by the potentail method by Cannon [10] and Kamynin [19], by Fourier’s method by Ionkin
[15] and by the energy inequality method in [22] and [2]

Other works for mixed problems which combine local and integral conditions for second order
parabolic equations were treated by Batten [23], Cannon-Esteva-van der Hoek [11], Cannon-van der
Hoek [12], [13], Cahlon-Kulkarni-Shi [9] and Shi [21].

Recently, problems of this type that have non-linearity in the boundary conditions have been in-
vestigated in Jones et al. [16] and Jumahron-McKee [17], [18]. Mixed problems with only integral
conditions for a second order parabolic equation have been studied by Bouziani-Benouar [7], and for
a 2m-parabolic equation in Bouziani [5].

Mixed problems with integral conditions for a third order parabolic equation have been studied by
Bouziani-Benouar [1].The present paper is devoted to study the existence and the uniqueness for a
strong solution of mixed problems with new integral conditions for a third order parabolic equation.

2. Formulation of the problem

In the rectangle Ω = (0, 1) × (0, T ), with T < ∞, we consider the third order linear parabolic
equation:

(1) Lu =
∂u

∂t
− ∂2

∂x2

(
a(x, t)

∂u

∂x

)
= f(x, t).

which can be considered as a generalization on the linearized Kortweg-de Vries equation, see for instance
[24].

Condition 1. The coefficient a(x, t) is a real-valued function belonging to C2
(
Ω
)

such that

c0 ≤ a(x, t) ≤ c1,
∂a(x, t)

∂t
≤ c2.

In Condition 1 and in the rest of the paper, ci, i = 1, ..., 6, denote strictly positive constants.
We adjoin to (2.1) the initial condition

(2) `u = u(x, 0) = φ (x) , x ∈ (0, 1) ,
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with the conditions

∂u

∂x

∣∣∣∣
x=i

= 0, for i = {0, α, β, 1} ,

∂2u

∂x2

∣∣∣∣
x=0

= 0,
∂2u

∂x2

∣∣∣∣
x=1

= 0.(3)

and with integral conditions

(4)

∫ α

0

u (x, t) dx+

∫ 1

β

u (x, t) dx = 0 t ∈ (0, T ) ,

(5)

∫ α

0

xu (x, t) dx+

∫ 1

β

xu (x, t) dx = 0 t ∈ (0, T ) ,

where φ is a known function and 0 < α < β < 1, α+ β = 1.
Condition 2. We shall assume that the function φ satisfies a compatibility conditions with (2.3)−

(2.5) .
Problem (2.1) − (2.5) arises, for instance, from the heat transfer theory. In this case, u is a

temperature of a slab 0 < x < 1, and the integrals in the conditions (2.4) and (2.5) are considered as
the average and the weighted average temperature.

In this paper, we prove the existence and the uniqueness for a strong solution of the problem
(2.1)− (2.5) as a solution of the operator equation

(6) Lu = F

where L = (L, `), with domain of difinition D(L) consisting of functions u ∈ L2 (Ω) such that ∂u
∂t ,

∂u
∂x ,

∂2u
∂x2 ,

∂3u
∂x3 ,

∂3u
∂t∂x2 ∈ L2 (Ω) and u satisfies conditions (2.3)− (2.5) ; the operator L is considered from B

to F, where B is the Banach space consisting of all functions u(x, t) having a finite norm

‖u‖2B =

∫ T

0

∫ α

0

(∫ α

x

∂u

∂t
dξ

)2

dxdt+

∫ T

0

∫ 1

β

(∫ x

β

∂u

∂t
dξ

)2

dxdt

+ sup
0≤τ≤T

(∫ α

0

(5− x)

(
∂u (x, τ)

∂x

)2

dx +

∫ 1

β

(
5

4
− x)

(
∂u (x, τ)

∂x

)2

dx+

∫ β

α

(β − α)

(
∂u (x, τ)

∂x

)2

dx

)
and satisfying the conditions (2.3)− (2.5), and F is the Hilbert space consisting of all elements F =
(f, φ) for which the norm

‖F‖2F =

∫
Ω

f2dxdt+

∫ 1

0

(
∂φ

∂x

)2

dx

is finite. Then, we establish an energetic inequality:

(7) ‖u‖B ≤ c ‖Lu‖F

and we show that the operator L has a closure L.
Definition. A solution of the operator equation

Lu = F

is called a strong solution of the problem (2.1)− (2.5).
Since points of the graph L are limits of sequences of points of the graph of L, we can extend (2.7)

to apply to strong solution by taking limits, i.e.,

‖u‖B ≤ c
∥∥Lu∥∥

F
, ∀u ∈ D(L).

From this inequality we obtain the uniqueness of a strong solution if it exists, and the the equality of
sets R(L) and R(L). Thus , proving that the set R(L) is dense in F.
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3. An energety inequality and its consequences

Theorem 1. Let Condition 1 be fulfilled. Then for any function u ∈ D(L) we have the inequality

(8) ‖u‖B ≤ c ‖Lu‖F

where c is a positive constant independent of u.

Proof.
Multiplying the equation (2.1) by the following Mu :

Mu =


Mu1 = 4

∫ α
x
∂u
∂t dξ −

∫ α
x

(∫ α
ξ
∂u
∂t dη − (1− ξ)∂u∂t

)
dξ 0 ≤ x ≤ α

Mu2 = (x− α)
∫ β
x
∂u
∂t dξ + (β − x)

∫ x
α
∂u
∂t dξ α ≤ x ≤ β

Mu3 = − 1
4

∫ x
β
∂u
∂t dξ −

∫ x
β

(∫ ξ
β
∂u
∂t dη + (1− ξ)∂u∂t

)
dξ β ≤ x ≤ 1

and integrating over Ωτ ,where Ωτ = (0, 1)× (0, τ),
1) on the interval [0, α] , we denote Ωτα = Ωα = (0, α)× (0, τ), we get

∫
Ωα

Lu.Mu1dxdt(9)

=

∫
Ωα

∂u

∂t
.

(
4

∫ α

x

∂u

∂t
dξ −

∫ α

x

(∫ α

ξ

∂u

∂t
dη − (1− ξ)∂u

∂t

)
dξ

)
dxdt

−
∫

Ωα

∂2

∂x2

(
a(x, t)

∂u

∂x

)(
4

∫ α

x

∂u

∂t
dξ

)
dxdt

+

∫
Ωα

∂2

∂x2

(
a(x, t)

∂u

∂x

)(∫ α

x

(∫ α

ξ

∂u

∂t
dη − (1− ξ)∂u

∂t

)
dξ

)
dxdt

=

∫
Ωα

f.Mu1dxdt.

Integration by parts each term of (3.2) with use the conditions (2.2)− (2.5), we obtain∫
Ωα

∂u

∂t
.

(
4

∫ α

x

∂u

∂t
dξ −

∫ α

x

(∫ α

ξ

∂u

∂t
dη − (1− ξ)∂u

∂t

)
dξ

)
dxdt(10)

=
5

2

∫ T

0

(∫ α

0

∂u

∂t
dx

)2

dt+
3

2

∫
Ωα

(∫ α

x

∂u

∂t
dξ

)2

dxdt

−2

∫ T

0

((∫ α

0

∂u

∂t
dx

)(∫ α

0

x
∂u

∂t
dx

)
dt

)
,

−
∫

Ωα

∂2

∂x2

(
a(x, t)

∂u

∂x

)(
4

∫ α

x

∂u

∂t
dξ −

∫ α

x

(∫ α

ξ

∂u

∂t
dη − (1− ξ)∂u

∂t

)
dξ

)
(11)

=

∫
Ωα

(5− x)a(x, t)
∂u

∂x

∂2u

∂x∂t
dxdt−

∫ T

0

∂

∂x

(
a(x, t)

∂u

∂x

)(
4

∫ α

x

∂u

∂t
dξ

)∣∣∣∣x=α

x=0

dt

+

∫ T

0

∂

∂x

(
a(x, t)

∂u

∂x

)(∫ α

x

[∫ α

ξ

∂u

∂t
dη − (1− ξ)∂u

∂t

])∣∣∣∣x=α

x=0

dt

= −1

2

∫
Ωα

(5− x)
∂a(x, t)

∂t

(
∂u

∂x

)2

dxdt− 1

2

∫ α

0

(5− x)a(x, 0)

(
∂φ

∂x

)2

dx

+
1

2

∫ α

0

(5− x)a(x, τ)

(
∂u

∂x

)2

dx.
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Ωα

f.Mu1dxdt =

∫
Ωα

f.

(
4

∫ α

x

∂u

∂t
dξ −

∫ α

x

(∫ α

ξ

∂u

∂t
dη − (1− ξ)∂u

∂t

)
dξ

)
dxdt

=

∫
Ωα

f.

(
4

∫ α

x

∂u

∂t

)
dxdt+

∫
Ωα

f.

(
(1− ξ)

∫ α

x

∂u

∂t

)
dxdt

−2

∫
Ωα

f.

(∫ α

x

∫ α

ζ

∂u

∂t
dηdξ

)
dxdt,

where

2

∫
Ωα

f.

(∫ α

x

∫ α

ξ

∂u

∂t
dξ

)
dxdt = −2

∫ T

0

(∫ α

0

x
∂u

∂t
dx

)(∫ α

0

fdx

)
dt+2

∫
Ωα

(∫ α

x

∂u

∂t
dξ

)(∫ α

x

fdξ

)
dxdt.

By virtue of the Cauchy inequality and with ε,

ab ≤ ε

2
a2 +

1

2ε
b2, a, b ∈ R

We obtain ∫
Ωα

f.Mu1dxdt ≤ 4
ε1

2

∫
Ωα

f2dxdt+
4

2ε1

∫
Ωα

(∫ α

x

∂u

∂t
dξ

)2

dxdt

+
1

2ε2

∫
Ωα

(∫ α

x

∂u

∂t
dξ

)2

dxdt+
ε2

2

∫
Ωα

(1− x)2f2dxdt

+
1

ε3

∫ T

0

(∫ α

0

x
∂u

∂t
dx

)2

dt+ ε3

∫ T

0

(∫ α

0

fdx

)2

dt

+ε4

∫
Ωα

(∫ α

x

fdξ

)2

dxdt+
1

ε4

∫
Ωα

(∫ α

x

∂u

∂t
dξ

)2

dxdt,

where ∫
Ωα

(∫ α

x

fdξ

)2

dxdt ≤ 4

∫
Ωα

(1− x)2f2dxdt+ 2

∫ T

0

(∫ α

0

fdx

)2

dt

≤ 4

∫
Ωα

f2dxdt+ 2

∫ T

0

(∫ α

0

fdx

)2

dt

Then, we obtain ∫
Ωα

f.Mu1dxdt(12)

≤ 2ε1

∫
Ωα

f2dxdt+
2

ε1

∫
Ωα

(∫ α

x

∂u

∂t
dξ

)2

dxdt

+
1

2ε2

∫
Ωα

(∫ α

x

∂u

∂t
dξ

)2

dxdt+
ε2

2

∫
Ωα

f2dxdt

+ε3

∫ T

0

(∫ α

0

fdx

)2

dt+
1

ε3

∫ T

0

(∫ α

0

∂u

∂t
dx

)2

dt

+4ε4

∫
Ωα

f2dxdt+ 2ε4

∫ T

0

(∫ α

0

fdx

)2

dt

+
1

ε4

∫
Ωα

(∫ α

x

∂u

∂t
dξ

)2

dxdt.
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2) on the interval [β, 1] , we denote Ωτβ = Ωβ = (β, 1)× (0, τ), we get

∫
Ωβ

Lu.Mu3(13)

=

∫
Ωβ

∂u

∂t
.

(
−1

4

∫ x

β

∂u

∂t
dξ −

∫ x

β

(∫ ξ

β

∂u

∂t
dη + (1− ξ)∂u

∂t

)
dξ

)
dxdt

−
∫

Ωβ

∂2

∂x2

(
a(x, t)

∂u

∂x

)(
−1

4

∫ x

β

∂u

∂t
dξ

)
dxdt

+

∫
Ωβ

∂2

∂x2

(
a(x, t)

∂u

∂x

)(∫ x

β

(∫ ξ

β

∂u

∂t
dη + (1− ξ)∂u

∂t

)
dξ

)
dxdt

=

∫
Ωβ

f.Mu3dxdt.

Integration by parts each term of (3.6) with use the conditions (2.2)− (2.5), we obtain

∫
Ωβ

∂u

∂t
.

(
−1

4

∫ x

β

∂u

∂t
dξ −

∫ x

β

(∫ ξ

β

∂u

∂t
dη + (1− ξ)∂u

∂t

)
dξ

)
dxdt(14)

=
3

2

∫
Ωβ

(∫ x

β

∂u

∂t
dηdξ

)2

dxdt− 1

8

∫ T

0

(∫ 1

β

∂u

∂t
dx

)2

dt

−
∫ T

0

((∫ 1

β

∂u

∂t
dx

)(
2

∫ 1

β

∂u

∂t
dx− 2

∫ 1

β

x
∂u

∂t
dx

))
dt

=
3

2

∫
Ωβ

(∫ x

β

∂u

∂t
dηdξ

)2

dxdt− 17

8

∫ T

0

(∫ 1

β

∂u

∂t
dx

)2

dt

+2

∫ T

0

(∫ 1

β

∂u

∂t
dx

)(∫ 1

β

x
∂u

∂t
dx

)
dt

−
∫

Ωβ

∂2

∂x2

(
a(x, t)

∂u

∂x

)(∫ x

β

(∫ ξ

β

∂u

∂t
dη + (1− ξ)∂u

∂t

)
dξ

)
dxdt(15)

+

∫
Ωβ

∂2

∂x2

(
a(x, t)

∂u

∂x

)(∫ x

β

(∫ ξ

β

∂u

∂t
dη + (1− ξ)∂u

∂t

)
dξ

)
dxdt

=

∫
Ωβ

(
5

4
− x)a(x, t)

∂u

∂x

∂2u

∂x∂t
dxdt

−
∫ T

0

∂

∂x

(
a(x, t)

∂u

∂x

)(
−1

4

∫ x

β

∂u

∂t
dξ

)∣∣∣∣x=1

x=β

dt

+

∫ T

0

∂

∂x

(
a(x, t)

∂u

∂x

)
.

(∫ x

β

(∫ ξ

β

∂u

∂t
dξ + (1− ξ)∂u

∂t

)
dξ

)∣∣∣∣∣
x=1

x=β

dt

= −1

2

∫
Ωβ

(
5

4
− x)

∂a(x, t)

∂t

(
∂u

∂x

)2

dxdt− 1

2

∫ 1

β

(
5

4
− x)a(x, 0)

(
∂φ

∂x

)2

dx

+
1

2

∫ 1

β

(
5

4
− x)a(x, t)

(
∂u

∂x

)2

dx ,
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Ωβ

f.Mu3dxdt =

∫
Ωβ

f.

(
−1

4

∫ x

β

∂u

∂t
dξ −

∫ x

β

(∫ ξ

β

∂u

∂t
dη + (1− ξ)∂u

∂t

)
dξ

)
dxdt

=

∫
Ωβ

f.

(
−1

4

∫ x

β

∂u

∂t
dξ

)
dxdt−

∫
Ωβ

f.

(
(1− x)

∫ x

β

∂u

∂t
dξ

)
dxdt

−2

∫
Ωβ

f.

(∫ x

β

∫ ξ

β

∂u

∂t
dηdξ

)
dxdt,

where

−2

∫
Ωβ

f.

(∫ x

β

∫ ξ

β

∂u

∂t
dηdξ

)
dxdt = −2

∫ T

0

(∫ 1

β

fdx

)(∫ 1

β

∂u

∂t
dx−

∫ 1

β

x
∂u

∂t
dx

)
dt

+2

∫
Ωβ

(∫ x

β

∂u

∂t
dξ

)(∫ x

β

fdξ

)
dxdt.

By virtue of the Cauchy’s ε-inequality, we obtain

∫
Ωβ

f.Mu3dxdt ≤
ε5

8

∫
Ωβ

f2dxdt+
1

8ε5

∫
Ωβ

(∫ x

β

∂u

∂t
dξ

)2

dxdt

+
ε6

2

∫
Ωβ

(1− x)
2
f2dxdt+

1

2ε6

∫
Ωβ

(∫ x

β

∂u

∂t
dξ

)2

dxdt

+ε7

∫ T

0

(∫ 1

β

fdx

)2

dt+
1

ε7

∫ T

0

(∫ 1

β

∂u

∂t
dx

)2

dt

+ε8

∫ T

0

(∫ 1

β

fdx

)2

dt+
1

ε8

∫ T

0

(∫ 1

β

x
∂u

∂t
dx

)2

dt

+
1

ε9

∫
Ωβ

(∫ x

β

∂u

∂t
dξ

)2

dxdt+ ε9

∫
Ωβ

(∫ x

β

fdξ

)2

dxdt,

where ∫
Ωβ

(∫ x

β

fdξ

)2

dxdt ≤ 4

∫
Ωβ

(x− β)
2
f2dxdt ≤ 4

∫
Ωβ

f2dxdt,

Then, we obtain ∫
Ωβ

f.Mu3dxdt(16)

≤ ε5

8

∫
Ωβ

f2dxdt+
1

8ε5

∫
Ωβ

(∫ x

β

∂u

∂t
dξ

)2

dxdt

+
ε6

2

∫
Ωβ

f2dxdt+
1

2ε6

∫
Ωβ

(∫ x

β

∂u

∂t
dξ

)2

dxdt

+2ε10

∫ T

0

(∫ 1

β

fdx

)2

dt+
2

ε10

∫ T

0

(∫ 1

β

∂u

∂t
dx

)2

dt

+
1

ε9

∫
Ωβ

(∫ x

β

∂u

∂t
dξ

)2

dxdt+ 4ε9

∫
Ωβ

f2dxdt,

where ε10 = ε7 + ε8.
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3) on the interval [α, β] , we denote Ωτα,β = Ωα,β = (α, β)× (0, τ), we get∫
Ωα,β

Lu.Mu2dxdt(17)

=

∫
Ωα,β

∂u

∂t

(
(x− α)

∫ β

x

∂u

∂t
dξ + (β − x)

∫ x

α

∂u

∂t
dξ

)
dxdt

−
∫

Ωα,β

∂2

∂x2

(
a(x, t)

∂u

∂x

)(
(x− α)

∫ β

x

∂u

∂t
dξ + (β − x)

∫ x

α

∂u

∂t
dξ

)
dxdt

=

∫
Ωα,β

f.Mu2dxdt.

Integration by parts each term of (3.10) with use the conditions (2.2)− (2.5), we obtain∫
Ωα,β

∂u

∂t

(
(x− α)

∫ β

x

∂u

∂t
dξ + (β − x)

∫ x

α

∂u

∂t
dξ

)
dxdt(18)

=
1

2

∫
Ωα,β

(∫ x

α

∂u

∂t
dξ

)2

dxdt+
1

2

∫
Ωα,β

(∫ β

x

∂u

∂t
dξ

)2

.

−
∫

Ωα,β

∂2

∂x2

(
a(x, t)

∂u

∂x

)(
(x− α)

∫ β

x

∂u

∂t
dξ + (β − x)

∫ x

α

∂u

∂t
dξ

)
dxdt(19)

= −
∫ T

0

∂

∂x

(
a(x, t)

∂u

∂x

)(
(x− α)

∫ β

x

∂u

∂t
dξ + (β − x)

∫ x

α

∂u

∂t
dξ

)∣∣∣∣∣
x=β

x=α

dt

−
∫ T

0

(
a(x, t)

∂u

∂x

)(∫ x

α

∂u

∂t
dξ + (β − x)

∂u

∂t

)∣∣∣∣x=β

x=α

dt

+

∫
Ωα,β

(β − x)a(x, t)
∂u

∂x

∂2u

∂x∂t
dxdt

−
∫ T

0

(
a(x, t)

∂u

∂x

)(∫ β

x

∂u

∂t
dξ − (x− α)

∂u

∂t

)∣∣∣∣∣
x=β

x=α

dt

+

∫
Ωα,β

(x− α)a(x, t)
∂u

∂x

∂2u

∂x∂t
dxdt

= −1

2

∫
Ωα,β

(β − α)
∂a(x, t)

∂t

(
∂u

∂x

)2

dxdt

−1

2

∫ β

α

(β − α)a(x, 0)

(
∂φ

∂x

)2

dx+
1

2

∫ β

α

(β − α)a(x, τ)

(
∂u

∂x

)2

dx,

∫
Ωα,β

f.Mu2dxdt(20)

=

∫
Ωα,β

f.

(
(x− α)

∫ β

x

∂u

∂t
dξ + (β − x)

∫ x

α

∂u

∂t
dξ

)
dxdt

≤

1

2

∫
Ωα,β

(∫ β

x

∂u

∂t
dξ

)2

dxdt+
1

2

∫
Ωα,β

(x− α)
2
f2dxdt


+

(
1

2

∫
Ωα,β

(∫ x

α

∂u

∂t

)2

dxdt+
1

2

∫
Ωα,β

(β − x)
2
f2dxdt

)
.
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Putting (3.3) , (3.4) and (3.5) into (3.2), on Ωα,

∫
Ωα

Lu.Mu1dxdt =

∫
Ωα

f.Mu1dxdt

We obtain

5

2

∫ T

0

(∫ α

0

∂u

∂t
dx

)2

dt+
3

2

∫
Ωα

(∫ α

x

∂u

∂t
dξ

)2

dxdt− 2

∫ T

0

(∫ α

0

∂u

∂t
dx

)(∫ α

0

x
∂u

∂t
dx

)
dt

−1

2

∫
Ωα

(5− x)
∂a(x, t)

∂t

(
∂u

∂x

)2

dxdt− 1

2

∫ α

0

(5− x)a(x, 0)

(
∂φ

∂x

)2

dx

+
1

2

∫ α

0

(
∂u

∂x

)2

a(x, τ)(5− x)dx

≤ 2ε1

∫
Ωα

f2dxdt+
2

ε1

∫
Ωα

(∫ α

x

∂u

∂t
dξ

)2

dxdt+
1

2ε2

∫
Ωα

(∫ α

x

∂u

∂t
dξ

)2

dxdt+
ε2

2

∫
Ωα

f2dxdt

+ε3

∫ T

0

(∫ α

0

fdx

)2

dt+
1

ε3

∫ T

0

(∫ α

0

∂u

∂t
dx

)2

dt

+4ε4

∫
Ωα

f2dxdt+ 2ε4

∫ T

0

(∫ α

0

fdx

)2

dt+
1

ε4

∫
Ωα

(∫ α

x

∂u

∂t
dξ

)2

dxdt ,

Then

5

2

∫ T

0

(∫ α

0

∂u

∂t
dx

)2

dt+
3

2

∫
Ωα

(∫ α

x

∂u

∂t
dξ

)2

dxdt(21)

−2

∫ T

0

(∫ α

0

∂u

∂t
dx

)(∫ α

0

x
∂u

∂t
dx

)
dt

−1

2

∫
Ωα

(5− x)
∂a(x, t)

∂t

(
∂u

∂x

)2

dxdt− 1

2

∫ α

0

(5− x)a(x, 0)

(
∂φ

∂x

)2

dx

+
1

2

∫ α

0

(5− x)a(x, t)

(
∂u

∂x

)2

dx

≤
(

2ε1 +
ε2

2
+ 4ε4

)∫
Ωα

f2dxdt

+

(
2

ε1
+

1

2ε2
+

1

ε4

)∫
Ωα

(∫ α

x

∂u

∂t
dξ

)2

dxdt

+ (ε3 + 2ε4)

∫ T

0

(∫ α

0

fdx

)2

dt+
1

ε3

∫ T

0

(∫ α

0

∂u

∂t
dx

)2

dt

Putting (3.7) , (3.8) and (3.9) into (3.6), on Ωβ ,

∫
Ωβ

Lu.Mu3dxdt =

∫
Ωβ

f.Mu3dxdt
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We obtain

3

2

∫
Ωβ

(∫ x

β

∂u

∂t
dξ

)2

dxdt− 17

8

∫ T

0

(∫ 1

β

∂u

∂t
dx

)2

dt+ 2

∫ T

0

(∫ 1

β

∂u

∂t
dx

)(∫ 1

β

x
∂u

∂t
dx

)
dt

−1

2

∫
Ωβ

(
5

4
− x)

∂a(x, t)

∂t

(
∂u

∂x

)2

dxdt

−1

2

∫ 1

β

(
5

4
− x)a(x, 0)

(
∂φ

∂x

)2

dx+
1

2

∫ 1

β

(
5

4
− x)a(x, τ)

(
∂u

∂x

)2

dx

≤ ε5

8

∫
Ωβ

f2dxdt+
1

8ε5

∫
Ωβ

(∫ x

β

∂u

∂t
dξ

)2

dxdt

+
ε6

2

∫
Ωβ

f2dxdt+
1

2ε6

∫
Ωβ

(∫ x

β

∂u

∂t
dξ

)2

dxdt

+2ε10

∫ T

0

(∫ 1

β

fdx

)2

dt+
2

ε10

∫ T

0

(∫ 1

β

∂u

∂t
dx

)2

dt

+
1

ε9

∫
Ωβ

(∫ x

β

∂u

∂t
dξ

)2

dxdt+ 4ε9

∫
Ωβ

f2dxdt.

Then

3

2

∫
Ωβ

(∫ x

β

∂u

∂t
dξ

)2

dxdt− 17

8

∫ T

0

(∫ 1

β

∂u

∂t
dx

)2

dt(22)

+2

∫ T

0

(∫ 1

β

∂u

∂t
dx

)(∫ 1

β

x
∂u

∂t
dx

)
dt

−1

2

∫
Ωβ

(
∂u

∂x

)2
∂a(x, t)

∂t
(
5

4
− x)dxdt

−1

2

∫ 1

β

(
∂φ

∂x

)2

a(x, 0)(
5

4
− x)dx+

1

2

∫ 1

β

(
∂u

∂x

)2

a(x, t)(
5

4
− x)dx

≤
(ε5

8
+
ε6

2
+ 4ε9

)∫
Ωβ

f2dxdt

+

(
1

8ε5
+

1

2ε6
+

1

ε9

)∫
Ωβ

(∫ x

β

∂u

∂t
dξ

)2

dxdt

+2ε10

∫ T

0

(∫ 1

β

fdx

)2

dt+
2

ε10

∫ T

0

(∫ 1

β

∂u

∂t
dx

)2

dt.

Putting (3.11) , (3.12) and (3.13) into (3.10), on Ωα,β :

∫
Ωα,β

Lu.Mu2dxdt =

∫
Ωα,β

f.Mu2dxdt
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We obtain

1

2

∫
Ωα,β

(∫ x

α

∂u

∂t
dξ

)2

dxdt+
1

2

∫
Ωα,β

(∫ β

x

∂u

∂t
dξ

)2

−1

2

∫
Ωα,β

(β − α)
∂a(x, t)

∂t

(
∂u

∂x

)2

dxdt

−1

2

∫ β

α

(β − α)a(x, 0)

(
∂φ

∂x

)2

dx+
1

2

∫ β

α

(β − α)a(x, τ)

(
∂u

∂x

)2

dx

≤

(
1

2

∫
Ωα,β

(∫ x

α

∂u

∂t
dξ

)2

dxdt+
1

2

∫
Ωα,β

(β − x)
2
f2dxdt

)

+

1

2

∫
Ωα,β

(∫ β

x

∂u

∂t
dξ

)2

dxdt+
1

2

∫
Ωα,β

(x− α)
2
f2dxdt

 ,

that implies:

−1

2

∫
Ωα,β

(β − α)
∂a(x, t)

∂t

(
∂u

∂x

)2

dxdt

−1

2

∫ β

α

(β − α)a(x, 0)

(
∂φ

∂x

)2

dx+
1

2

∫ β

α

(β − α)a(x, τ)

(
∂u

∂x

)2

dx

≤ 1

2

∫
Ωα,β

(β − x)
2
f2dxdt+

1

2

∫
Ωα,β

(x− α)
2
f2dxdt,

≤
∫

Ωα,β

f2dxdt,

Then

c0
2

∫ β

α

(β − α)

(
∂u

∂x

)2

dx(23)

≤ c2
2

∫
Ωα,β

(β − α)

(
∂u

∂x

)2

dxdt +
c1
2

∫ β

α

(
∂φ

∂x

)2

dx

+

∫
Ωα,β

f2dxdt .

According to the condition (1.4) we have:

(∫ α

0

∂u

∂t
dx

)2

=

(∫ 1

β

∂u

∂t
dx

)2

.
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So, we are adding between (3.14) and (3.15) , we obtain

3

2

∫
Ωα

(∫ α

x

∂u

∂t
dξ

)2

dxdt+
3

2

∫
Ωβ

(∫ x

β

∂u

∂t
dξ

)2

dxdt+

(
3

8

)∫ T

0

(∫ α

0

∂u

∂t
dx

)2

dt

−1

2

∫
Ωα

(5− x)
∂a(x, t)

∂t

(
∂u

∂x

)2

dxdt− 1

2

∫ α

0

(5− x)a(x, 0)

(
∂φ

∂x

)2

dx

+
1

2

∫ α

0

(5− x)a(x, τ)

(
∂u

∂x

)2

dx

−1

2

∫
Ωβ

(
5

4
− x)

∂a(x, t)

∂t

(
∂u

∂x

)2

dxdt− 1

2

∫ 1

β

(
5

4
− x)a(x, 0)

(
∂φ

∂x

)2

dx

+
1

2

∫ 1

β

(
5

4
− x)a(x, τ)

(
∂u

∂x

)2

dx

≤
(

2ε1 +
ε2

2
+ 4ε4

)∫
Ωα

f2dxdt+

(
2

ε1
+

1

2ε2
+

1

ε4

)∫
Ωα

(∫ α

x

∂u

∂t
dξ

)2

dxdt

+ (ε3 + 2ε4)

∫ T

0

(∫ α

0

fdx

)2

dt+

(
1

ε3
+

2

ε10

)∫ T

0

(∫ α

0

∂u

∂t
dx

)2

dt

(ε5

8
+
ε6

2
+ 4ε9

)∫
Ωβ

f2dxdt+

(
1

8ε5
+

1

2ε6
+

1

ε9

)∫
Ωβ

(∫ x

β

∂u

∂t
dξ

)2

dxdt

+2ε10

∫ T

0

(∫ 1

β

fdx

)2

dt,

If we put ε1 = 4, ε2 = 2, ε3 = 8, ε4 = 4, ε5 = 1, ε6 = 2, ε9 = 2, ε10 = 8. we have

3

2

∫
Ωα

(∫ α

x

∂u

∂t
dξ

)2

dxdt+
3

2

∫
Ωβ

(∫ x

β

∂u

∂t
dξ

)2

dxdt+

(
3

8

)∫ T

0

(∫ α

0

∂u

∂t
dx

)2

dt

−1

2

∫
Ωα

(
∂u

∂x

)2
∂a(x, t)

∂t
(5− x)dxdt− 1

2

∫ α

0

(
∂φ

∂x

)2

a(x, 0)(5− x)dx

+
1

2

∫ α

0

(
∂u

∂x

)2

a(x, T )(5− x)dx

−1

2

∫
Ωβ

(
∂u

∂x

)2
∂a(x, t)

∂t
(
5

4
− x)dxdt− 1

2

∫ 1

β

(
∂φ

∂x

)2

a(x, 0)(
5

4
− x)dx

+
1

2

∫ 1

β

(
∂u

∂x

)2

a(x, T )(
5

4
− x)dx

≤ 25

∫
Ωα

f2dxdt+

∫
Ωα

(∫ α

x

∂u

∂t
dξ

)2

dxdt

+16

∫ T

0

(∫ α

0

fdx

)2

dt+

(
3

8

)∫ T

0

(∫ α

0

∂u

∂t
dx

)2

dt

73

8

∫
Ωβ

f2dxdt+
7

8

∫
Ωβ

(∫ x

β

∂u

∂t
dξ

)2

dxdt+ 16

∫ T

0

(∫ 1

β

fdx

)2

dt,
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Then (∫
Ωα

(∫ α

x

∂u

∂t
dξ

)2

dxdt+
5

8

∫
Ωβ

(∫ x

β

∂u

∂t
dξ

)2

dxdt

)

+

(
1

2

∫ α

0

(5− x)a(x, τ)

(
∂u

∂x

)2

dx +
1

2

∫ 1

β

(
5

4
− x)a(x, τ)

(
∂u

∂x

)2

dx

)

≤

 25
∫

Ωα
f2dxdt+ 16

∫ T
0

(∫ α
0
fdx

)2
dt

+ 1
2

∫
Ωα

(5− x)∂a(x,t)
∂t

(
∂u
∂x

)2
dxdt + 1

2

∫ α
0

(5− x)a(x, 0)
(
∂φ
∂x

)2

dx


+

 73
8

∫
Ωβ
f2dxdt+ 16

∫ T
0

(∫ 1

β
fdx

)2

dt

+ 1
2

∫
Ωβ

( 5
4 − x)∂a(x,t)

∂t

(
∂u
∂x

)2
dxdt + 1

2

∫ 1

β
( 5

4 − x)a(x, 0)
(
∂φ
∂x

)2

dx

 .

According to Condition 1, we then get(∫
Ωα

(∫ α

x

∂u

∂t
dξ

)2

dxdt+
5

8

∫
Ωβ

(∫ x

β

∂u

∂t
dξ

)2

dxdt

)

+

(
c0
2

∫ α

0

(5− x)

(
∂u

∂x

)2

dx +
c0
2

∫ 1

β

(
5

4
− x)

(
∂u

∂x

)2

dx

)

≤

 25
∫

Ωα
f2dxdt+ 16

∫ T
0

(∫ α
0
fdx

)2
dt

+ c2
2

∫
Ωα

(5− x)
(
∂u
∂x

)2
dxdt + c1

2

∫ α
0

(5− x)
(
∂φ
∂x

)2

dx


+

 73
8

∫
Ωβ
f2dxdt+ 16

∫ T
0

(∫ 1

β
fdx

)2

dt

+ c2
2

∫
Ωβ

( 5
4 − x)

(
∂u
∂x

)2
dxdt + c1

2

∫ 1

β
( 5

4 − x)
(
∂φ
∂x

)2

dx

 ,

Then (∫
Ωα

(∫ α

x

∂u

∂t
dξ

)2

dxdt+
5

8

∫
Ωβ

(∫ x

β

∂u

∂t
dξ

)2

dxdt

)

+

(
c0
2

∫ α

0

(5− x)

(
∂u

∂x

)2

dx +
c0
2

∫ 1

β

(
5

4
− x)

(
∂u

∂x

)2

dx

)

≤

 25
∫

Ωα
f2dxdt+ 16

∫ T
0

(∫ α
0
fdx

)2
dt

+ c2
2

∫
Ωα

(5− x)
(
∂u
∂x

)2
dxdt + 5c1

2

∫ α
0

(
∂φ
∂x

)2

dx


+

 73
8

∫
Ωβ
f2dxdt+ 16

∫ T
0

(∫ 1

β
fdx

)2

dt

+ c2
2

∫
Ωβ

( 5
4 − x)

(
∂u
∂x

)2
dxdt + 5c1

8

∫ 1

β

(
∂φ
∂x

)2

dx


≤ 25

(∫
Ωα

f2dxdt+

∫
Ωβ

f2dxdt+

∫ T

0

(∫ α

0

fdx

)2

dt+

∫ T

0

(∫ 1

β

fdx

)2

dt

)

+
5c1
2

(∫ α

0

(
∂φ

∂x

)2

dx+

∫ 1

β

(
∂φ

∂x

)2

dx

)

+
c2
2

(∫
Ωα

(5− x)

(
∂u

∂x

)2

dxdt +

∫
Ωβ

(
5

4
− x)

(
∂u

∂x

)2

dxdt

)
.
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that implies

5

8

(∫
Ωα

(∫ α

x

∂u

∂t
dξ

)2

dxdt+

∫
Ωβ

(∫ x

β

∂u

∂t
dξ

)2

dxdt

)

+
c0
2

[∫ α

0

(5− x)

(
∂u

∂x

)2

dx +

∫ 1

β

(
5

4
− x)

(
∂u

∂x

)2

dx

]

≤ 25

(∫
Ωα

f2dxdt+

∫
Ωβ

f2dxdt+

∫ T

0

(∫ α

0

fdx

)2

dt+

∫ T

0

(∫ 1

β

fdx

)2

dt

)

+
5c1
2

(∫ α

0

(
∂φ

∂x

)2

dx+

∫ 1

β

(
∂φ

∂x

)2

dx

)

+
c2
2

(∫
Ωα

(5− x)

(
∂u

∂x

)2

dxdt +

∫
Ωβ

(
5

4
− x)

(
∂u

∂x

)2

dxdt

)
Using Lemme 1 in [9] , we have(∫

Ωα

(∫ α

x

∂u

∂t
dξ

)2

dxdt+

∫
Ωβ

(∫ x

β

∂u

∂t
dξ

)2

dxdt

)
(24)

+

(∫ α

0

(5− x)

(
∂u

∂x

)2

dx +

∫ 1

β

(
5

4
− x)

(
∂u

∂x

)2

dx

)

≤ c3


(∫

Ωα
f2dxdt+

∫
Ωβ
f2dxdt

)
+
∫ T

0

((∫ α
0
fdx

)2
+
(∫ 1

β
fdx

)2
)
dt

+

(∫ α
0

(
∂φ
∂x

)2

dx+
∫ 1

β

(
∂φ
∂x

)2

dx

)
 ,

where

c3 =
max

(
25, 5c1

2

)
min

(
5
8 ,

c0
2

) exp
(c2

2
T
)

according to (3.16) and by using Lemme 1 in [9], we get∫ β

α

(β − α)

(
∂u (x, τ)

∂x

)2

dx(25)

≤ c4

(∫
Ωα,β

f2dxdt+

∫ β

α

(
∂φ

∂x

)2

dx

)
where

c4 =
max

(
1, c12

)
c0
2

exp
(c2

2
T
)

we are adding between (3.17) and (3.18) , we obtain∫
Ωα

(∫ α

x

∂u

∂t
dξ

)2

dxdt+

∫
Ωβ

(∫ x

β

∂u

∂t
dξ

)2

dxdt

+

 ∫ α
0

(5− x)
(
∂u
∂x

)2
dx +

∫ 1

β
( 5

4 − x)
(
∂u
∂x

)2
dx

+
∫ β
α

(β − α)
(
∂(x,t)
∂x

)2

dx



≤ max (c3, c4)


∫

Ω
f2dxdt+

∫ T
0

((∫ α
0
fdx

)2
+
(∫ 1

β
fdx

)2
)
dt

+

(∫ 1

0

(
∂φ
∂x

)2

dx

)


≤ c5

(∫
Ω

f2dxdt+

∫ 1

0

(
∂φ

∂x

)2

dx

)
(26)
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where

c5 = 1 + max (c3, c4) .

The right-hand side of (3.19) is independent of τ , hence replacing the left-hand side by its upper bound

with respect to τ from 0 to T, we obtain the desired inequality, where c = (c5)
1
2 . �

Proposition 2. The operator L from B to F admits a closure.

Proof. Suppose that {un} ∈ D (L) is a sequence such that

(27) un → 0 in B

and

Lun → (f, φ) in F ;

we must show that

f ≡ 0and φ ≡ 0.

According to (3.20) we get

un → 0 in D′ (Ω)

By virtue of the continuity of derivation of D′ (Ω) in D′ (Ω), we deduce that

(28) Lun → 0 in D′ (Ω) .

Further, according to (3.21) , we have

(29) Lun → f in L2 (Ω) ,

thus we have

(30) Lun → f in D′ (Ω) .

Then by of the uniqueness of the limit in D′ (Ω) we see that f ≡ 0.
On the other hand, (3.21) implies that

(31)
d`un
dx
→ dφ

dx
in L2 (0, 1) .

Moreover, since by virtue of (3.20) and the fact that∫ α

0

(5− x)

(
∂u

∂x

)2

dx +

∫ 1

β

(
5

4
− x)

(
∂u

∂x

)2

dx+

∫ β

α

(β − α)

(
∂ (x, t)

∂x

)2

dx ≤ ‖un‖2B , ∀n,

we have

(32)
d`un
dx
→ 0 in L2 (0, 1) .

Now the uniqueness of the limit in L2 (0, 1) implies that φ ≡ 0. �

Theorem 1 is valid for strong solution, i.e., we have the inequality

(33) ‖u‖B ≤ c
∥∥Lu∥∥

F
, ∀u ∈ D(L).

Hence we obtain

Corollary 3. A strong solution of the problem (2.1)− (2.5) is unique if it exists, and depends contin-
uously on F = (f, φ) ∈ F.

Corollary 4. The range R(L) of the operator L is closed in F , and R(L) = R(L).
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4. Existence of solutions

To show the existance of solutions, we prove that R(L) is dense in F for all u ∈ D (L) and for
arbitrary F = (f, φ) ∈ F.

Theorem 5. Suppose the conditions of theorem 1 are satisfied. Then the problem (2.1)− (2.5) admits

a unique strong solution u = L
−1F = L−1F .

Proof. First we prove that R(L) is dense in F for the special case where D (L) is reduced to D0 (L) ,
where D0 (L) = {u, u ∈ D (L) : `u = 0} . �

Proposition 6. Let the conditions of theorem 2 be satisfied, if, for ω ∈ L2 (Ω) and for all u ∈ D0 (L) ,
we have

(34)

∫
Ω

Lu.ω dxdt = 0,

then ω vanishes almost everywhere in Ω.

Proof. The scalar product of F is defined by

(Lu, ω)F(35)

=

∫
Ω

Lu.ω dxdt+

∫ 1

0

(
∂`u

∂x

)(
∂ω0

∂x

)
dx.

the equality (4.1) can be written as follows:

(36)

∫
Ω

∂u

∂t
ωdxdt =

∫
Ω

∂2

∂x2

(
a(x, t)

∂u

∂x

)
ωdxdt.

If we put

u = =t
(
ec6tz

)
=

∫ t

0

ec6tz (x, τ) dτ,

where c6 is a constant such that c6c0−c2 ≥ 0, and z, ∂z∂x ,
∂
∂x

(
a
∂=t(ec6tz)

∂x

)
, ∂2

∂x2 (a
∂=t(ec6tz)

∂x ) ∈ L2 (Ω) ,

then, u satisfies the conditions (2.3)− (2.5). As a result of (4.3) , we obtain the equality

(37)

∫
Ω

ec6tzωdxdt =

∫
Ω

∂2

∂x2

(
a
∂=t (ec6tz)

∂x

)
ωdxdt.

In terms of the given function ω, and from the equality (4.4) we give the function ω in terms of z as
follows:

(38) ω =


ω1 = (1− x)

∫ α
x
zdξ − 2

∫ α
x

∫ α
ξ
zdηdξ 0 ≤ x ≤ α

ω2 = − (β − x)
∫ x
α
zdξ − (x− α)

∫ β
x
zdξ α ≤ x ≤ β

ω3 = −(1− x)
∫ x
β
zdξ − 2

∫ x
β

∫ ξ
β
zdηdξ β ≤ x ≤ 1

So, ω ∈ L2 (Ω) , and z satisfies the same conditions of the function u and

(39)
∂2z

∂x2

∣∣∣∣
x=α

= 0,
∂2z

∂x2

∣∣∣∣
x=β

= 0.

Replacing ω in (4.4) by its representation (4.5) and integrating by parts each term of (4.4) with the
use of conditions of z, we obtain

1) on the interval Ωα = (0, α)× (0, τ) , we obtain

(40)

∫
Ωα

ec6tzω1dxdt =

∫
Ω

∂2

∂x2

(
a
∂=t (ec6tz)

∂x

)
ω1dxdt.
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Integrating by parts each term of (4.7) with respect to x and t by taking the conditions of the function
z yields

∫
Ωα

∂2

∂x2

(
a
∂=t (ec6tz)

∂x

)(
(1− x)

∫ α

x

zdξ − 2

∫ α

x

∫ α

ξ

zdηdξ

)
dxdt

=

∫ T

0

∂

∂x

(
a(x, t)

∂=t (ec6tz)

∂x

)(
(1− x)

∫ α

x

zdξ − 2

∫ α

x

∫ α

ξ

zdηdξ

)∣∣∣∣x=α

x=0

dt

−
∫

Ωα

∂

∂x

(
a
∂=t (ec6tz)

∂x

)(
−(1− x)z +

∫ α

x

zdξ

)
dxdt

=

∫ T

0

(
a(x, t)

∂=t (ec6tz)

∂x

)(
−(1− x)z +

∫ α

x

zdξ

)∣∣∣∣x=α

x=0

dt

+

∫
Ωα

(
a
∂=t (ec6tz)

∂x

)(
−(1− x)z +

∫ α

x

zdξ

)
dxdt

= −
∫

Ωα

a (x, t)
∂=t (ec6tz)

∂x
(1− x)

∂z

∂x
dxdt

= −1

2

∫ α

0

e−c6t(1− x)a (x, t)

(
∂=t (ec6tz)

∂x

)2
∣∣∣∣∣
t=T

t=0

dx

−1

2

∫
Ωα

e−c6t(1− x)

(
c6a (x, t)− ∂a (x, t)

∂t

)(
∂=t (ec6tz)

∂x

)2

dxdt

By using the conditions of z, we obtain

(41) −1

2
(c6c0 − c2)

∫
Ωα

e−c6t(1− x)

(
∂=t (ec6tz)

∂x

)2

dxdt ≤ 0.

and

∫
Ωα

ec6tzω1dxdt(42)

=
3

2

∫
Ωα

ec6t
(∫ α

x

zdξ

)2

dxdt+
1

2

∫ T

0

ec6t
(∫ α

0

zdx

)2

dt

−2

∫ T

0

ec6t
(∫ α

0

zdx

)(∫ α

0

ξzdξ

)
dt.

2) on the interval Ωβ = (β, 1)× (0, τ) ,we obtain

(43)

∫
Ωβ

ec6tzω3dxdt =

∫
Ωβ

∂2

∂x2

(
a
∂=t (ec6tz)

∂x

)
ω3dxdt.
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Integrating by parts each term of (4.10) with respect to x and t by taking the conditions of the function
z yields

∫
Ωβ

∂2

∂x2

(
a
∂=t (ec6tz)

∂x

)[
−(1− x)

∫ x

β

zdξ − 2

∫ x

β

∫ ξ

β

zdηdξ

]
dxdt

=

∫ T

0

∂

∂x

(
a(x, t)

∂=t (ec6tz)

∂x

)(
−(1− x)

∫ x

β

zdξ − 2

∫ x

β

∫ ξ

β

zdηdξ

)∣∣∣∣∣
x=1

x=β

dt

−
∫

Ωβ

∂

∂x

(
a
∂=t (ec6tz)

∂x

)[
−(1− x)z −

∫ x

β

zdξ

]
dxdt

=

∫ T

0

(
a(x, t)

∂=t (ec6tz)

∂x

)(
−(1− x)z −

∫ x

β

zdξ

)∣∣∣∣x=1

x=β

dt

+

∫
Ωβ

(
a
∂=t (ec6tz)

∂x

)[
−(1− x)z −

∫ x

β

zdξ

]
dxdt

= −
∫

Ωβ

a (x, t)
∂=t (ec6tz)

∂x
(1− x)

∂z

∂x
dxdt

= −1

2

∫ 1

β

e−c6t(1− x)a (x, t)

(
∂=t (ec6tz)

∂x

)2
∣∣∣∣∣
t=T

t=0

dx

−1

2

∫
Ωβ

e−c6t(1− x)

(
c6a (x, t)− ∂a (x, t)

∂t

)(
∂=t (ec6tz)

∂x

)2

dxdt

By using the conditions of z, we obtain

(44) −1

2
(c6c0 − c2)

∫
Ωβ

e−c6t(1− x)

(
∂=t (ec6tz)

∂x

)2

dxdt ≤ 0.

and

∫
Ωβ

ec6tzω3dxdt(45)

=
3

2

∫
Ωβ

ec6t
(∫ 1

β

zdx

)2

dxdt

−2

∫ T

0

ec6t
(∫ 1

β

zdx

)((∫ 1

β

zdx

)
−
(∫ 1

β

xzdx

))
dt

=
3

2

∫
Ωβ

ec6t
(∫ x

β

zdξ

)2

dxdt

+2ec6t
(∫ 1

β

zdx

)(∫ 1

β

xzdx

)
dt.

3) on the interval Ωα,β = (α, β)× (0, τ) ,we obtain

(46)

∫
Ωα,β

ec6tzω2dxdt =

∫
Ωα,β

∂2

∂x2

(
a
∂=t (ec6tz)

∂x

)
ω2dxdt
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Integrating by parts each term of (4.13) with respect to x and t by taking the conditions of the function
z yields

∫
Ωα,β

∂2

∂x2

(
a
∂=t (ec6tz)

∂x

)[
− (β − x)

∫ x

α

zdξ − (x− α)

∫ β

x

zdξ

]
dxdt

=

∫ T

0

∂

∂x

(
a(x, t)

∂=t (ec6tz)

∂x

)(
− (β − x)

∫ x

α

zdξ − (x− α)

∫ β

x

zdξ

)∣∣∣∣∣
x=β

x=α

dt

+

∫
Ωα,β

∂

∂x

(
a
∂=t (ec6tz)

∂x

)(
(β − x)z −

∫ x

α

zdξ

)
dxdt

+

∫
Ωα,β

∂

∂x

(
a
∂=t (ec6tz)

∂x

)(
−(x− α)z +

∫ β

x

zdξ

)
dxdt

=


∫ T

0

(
a(x, t)

∂=t(ec6tz)
∂x

)(
(β − x)z −

∫ x
α
zdξ
)∣∣∣∣x=β

x=α

dt

+
∫ T

0

(
a(x, t)

∂=t(ec6tz)
∂x

)(
−(x− α)z +

∫ β
x
zdξ
)∣∣∣∣x=β

x=α

dt



−


∫

Ωα,β

(
a
∂=t(ec6tz)

∂x

)(
(β − x) ∂z∂x + 2z

)
dxdt

+
∫

Ωα,β

(
a
∂=t(ec6tz)

∂x

)(
(x− α) ∂z∂x − 2z

)
dxdt


= −

∫
Ωα,β

a (x, t)
∂=t (ec6tz)

∂x
(β − α)

∂z

∂x
dxdt

= −1

2

∫ β

α

e−c6t(β − α)a (x, t)

(
∂=t (ec6tz)

∂x

)2
∣∣∣∣∣
t=T

t=0

dx

−1

2

∫
Ωα,β

e−c6t(β − α)

(
c6a (x, t)− ∂a (x, t)

∂t

)(
∂=t (ec6tz)

∂x

)2

dxdt

By using the conditions of z, we obtain

(47) −1

2
(c6c0 − c2)

∫
Ωα,β

e−c6t(β − α)

(
∂=t (ec6tz)

∂x

)2

dxdt ≤ 0.

and

∫
Ωα,β

ec6tzω2dxdt(48)

=
1

2

∫
Ωα,β

ec6t
(∫ x

α

zdξ

)2

dxdt+
1

2

∫
Ωα,β

ec6t

(∫ β

x

zdξ

)2

dxdt
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Putting and using the results of (4.8),(4.9) , (4.11),(4.12) and (4.14),(4.15) into (4.4) , we obtain

3

2

∫
Ωα

ec6t
(∫ α

x

zdξ

)2

dxdt+
3

2

∫
Ωβ

ec6t
(∫ x

β

zdξ

)2

dxdt

+
1

2

∫
Ωα,β

ec6t
(∫ x

α

zdξ

)2

dxdt+
1

2

∫
Ωα,β

ec6t

(∫ β

x

zdξ

)2

dxdt

≤ −1

2
(c6c0 − c2)

∫
Ωα

e−c6t(1− x)

(
∂=t (ec6tz)

∂x

)2

dxdt

−1

2
(c6c0 − c2)

∫
Ωβ

e−c6t(1− x)

(
∂=t (ec6tz)

∂x

)2

dxdt

−1

2
(c6c0 − c2)

∫
Ωα,β

e−c6t(β − α)

(
∂=t (ec6tz)

∂x

)2

dxdt

≤ 0.

and thus z = 0 in Ω, then ω = 0 in Ω. This proves Proposition 2. �

We return to the proof of Theorem 2. We have already noted that it is sufficient to prove that the
set R(L) dense in F.

Suppose that, for some W = (ω, ω0) ∈ R(L)⊥ and for all u ∈ D(L), it holds

(49) (Lu, ω)F =

∫
Ω

Lu.ωdxdt+

∫ 1

0

(
∂`u

∂x

)(
∂ω0

∂x

)
dx = 0.

Then we must prove that W = 0. Putting u ∈ D0(L) in (4.16) , we have∫
Ω

Lu.ω dxdt = 0, u ∈ D0(L).

Hence Proposition 2 implies that ω = 0. Thus (4.16) takes the form

(50)

∫ 1

0

(
∂`u

∂x

)(
∂ω0

∂x

)
dx = 0, u ∈ D(L).

Since the range of the trace operator ` is dense in the Hilbert F space with the norm(∫ 1

0

(
∂`u

∂x

)2

dx

) 1
2

,

the equality (4.17) implies that ω0 = 0 (we recall satisfies a compatibility conditions). Hence W = 0.
This completes the proof of Theorem 2.
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