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MIXED PROBLEM WITH AN INTEGRAL TWO-SPACE-VARIABLES
CONDITION FOR A THIRD ORDER PARABOLIC EQUATION

OUSSAEIF TAKI EDDINE* AND BOUZIANI ABDELFATAH

ABSTRACT. This paper is concerned with the existence and uniqueness of a strong solution to a mixed
problem which combine Dirichlet and integral two space variables conditions for a third order linear
parabolic equation. The proof uses a functional analysis method presented, which it is based on an
energy inequality and the density of the range of the operator generated by the problem.

1. INTRODUCTION

The importance of the problems with integral conditions has been pointed out by Samarskii [25].We
remark that integral boundary conditions for evolution problems have various applications in chemical
engineering, thermoelasticity, underground water flow, plasma physics and population dynamics.

Problems which combine local and integral condition for second order parabolic equations are in-
vestigated by the potentail method by Cannon [10] and Kamynin [19], by Fourier’s method by Ionkin
[15] and by the energy inequality method in [22] and [2]

Other works for mixed problems which combine local and integral conditions for second order
parabolic equations were treated by Batten [23], Cannon-Esteva-van der Hoek [11], Cannon-van der
Hoek [12], [13], Cahlon-Kulkarni-Shi [9] and Shi [21].

Recently, problems of this type that have non-linearity in the boundary conditions have been in-
vestigated in Jones et al. [16] and Jumahron-McKee [17], [18]. Mixed problems with only integral
conditions for a second order parabolic equation have been studied by Bouziani-Benouar [7], and for
a 2m-parabolic equation in Bouziani [5].

Mixed problems with integral conditions for a third order parabolic equation have been studied by
Bouziani-Benouar [1].The present paper is devoted to study the existence and the uniqueness for a
strong solution of mixed problems with new integral conditions for a third order parabolic equation.

2. FORMULATION OF THE PROBLEM

In the rectangle Q = (0,1) x (0,7"), with T < oo, we consider the third order linear parabolic
equation:

(1) Lu= % - 56722 (a(m,t)az> = f(x.1).

which can be considered as a generalization on the linearized Kortweg-de Vries equation, see for instance
[24].

Condition 1. The coefficient a(z,t) is a real-valued function belonging to C? (Q) such that
Oa(x,t)
—=<c

ot 7
In Condition 1 and in the rest of the paper, ¢;, i = 1, ..., 6, denote strictly positive constants.

We adjoin to (2.1) the initial condition
(2) lu=u(z,0) =¢(x), z€(0,1),

co < afx,t) < e,
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with the conditions

% . = 0, fori ={0,a, 5,1},
0%u 0%u
®) el N =1 I

and with integral conditions

(4) /Oau(m,t)dx—F/Blu(a:,t)dm:O te (0,7),

(5) /Oazu(ac,t)der/leu(:c,t)de te (0,7,

where ¢ is a known function and 0 < a< g <1, a+ 8 =1.

Condition 2. We shall assume that the function ¢ satisfies a compatibility conditions with (2.3) —
(2.5).

Problem (2.1) — (2.5) arises, for instance, from the heat transfer theory. In this case, u is a
temperature of a slab 0 < x < 1, and the integrals in the conditions (2.4) and (2.5) are considered as
the average and the weighted average temperature.

In this paper, we prove the existence and the uniqueness for a strong solution of the problem
(2.1) — (2.5) as a solution of the operator equation

(6) Lu=F
where L = (L ?), with domain of difinition D(L) consisting of functions u € L? () such that a’t‘, g;,

giz, g;, ataTQ € L?(Q) and u satisfies conditions (2.3) — (2.5) ; the operator L is considered from B

to F, where B is the Banach space consisting of all functions u(z,t) having a finite norm

IIuIIB—/ / </m dg) dde/ / (/ﬁ dg) dedt
g ([ (Y 0 [ Gy (P s [0 (220

and satisfying the conditions (2.3) — (2.5), and F is the Hilbert space consisting of all elements F =

(f, ) for which the norm
06\ ?
2 _ 2
Hﬂb—AfMﬁ+A<m)dx

is finite. Then, we establish an energetic inequality:
(7) lullp < ¢l Lullp

and we show that the operator L has a closure L.
Definition. A solution of the operator equation

Lu=F

is called a strong solution of the problem (2.1) — (2.5).
Since points of the graph L are limits of sequences of points of the graph of L, we can extend (2.7)
to apply to strong solution by taking limits, i.e.,

lull g SCHZuHF, Vu € D(L).

From this inequality we obtain the uniqueness of a strong solution if it exists, and the the equality of
sets R(L) and R(L). Thus , proving that the set R(L) is dense in F.
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3. AN ENERGETY INEQUALITY AND ITS CONSEQUENCES

Theorem 1. Let Condition 1 be fulfilled. Then for any function u € D(L) we have the inequality
(8) Jull g < ¢l Lull

where ¢ is a positive constant independent of u.

Proof.
Multiplying the equation (2.1) by the following Mw :
Muy =4 [ 2udg — [° (f;m 5)%)d£ 0<z<a
Mu=14 Muy=(z—a) [’ %d¢ + (8- )fofg?df a<z<B

Muy =~ [} Bag - 7 (S 2+ (1- %) as pev<t

and integrating over Q7 where Q7 = (0,1) x (0, 7),
1) on the interval [0, ], we denote Q7 = Q, = (0,«) x (0,7), we get

) /Q LM drd
/988”:< v g /a: (ag

|, 5 < )0L8“>““
+/Q 2 (a )(/a( —d - 1—5)?;;>d§>dxdt

= / f-Muydxdt.
Qa

O(

g)%@‘) dg) dzdt

JN“\

Integration by parts each term of (3.2) with use the conditions (2.2) — (2.5), we obtain

(10) /Qa?;;.<4/z T — / (/ —d - 15)88::>d§>dxdt
= ZAT(/;?;M) dt+§/ﬁa(/m a“dg) dadt
= (] o) () i) ).

h - (o) (4 Giae= [ (] Gron-0-05) )
/52“(5—33) a(w, t)gu§28td dt — /0 Bax( (x,t)gz) (4/1 aud§> =adt
[ ) ([ ([ om0

- —;/Qa(i")—x)aa(ai’t) (gl‘) da:dt—;/oa(5—m)a(x,0) (gﬁ)

+;/Oa(5x) (z,7) (gz)QdI.

z=0
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/Qaf.Muldxdt = /Qf< : df /(f —d _(1_§)§Z>d€>dmdt

oG Zt)dwdw [ oo %) a
/ ( / / dnd§> dadt,

where

[ [ty =a ([ ) ([ s, ([ 5) ([ 1)

By virtue of the Cauchy inequality and with €,

1
ab < %a2_~_7b27 a,beR

2¢e
‘We obtain
/ fMudedt < 42 / dexdtJr— / ( / dg) dadt
Qo
«@ 8’“/ 9
+— —dg dajdt—i—— )2 f2dadt
252 Qo z
T «@ 2
Jri </ xaudm> dt+63/ </ fd:v) dt
€3 Jo o Ot 0 0
+54/ (/ fd§) dazdt—i——/ (/ df) dxdt,
Qa T x
where

/Q </:fdf) dxdt < 4/Q (1_x)2f2dxdt+2/0T(Aafdx)th

a
2

4/Qaf2dxdt+2/0T (/Oafdx) @t

IN

Then, we obtain

(12) /Q P Muydedt

2 @ au 2
< 25 / fPdzdt + = < / dg) dadt
Qo €1 Ja, z ot
1 a ou 2 €5
o —d dxdt + —= 2dxdt
oo . (/x ot §> vt + 0. frdx
T @ 2
1
vea [ ([ rae) e 2 (/ %) "
0 0 €3 Jo o 0
T a 2
+4ey f2d$dt+2€4/ (/ fdx) dt
Qo 0 0

1 a ou 2
- —d dxdt.
+54 Qo (/r ot E) t
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2) on the interval [, 1], we denote 0} = Q5 = (3,1) x (0,7), we get

(13) Lu.Mus
Qﬁ

ou 5 6u ou
_ /Q o <_4 i ( 5)8t> d5> davdt
0? 1 [ Ou
Jr, s (o) )( 44 atdf>
0? ou
+/Qﬁax2<< (/ﬁ ( S+ ( 1—5)8t>d5>dxdt

= f-Muszdxdt.
Qg

Integration by parts each term of (3.6) with use the conditions (2.2) — (2.5), we obtain

ou 1 [*ou € Ou ou
(14) /Q a5 (—4 ; atdé—/B (5 adn+( g)at> d§> dadt

_ g/ﬂ <6 dndg)Qda:dt—;/O (/ﬂ ?;de)zdt
F( 3L e )

_ 2/9[ </ dndg) dxdtfg O </61?Zdz> dt
35

+

92 ) * ([ ou )
(15) —/Q 527 (a(mt)ﬁjé) (/ﬂ ( . ot d"+<1_§)a?> df) dadt
a;‘) d§> dxdt

_|_
S~
@
Q|
¥
N
2
}3
=
QJ‘QJ
IS
~
~/
m\a
7
© o
Q)
(‘F
&
3
_|_
o
|
o
|

r=1

_ /Q(g—x) (0, 5 = e
[ g (oeogi) (55 [ o)
2 (wmn). ( [ ( ; Py _@gf;) dg) ' "

_ /Qﬁ(i_x)@“(at )(gz) dmdt—;/ﬁl(i—x)a(x,()) (g‘ﬁ)de
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/Qﬁf< 4/5 de - / </£aud + ( f)?;;)df)dxdt
/Qﬂ . <_4/ﬂ ‘9“d§> d:cdt—/gﬂ f ((l—x) /[: (;;dg) dudt
ol (] [ o)

/ f-Musdxdt
Q/j

where

_2/96 (//dnd§>dxdt - 2/OT(/ fdx><ﬁ?:dx— 1xcz)udx)d

o ([ 3) ([ )

By virtue of the Cauchy’s e-inequality, we obtain

© 2
€5 2 1 ou
Muzdxdt < = drdt + — —d¢ ) dxdt
QBf usdzdt < 2 Qﬂf x +855 <//3 N f) x
21w dedei/ (/m &‘dg)dedt
2 Qg 256 Qp B ot

where

[ ([ 1)
[ )

+€8
1
+

1 (/wau
€9 Qp 8 ot

1 T 1
dt + — (/ adgc> dt
g7 Jo 8 ot
T 1
dt+ — (/ zaudx) dt
€8 Jo B ot

z 2
) dxdt+€9/ (/ fd§> dxdt,
Qs \JB

x 2
/ ( / fd§> dzdt < 4 / (x— B)° fldadt <4 | f2dadt,
Qg B Qp Qp

Then, we obtain

(16)

where €10 = €7 + €s.

f-Muszdzdt
Qp

IN

1
+ 55 [ Pardr v —
2 Ja, 2

+2¢e10 /OT (/ﬁl fdx)2

dt+l (/ audx) dt
€10 Jo B ot

T 2
-|-i </ 8ud§> dzdt + 4eg
&9 Qs B ot Qg

1
2dxdt + 7/ (/ df) dxdt
8 ng 855 Qp B ot

* Qu
( /ﬂ 6td§> dzdt

2

f2dxdt,

103
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3) on the interval [, 8], we denote Qf, 5 = Q4 5 = (a, 8) x (0,7), we get

(17) / Lu.Mugdxdt
Qa8

I
S~
@
S
T
K
|
2
8
=
SIS
Q.
Iy
_l’_
=
|
&
h
Q.
Iy
N———
u
3
8.
~

9? ou B ou T 5
_/QM Ox2 (a(x,t)ax> ((m —a) ) fdf + (8- )/a Op,td§> dxdt

/ f-Musdzdt.
Qa,p

Integration by parts each term of (3.10) with use the conditions (2.2) — (2.5), we obtain

(18) /QWZ‘((:C—@) x @der(B )/;a“dg> dudt
_ ;/Q/ </a ?d&) dxdt+;/ﬂw (/jaud§> .

(19) - 8% (a(z,t)gz) ((xa) /j %d&(ﬁﬂ:) /: ng) dodt
/j; (o022 (-0 [ S5 [ )|
Ll

+/Q (B )g“aazatd dt
a=p
/:( )( Ly @Z?) o

ou 0u
/Q (z — a)a )5’ 83td xdt

- -3 / 0 (2

;/j (gﬁ)zdx—k;/j(ﬁ—a)a(mm) (g;f)zdx,
(20) /Q M

/Qw [ ((x — ) j %dé +(B—2) /: ?ng) dxdt

(; /Qa,ﬁ (/j g?d€>2dxdt+ ;/Qﬁ (xa)2f2dxdt)

+ (; /QM (/: Z;L)2dxdt+ ;/Qﬁ (8- x)Qdexdt) :

+

IN
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Putting (3.3), (3.4) and (3.5) into (3.2), on Q,,

/Eu.Muldxdt:/ f-Muydxdt
Qo Qo

We obtain
5 T ? 3 ou “ Ou
5/0 (/0 dm> +§/ (/I d§> da:dth/O </0 8td>(/0 :z:atdx)dt
1 ou 13J0)
_2/%( ( ) dx dt—f (5—33)@(3;,0) (m) d
1 [ /ou\?
+§/0 (337) a(z,7)(5 — x)dx
« 2 a 2
< 261/ dexdt+3/ (/ 8ud§> dxdt+i/ (/ 8ud£) da:dt+€—2/ fPdxdt
Qo €1 Qa T 252 Qo T 315 2 Qo
T « 2
—1-53/ (/ fdx) dt—l—l/ </ mdm) dt
0 0 €3 Jo 0o O
T «a 2 1 9y 2
+454/ deIdt+2€4/ (/ fdas) dt + — (/ d§> dxdt |
Qa 0 0 €q Jo, \Jz Ot
Then

(21) g/o </0 g“d) dt+g/9 (La&:dg)dedt
= [ (] ) () o) o
—;/Qa(s—x)aag’“ (gg) dazdt—;/oa({i—x)a(x,o) (gf)

L[t (2

(2614—%24—454) / FPdudt

Qq
+(€21+2;+€14)/Q (/:audﬁ)Qda:dt
+(83—|—2€4)/0T(/afd:1:> dt—&——/ </0 dx)zdt

Putting (3.7), (3.8) and (3.9) into (3.6), on Qg,

IN

Lu.Musdrdt = f-Mugdzdt
Q[«j Q[—}
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We obtain

z 2 T 1
LSe35
2 Qp B 6t 8 0 B 8t

1 5 Oda(z,t) (Ou 2
—2/%<4—z> v (M) ddi

e 9\* 1 ['5 %
3 ] Gate0) (52) doe g [ G =wpater) (51) o

T 2

&5 2 1 / (/ ou )
- dxdt + — ——d¢ | dxdt
8 Jo, fre 8es Jo, \Jpg Ot ¢ v

€6 1 T ou 2
—_— 2 R JE—
+ 2 frdxdt + (/ﬁ 5 df) dxdt

Qp 256 Qp

T 1 2 T 1 2
+2510/ (/ fda:) dt+l/ (/ audx) dt
0 B €10 Jo g Ot

1 x Bu 2 2
+—= —d€ | dxdt + 4eg fodxdt.
g Ot Qp

2

T 1 1
dt+2/ (/ audx) (/ xaudx) dt

IN

Then

| W

z 2 T 1 2
/ </ audf) dxdt — E (/ auda:) dt
T 1 1
+2/ (/ audx) (/ xaud:v> dt
0 s Ot s Ot
1 ou\> Oa(z,t) b

- /ﬁl <gi>2 (e, 0)(2 ~a)da + /ﬁl (gg)Q (e, )3 — w)dr

(22)

IA
~—
‘m
o
+
‘(‘n
o
_|_
i
™
N—
~
N
QU
8
QU
x

111 2 ou  \*
+<8€5+2€6+69>/§26(/ﬁ 8tdf) dxdt

2 2

T 1 ) T 1
+2€10/ (/ fdx) dt + — (/ 8udﬂc) dt.
0 B €10 Jo 8 8t

Putting (3.11), (3.12) and (3.13) into (3.10), on Q4 g :

/ Lu.Musdzdt = / f-Musdxdt
Q Q

a,B a,B
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‘We obtain

da(z,t) (Ou\>
/QQ,B (8 —a) 5t ((%) dxdt
8 9p\” 1 (7 o\
[ 60 (52) dos g [ 6=t (52) as
* ou 2 1 2 02

) (/a atdg) dadt + Q/QM (B-2)f dxdt)

1 p 3u ’ 1 2
+ (2 /QO“B (L atd§> dxdt—i— 2/Qa76 ($— Oé) del‘dt) 5

IN
A/
S

that implies:

1 da(z,t) (Ou\>
2/%,3(5@) - <8x> dadt

- /j(ﬁ _ a)a(z,0) (gj)%x s /j(ﬁ ~ a)alz, 7) (gz>2d:c

< 1/ (5—x)2f2d:cdt+1/ (z — o) f2dadt,
2 Ja. 5 2 Ja. s
< f2dxdt,
Qa8
Then
B 2
Co ou
(23) 5[0 (5) a

IN

ou\® b rog\®
e (8 —a) (3Z> dxdt —&—%1 (af) dx

2 Jo. .,
+/ fdxdt .
Qayﬁ

According to the condition (1.4) we have:



108 EDDINE AND ABDELFATAH

So, we are adding between (3.14) and (3.15), we obtain

;/ﬂa (/:?;;dg)dedt—i-;/W (/;‘?t‘dg)zdxdt+(g>/o (/0 ?;:dx) dt
—;/Qa(;s—x)a“(aﬁ’t) (gi)zd;vdt—;/oa@— z)a(z,0) (gf)
+;/Oa(5x)a(x,7) (gZ)de
—%/ (g—x)aa(aﬁ’t) (Z)zdxdt—;/ﬁl(i—x)a(xﬁ) (gf)
+% /Bl(i—a:)a(a:,r) (?;>2dx
(251+%2+4s4) /Q F2dedt + ( 21 +2;+514> /QQ (/wa&:dg)dedt
T «a 2 T
+(e:3+254)/0 (/0 fda:) dt+(€13+§0)/0 </0 ?;;dx) dt

1 1 1
(6—5 +20 459) fPdxdt + +—+— / / @dg dxdt
8 2 Qp 855 256 &9 Qp B ot

2

+2e10 /O ' ( /ﬁ 1 fd:r,> dt,

IN

Ifwepute; =4,e0=2,e3=8,e4=4,e65 =1, 66 =2, g9 =2, €19 = 8. we have

3 *ou \? 3 “ou \? 3 du
2/% </ 8d§> da dt+2/ﬂﬂ (/B atdg) dwdt+<8>/0 (/0 6tdw) dt
o 2
(8) 8& (=, t x)dxdt—%/o <gi> a(z,0)(5 — x)dx
<g) T)(5 — x)dx
1 5 d¢ 5
5/ ( > 4—m)dxdt—2/ﬂ (895) a(m,O)(E—x)da:
1 ou )
+2/B (69@) a(&T)(i—x)dx
a 2
25 /Q f2dxdt + /Q < / ?ng) dadt
T o 2 3 ou
+16/O </0 fdx) dt + (8)/0 (/0 8dac> dt
3 e f () ) e [T ([ 1)
5 Q[,f da:dt+8/% (/ﬂ atdé dxdt+16/0 /ﬁfdm dt,

IN
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Then
( d§> dmdt+g /Q ﬁ ( //3 a“dg) dxdt)
+< / (5 — 2)a(z, ) <gz>2dx Jr;/ﬁl(iz)a(:z:ﬂ') <gz>2dx>
25 [, f2dwdt+16 [ ([ fdz )2
(+ o (56— 2) 22 (22) dadt + 1 [1(5 — w)a(z,0) (42 )de)

2 Jo, Pdvdt+16 [ ([, fd;v) dt

+ 2
da(x, uw)2 1.5 C
4 Jo, (5 — 2225 (82) dudt + 4 [(5 — w)a(w,0) (32) da

According to Condition 1, we then get

* Ou 5 ou
([ ([ G s 2 [ ([ St o
0 8“ ? co 1,5 ou\ >
+(z ) o () “
25[Q frdedt+16 [ (0 fdz)’d
c2 du c1 . 8¢ 2
+2 Qo )(81) dl‘dt + 2f0 )(81) d(E
73 2 T (1 2
T8 [, f2dedt 416 ( I fd:c) dt

+ Co 5 ou 2 C1 1 5 8(25 2 ’
+% Jo, (G —2) (53) dedt +5 [5G — ) (%) dz

Then

(Q (/a&;d§>2dxdt+2/gﬁ (/ﬁ atdé) dxdt)
50/0 (5—2) (gZ)Qdm +2 ;(i—x) (?;)de>

25 [, dexdt—i-leO (fy fda )
+% Jo, (5—2) (32)" dedt + 5 [ ( I) dx

% fQﬁ frdxdt +16 foT (fﬁl fdos> dt
+5 fﬂﬁ(%—l“)( ) dadt + %% (a¢> e

T a 2 T 1 2
2 2
25( Qaf dzxdt + QBf da:dt—i—/o </0 fdm) dt—|—/0 (//3 fdx) dt)
5c, [ [ [0\ T
5 (fo (52) @+ [ (&) dw)

IN

+

IN
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Z(/Q (/:gl;dg)Qd:cdtJr/Qﬁ (Aw?;dg)dedt>
/Oa(sg;) (g;)de */Bl(i“’”) (gZ)de
25 (/Qandde ., dede/OT </Oafdm>2dt+/OT (/ﬂlfdx)zdt>

that implies

Co
Jr2

IN

S ([ a3 )
+3 </ﬂ (5 ) (gz)det +/ﬂﬁ(i—m) (gz)zdmt>

Using Lemme 1 in [9], we have

(24) ( /Q j d:cdt + /Q ) —d{ dxdt)
( [0 (2w [ )
)

fQ Jﬁdmdt—i—fﬂ f2d;vdt)—|—f0 ((fo fd;v)
(0 () 0 (3)

where ( s )
max (25, 25+ Co
= 2 e ) e (S
“ mln(%,%’) ep<2 )
according to (3.16) and by using Lemme 1 in [9], we get
A ou(z, 7 2
(25) [ (2520) as
8 2
Ca / dexdt —|—/ <8¢> dx
Qa,ﬁ a 81'
where

1.6
QZE%%QJWN%@
2

we are adding between (3.17) and (3.18), we obtain

/Qa (/:(?;dﬁfd:cdtjt/ﬂﬂ </:?;d§>2dxdt
+(fo“<5—x ) (52)"dw + 5 i—x><2ﬂ>2dw>
FIE e (752)

Jo dede'fo (fo fdﬂ?) + (fﬁl fdx)2> dt

(0 () )

IN

max (c3, ¢4)

L 9¢ 2
cs (/Qdescdt—l—/o (81’) dx)

(26)

IN
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where
¢s =1+ max (c3,cq) .

The right-hand side of (3.19) is independent of 7, hence replacing the left-hand side by its upper bound

with respect to 7 from 0 to 7', we obtain the desired inequality, where ¢ = (05)% . O

Proposition 2. The operator L from B to F admits a closure.
Proof. Suppose that {u,} € D (L) is a sequence such that
(27) Up, — 0 in B
and

Lu, — (f,¢) in F}
we must show that

f=0and ¢ =0.

According to (3.20) we get

Up — 0 in D' (Q)
By virtue of the continuity of derivation of D’ (2) in D’ (2), we deduce that
(28) Lu, -0  inD (Q).
Further, according to (3.21), we have
(29) Lu, — f in L*(Q),
thus we have
(30) Lu, = f  inD'(Q).

Then by of the uniqueness of the limit in D’ () we see that f = 0.
On the other hand, (3.21) implies that

dlun 4oy 12(0,1).

1
(31) dx dx

Moreover, since by virtue of (3.20) and the fact that

/Oa(5—a:) (gZ)de +/[:(i—a:) (ZZ)de+/j(ﬂ—@) (8(;;))2de lunlls s Vn,

we have
(32) d(l;zn —0  inL2(0,1).
Now the uniqueness of the limit in L? (0,1) implies that ¢ = 0. O

Theorem 1 is valid for strong solution, i.e., we have the inequality
(33) lullz < ¢ ||fu||F ., Yue D(L).
Hence we obtain

Corollary 3. A strong solution of the problem (2.1) — (2.5) is unique if it exists, and depends contin-
uously on F = (f,¢) € F.

Corollary 4. The range R(L) of the operator L is closed in F, and R(L) = R(L).
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4. EXISTENCE OF SOLUTIONS

To show the existance of solutions, we prove that R(L) is dense in F' for all v € D (L) and for
arbitrary F = (f,¢) € F.

Theorem 5. Suppose the conditions of theorem 1 are satisfied. Then the problem (2.1) — (2.5) admits

a unique strong solution u = f_l]-' =L-1F.

Proof. First we prove that R(L) is dense in F' for the special case where D (L) is reduced to Dg (L),
where Do (L) = {u, u€ D (L) : fu = 0}. O

Proposition 6. Let the conditions of theorem 2 be satisfied, if, for w € L* (Q) and for allu € Dy (L),
we have

(34) Lu.w dzxdt =0,
Q

then w vanishes almost everywhere in ).
Proof. The scalar product of F' is defined by
(35) (Lu,w) g
= /Q,Cu.w dxdt + /01 (385;1;) (%) dx.

the equality (4.1) can be written as follows:

ou 0? ou
(36) /QEWdl'dt— /S; @ (a(.f,t)&r) wdxdt.

If we put

where cg is a constant such that cgcg—ca > 0, and z, g—;, 8% a% , 8‘9—;( %) e L?(Q),
then, u satisfies the conditions (2.3) — (2.5). As a result of (4.3), we obtain the equality
82 a(\ cet
(37) / et 2wdrdt = / — aM wdzdt.
Q Q 6$2 81}

In terms of the given function w, and from the equality (4.4) we give the function w in terms of z as
follows:

wi=(1—a) [ zd—2[ f: zdnd§ 0<uz
(38) w= wg=—(,8—x)szd£—(x—a)ffzd€ a<z<f
wy = —(1—a) [§ 2dg =2 [ [§ zdnds B

So, w € L? (), and z satisfies the same conditions of the function u and

o2
T 0x2

0%z

(39) s

= 0.
v=p

=«

Replacing w in (4.4) by its representation (4.5) and integrating by parts each term of (4.4) with the
use of conditions of z, we obtain
1) on the interval Q, = (0,a) x (0,7), we obtain

. 02 03y (et
(40) /Q ec"tZWldJCdt:/anz(atéx)) widxdt.
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Integrating by parts each term of (4.7) with respect to  and ¢ by taking the conditions of the function

z yields

and

/Qag; <aa‘sé:t)> <(1—x)/azd§—2/a/azdnd§ )dmdt
/OT {% <a( , G\St coly ) < 1—:E zdf 2/ / zdnd§>
—[2&52(8‘" - )( 1—3:z—|— zd{)dmdt
T t r=o
o<‘“’ (-

=)
+/Qu< ctetz )< 1fxz+ zdg)dzdt
z)

1—x)z+ zd{) dt

C(;t 8
—/Q a(x, ) (1—56)8— dxdt
1 [ O3y (e%5t2)\ =
_Z —cet(1 — P\ <)
2/0 e~ (1 —x)a(x,t) ( 5 ) . dx

X

_%/Q e (1 —x) (cGa(x,t) - 6@(%3;,15)) (8%t2666tz))2dxdt

Cx cet 2
. (ceco — 02)/ e (1 —2x) (&stéez)) dzdt < 0.
Q

/ €%t 2w dxdt
Q

@

_ g/ﬂae%t (/:zd§>2dxdt+;/0Tecﬁt (/Oazdx>2dt
—2/0Tec‘3t (/Oazdsc> (/Oafzd§> dt

2) on the interval Qg = (8,1) x (0,7) ,we obtain

(43)

2 Cx cegl
/ el zwsdadt :/ a—2 (aa\st(ez)) wsdxdt.
Q[i Q/’J 8117 a.’L’

=«

=0

dt
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Integrating by parts each term of (4.10) with respect to x and ¢ by taking the conditions of the function
z yields

3 () oo [ ] [[one] o
[ a2 (0 [ eoa o)
() o ]

[ <a<x,t>“téf)) (-0 [ ) T
+/( Bl [Fa—m2— [ e s

=0
_ ( C"tz) ., 0z .

L e 09 (e%'2) | *
_2/5 e (1—2)a(z,t) (5‘1’)
t=0

IR _a(xt) (08 (e*'2)\?
2/956 (1—-x) (CGG (z,t) Y 5 dzdt

dt

t=T
dzr

By using the conditions of z, we obtain

1 9, (ecot 2
44 —— (egco — €2 el —x M dzdt < 0.
2 0
Qp €
and
(45) / et zwzdrdt
Qg

2

Z/QB ece? (/Bl zdx) dxdt
2/0T606t (/ﬂl zdx) <</ﬁl zdx) - (/61 xzdx)) dt
= e ([ ) e

5
+2e°6* ( /ﬂ 1 zdm) ( /ﬁ 1 Jrzdx) dt.

3) on the interval Q, g = (o, 8) x (0,7) ,we obtain

2 (& cegt
(46) / et zwodadt = / 872 (aa\gt(ez)> wodzdt
Qa,[ﬁ Qa,B a.’L’ al’
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Integrating by parts each term of (4.13) with respect to x and ¢ by taking the conditions of the function
z yields

/95;2(“;,%)) l—(ﬁ—x)/:zdﬁ—(x—a)/jzdfldwdt
_ /T;’x(< )85;“))<—<ﬁ—x>[zd§—<x—a>[zdf>Mdt
( etz >< o — :zdg) dud
( el )( x_az+/jzd5>dxdt

.
i ( (@, )am(e%‘z)) (8= )z — [7 2de) o ﬂdt
7 (a0 252 (oo )|

=«

=

+
Jo... (“W) ((8—2)% +22) dadt
+ .., <aagf((f;»6tz)) ((z — )& —22) dudt
J

— (- a)% dzdt

s or or
t=T
B 1 [? et Oy (et 2) 2
= _§L e (B —a)a(z,t) <31‘> » dx

/Q o) <Cw .y 0 é:;,t)) <ast ée:tz)ydxdt

N =

By using the conditions of z, we obtain

1 x cegt 2
(47) 3 (cgco — 62)/ e (B — a) (W) dxdt < 0.
Qo
and
(48) / e 2wqdadt
Qo p

1 @ 2 1 g ’
= 7/ ecot (/ zdf) dxdt + f/ ecot / zd€ | dzdt
2 Qaﬁ (03 2 Qayg x
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Putting and using the results of (4.8),(4.9), (4.11),(4.12) and (4.14),(4.15) into (4.4) , we obtain

3 @\ 3 = N\?
f/ ecot (/ zdf) dzdt + 7/ ece! (/ zdf) dxdt
2 Ja, © 2 Ja, 3
1 x 2 1 B 2
cegt cegl
—|—*/ e“e </ zd§> dzxdt + f/ e“e / zd€ | dzdt
2 Qa,ﬁ « 2 Qa,ﬁ xr

1 _ Oy (e°612) 2
< -= - cot(l—g)  ——= t
< 5 (cgco — ¢2) /Qa e 1 —ux) ( o dxd
1 aC\‘ cegt 2
~5 (cgco — ¢2) /Qﬁ e (1 —x) (W) dxdt
1 o0y cet 2
-5 (ceco — c2) /Qaﬁ e (B —a) (\st éex Z)) dzxdt
< 0.
and thus z = 0 in §2, then w = 0 in ). This proves Proposition 2. O

We return to the proof of Theorem 2. We have already noted that it is sufficient to prove that the
set R(L) dense in F.
Suppose that, for some W = (w,wp) € R(L)* and for all u € D(L), it holds

(49)

L 7ot Owg
(Lu,w)F—/ﬂﬁu.wdzdtJr/o <8$) (836) dr = 0.

Then we must prove that W = 0. Putting u € Do(L) in (4.16) , we have

/ Luw dxdt =0, wu € Dy(L).
Q

Hence Proposition 2 implies that w = 0. Thus (4.16) takes the form

(50)

/o1 ((?9?) @?) dr=0, ue D(L).

Since the range of the trace operator £ is dense in the Hilbert F' space with the norm

1 8€u2 3
/o<ax) )

the equality (4.17) implies that wg = 0 (we recall satisfies a compatibility conditions). Hence W = 0.
This completes the proof of Theorem 2.
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