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Abstract. In this paper, the authors propose extended perturbed supra metric spaces as a natural mathematical model
to allow for the presence of errors and uncertainties in distances. In this general context, we prove some fixed point
theorems which are extensions of the classical Banach contraction(B-cont) principle and Kannan-type(Ka-ty) and
Chatterjea-type(Ch-ty ) contractions. The theoretical developments are supported by comprehensive examples and
then applied to three fractional-order models, namely a Caputo fractional breast cancer dynamics model, a nonlinear
Caputo fractional boundary value problem, and an ABC fractional 3D Hopfield neural network model. The examples
illustrate the fact that in complex problems involving measurement uncertainties, solutions exist and are unique. The
outcome validates that the proposed framework provides a sufficient mathematical platform to analyze the nonlinear

issues related to fractional differential equations and neurocomputing.

1. INTRODUCTION

Fixed point(FP) theory is one of the most important and widely applied theories in nonlinear
analysis, with many applications and insights that span an extensive area of mathematics. It is
based on the well-known contraction principle of Banach [1] which has been the main cornerstone

of uniqueness and existence of solutions in many mathematical contexts. Fixed point theory
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has been successfully applied to prove local solvability of evolution equations, solve integral
and matrix equations, and tackle various other mathematical problems [2-5]. Two principal
research programs have shaped the generalization of Banach’s classical result. The first program
introduces mappings satisfying generalized contractive conditions that differ substantially from
the usual Lipschitz inequality. Some of the most significant developments in this direction are
Boyd-Wong contractions [6], extensions of Boyd-Wong contractions such as the Ciri¢ contraction
[7], Ka-ty contraction [8] and Ch-ty contraction [9] and other novel formulations [10-15]. The
second research direction broadens the geometric framework by considering contraction mappings
defined on spaces endowed with generalized distance structures, including b-metric spaces [16],
partial metric spaces [17], and generalized metric spaces [18].

More recent contributions to this field include the generalized Wardowski-type quasi-
contraction in b-metric spaces proposed by Igbal et al. [19], the novel interpolative convex contrac-
tion introduced by Hussain [20] within F-complete F-metric spaces for solving fractional differential
equations, and the strong b-metric-like spaces developed by Rasham [21] for analyzing systems of
fractional differential equations and nonlinear Volterra-type integral equations.

The concept of supra metric spaces was first introduced by Berzig [22], who investigated fun-
damental topological properties and established fixed point results. Karapinar and Cvetkovi¢ [23]
demonstrated that continuity and convergence are preserved between supra metric spaces and
their associated metric counterparts, and they further proved Cauchy sequence and fixed point
theorems. Within the framework of supra metric spaces, Seher Sultan [24] established existence
and uniqueness results for fixed points of {-£-weak contractions. Panda, Agarwal, and Karapi-
nar [25] introduced extended supra metric spaces and derived corresponding fixed point theorems.
In a related development, Berzig [26] proposed generalized supra metric spaces and proved fixed
point results within this broader setting.

Jleli and Samet [27] were the first to study perturbed metric spaces and fixed point theorems.
Moussaoui and Tas [29] introduced perturbed parametric metric spaces and obtained fixed point
theorem. Moussaoui [30] formulated perturbed extended b-metric and perturbed b-metric spaces,
proving Banach-type fixed point theorems. Within a perturbed metric space, Alsahli, Shahi, and
Karapinar [31] introduced a new contraction principle in the form of S;-contractions and derived
some corresponding fixed point theorems. The concept of C*-algebra valued perturbed metric
spaces was introduced by Tijjani Ahmad et al. [32] and fixed point results were established in this
context.

Suppose that (W, p) is a complete supra metric space and that S : ‘W — ‘W is a self-mapping
such that

p(85,5v) <hp(s,v), 6veW, (1.1)

with 71 € (0,1), the mapping S admits a unique fixed point(Ufp). However, in real-life scenarios,

the distance measurements are typically noisy or disturbed. This leaves us with a natural question:
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What if the condition (1.1) is replaced by the perturbed condition,
A(S6,Sv) <hA(5,v), o,veW,

where A(0,v) denotes an experimentally observed approximation of p(9, v), what conclusions can
still be drawn regarding the existence of FPs? Note that A may not be a supra metric on ‘W (in
particular, it may not be the case that the union of all of A is a metric on “W). To address this key
issue, we introduce ex-per-s-ms’s as an original mathematical structure. Our approach offers a
unified treatment that accounts for observational errors while retaining the topological essentials

required for fixed point theory. The main findings of this paper are as follows:

e A rigorous definition of ex-per-s-ms’s.

A generalized B-cont principle within this new setting.

Extensions of Ka-ty and Ch-ty contractions in the context of ex-per-s-ms’s.

Illustrative examples that support and validate the theoretical findings.

Applications to three fractional-order systems: a Caputo fractional breast cancer dynamics
model, a nonlinear Caputo fractional boundary value problem, and an ABC-fractional 3D

Hopfield neural network model.

This paper has the following structure: Section 2 introduces the basics of ex-per-s-ms’s. The
general fixed point theorems with their proofs and examples are given in section 3. The theoretical
framework is used in Section 4 to study a fractional breast cancer model introduced by Caputo.
A nonlinear Caputo fractional boundary value problem is studied in section 5. In Section 6, an
ABC-fractional 3D Hopfield neural network model is studied. Finally, Section 7 concludes the
paper with a discussion of the findings and suggestions for future research directions.

2. PRELIMINARIES

The following definition of perturbed metric spaces was introduced by Jleli and Samet [27]:

Definition 2.1. [27] Suppose A,Q : W X W — [0, 0) are two given mappings. Then A is called a
perturbed metric on ‘W with respect to Q if the difference

A-Q:WxW->R,  (6,9) - A(5,9)-Q(6,9)

satisfies the standard metric axioms on ‘W. That is, for all 6, 9,x € W,
(i) (A-Q)(5,9) >0;

(ii) (A—-Q)(6,9) =0ifand onlyif 6 =9;
(iii) (A=Q)(6,9) = (A-Q)(8,0);
(iv) (A—Q)(6,9) < (A-Q)(6,x) + (A-Q)(x,9).

The mapping Q is referred to as a perturbed map, p = A — Q is the associated metric, and the triple
(W, A, Q) is called a perturbed metric space.
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Definition 2.2. [28] Given two mappings A, Q : W X W — [0, c0), the mapping A is a perturbed supra
metric on ‘W relative to Q provided that the difference

A-Q:WxW SR, (59) - A(5,9)-Q(659)

meets the supra metric requirements on ‘W. Specifically, for any 6,9,x € W,

(i) (A-Q)(6,9) 2

(ii) (A-Q)(o,9) = O preczsely when 6 = 9;

(iii) (A=Q)(6,9) = (A - )(s 0);

(i0) (A=Q)(6,9) < (A-Q)(6,%) + (A-Q)(x3) + p(A - Q)(6,X) (A~ Q)(x,9) for some p
[0, 00).

Here, Q is designated as a perturbed map, p = A — Q as a supra metric, and (W, A, Q) as a perturbed

supra metric space.
We introduce the extended perturbed supra metric space (ex-per-s-ms) as follows:

Definition 2.3. Let A,Q : WX W — [0, ) be two arbitrary mappings. Then A is called an extended
perturbed supra metric on ‘W with respect to Q provided that

A-Q:WxW SR,  (6,9) - A(5,9)-Q(6,9)

is an ex-su-metron ‘W. Equivalently, for all 6,9,x € W,

(i) (A-Q)(5,8) 20;
(i) (A-Q)(5,9) =0 & 5=29

(iii) (A=Q)(5,9) = (A-Q)(9,0),
(iv) there exists a function 1 : W X W — [1, +00) such that

(A=Q)(6,9) < (A=Q)(6,X) + (A=Q)(%,9) +1(6,9)(A-Q)(5,X)(A=Q)(x,9).

We call Q a perturbed map, p = A — Q an ex-su-metr , and (W, A, Q) an extended perturbed supra metric
space (ex-per-s-ms ).

Remark 2.1. Note that if 1(6,9) = p (a constant) for all 6,9 € W, then the ex-per-s-ms reduces to
the standard perturbed supra metric space with parameter p. Thus, our framework generalizes the earlier
notion [28].

Note that an extended perturbed supra metric on W is not guaranteed to be an ex-su-metron

W. We now present some examples that clarify this observation.

Example 2.1. Let W =Ny ={0,1,2,...}. Define A,Q: W xW — [0, c0) by
A(5,9) = (6-9)+0698°,  Q(59) =069, 59eW.

Then A is an extended perturbed supra metric on ‘W under the perturbation Q. Indeed,

p(6,9) = (A=-Q)(6,9) = (6 - 9)?
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satisfies axioms (i)—(iii) of Definition 2.3 trivially. For axiom (iv), fix 6,9,y € Wandseta =06-y, b =
y—9,s0thata,b e Zandp(5,9) = (a+b)? = a> + b* + 2ab.

If ab < 0 the inequality below is immediate. If ab > O then |al,|b| > 1 (as a, b are nonzero integers), so
la| < a? and |b| < b?, giving 2ab < 2a?b?; moreover ab > 0 forces & # 9, hence 5 + 9 > 1and % > ¢ > 2.

In either case
2ab < a0 = 1(5,9) p(5,y) p(y, 9),

so that

p(6,9) < p(6,y) +p(y,9) +n(5,9)p6,y)p(v,9),  1(5,9) =" €[1,00).

Hence p is an ex-su-metron W with control function 1(5,9) = e**°. However, A itself is not an

ex-su-metr on ‘W, since
A(1,1)=(1-12+1-1°=1=0,

so the identity axiom fails for A. Thus (W, A, Q) is a genuine example of an ex-per-s-ms that is not itself

an ex-su-metr space.
We now turn our attention to several topological concepts associated with ex-per-s-ms.

Definition 2.4. Let (W, A, Q) be an ex-per-s-ms , {0} a sequence in W, and S : W — W a self-mapping.

(i) The sequence {6} is termed perturbed convergent in ("W, A, Q) ifit converges in the ex-su-metr space
(‘W,p), where p = A — Q denotes the underlying ex-su-metr.

(ii) A sequence {0,} in (W, A, Q) is called a perturbed Cauchy sequence(per-Cau-seq ) if it constitutes
a Cauchy sequence with respect to the ex-su-metr p.

(iii) The ex-per-s-ms (W, A, Q) is said to be complete if (‘W,p) is complete as an ex-su-metr space.
Equivalently, completeness holds if every per-Cau-seqin (‘W,A,Q) converges to a limit within
(W, A,Q).

(iv) The mapping S is referred to as perturbed continuous(per-cont ) if it is continuous with respect to

the ex-su-metr p.

3. Main ResuLts

This section develops an extension of B-cont theorem applicable to ex-per-s-ms.

Theorem 3.1. Let (W, A, Q) be a complete ex-per-s-msand S : ‘W — ‘W be a given mapping. Suppose
that:

(i) S is per-cont;
(ii) there exists h € (0,1) such that

A(S5,59) < hA(5,9) (3.1)

forall 6,9 € W.
Then S has exactly one fixed point.



6 Int. J. Anal. Appl. (2026), 24:371

Proof. Let fix an element 09 € W. Define the Picard sequence {0.} C ‘W by
Ory1 = SOy, re€NN.
Taking (6, 9) = (6o, 01), we obtain
A(S60,561) < hA(89,61),

that is,
A(61,02) < hA(S9,01).

Similarly, taking (6, 9) = (81,02), we obtain
A((Sz, 53) < hA((Sl, 52),
which implies that
A(82,83) < H2A(80,61).

Therefore, we obtain

A(Or,0041) <h'T, TEN,
where 7 = A(dp, 01). Let p = A — Q be the ex-su-metr. Therefore, we deduce that

p((Sr, 6r+]) + Q((Sr, 6r+]) < hrT, re IN.

Since p(0r, 0r+1) < p(Or, O0r11) + Q(Or, 0r41), it holds that

p(Or,0r41) <H't, reNN.
Foranym >r,

P((Sr, 6m) < P(5r, 6r+1) + P(6r+1/ 6m) + n(érr 6m) p(ér/ 6r+1) P(6r+1/ 6m)
=H7+ (1410, 6m)i ) p(Or41,0m)-
Consider,
p(6r+1/ 5711) < p(6r+1/ 5r+2) + p(6r+2/ 6m) + n(5r+1/ 5m) p(6r+1/ 5r+2) p(6r+2/ 6m)
<HHT 4 p(Sr42,0m) 4 1(Oe1, Sm) T p(Ser2, m)
= 1 4 (14 0(8pr1, 60)E ) p(8r12, 6).
Therefore,
P(Se,0m) ST+ (1+0(Se, 60)H°T) [ T+ (14 (8111, 60)H ' T) p(Br42,6) |
= 11 + (14 (6, 0B Tt
+ (1 4+ 182, 8,)HT) (1 4 0(Sp41, 6 ) T) p(Or42, Om).-
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Continue this process,
(01, Om) <H'T+ (14 16y, 5 T T
+ (14 (6, 85)HT) (1 + 1 (Op 11, O ) I 20
+ o (T4 (60, 8 )ET) (1 + 1(Opy1, 0B 1)
o (14 (S, S )" 2™t 4 (14 (6, 6 ) T) (1 + 1(Sps1, 0 ) B 1T)
= (L4 081, 0m) 1" 10) (O, Om)-
Since p(Om, 6m) = 0, we get

m—1
p(Sr) 6m) [(H 14 1(5:, 6 )hir))h"r].

k=r

Since 1 € (0,1), the infinite product [T (1 + 1(8;, 6,,)h'1) converges, and the series Y2° 7t
converges. Therefore, {0,} is a Cauchy sequence in (W, p), thatis, {0,} is a per-Cau-seqin (W, A, Q).
By the completeness of (W, A, Q), we deduce that there exists 6 € ‘W such that

lim p(6y,0) = 0.

r—00
We now show that 0 is a fixed point of S. Since S is a per-cont map,

lim p(Soy, S6) =0,

that is,
lim p(6y41,50) = 0.
r—00

Hence, we obtain 0 = 56. Suppose that 6,9 € W are two different fixed points of S. By (3.1), we
get
A(5,9) = A(S6,59) <hA(o,9),

which yields

p(0,9) +Q(6,9) <n(p(6,9) +Q(0,9)).
Since 6 # 9, then p(6,9) + Q(6,9) # 0, which contradicts the condition i € (0,1). Therefore, 6
serves as the Ufpof S. m]

Theorem 3.1 reduces to Banach'’s classical fixed point theorem under suitable conditions.

Corollary 3.1. Let (W, p) be a complete ex-su-metr space and S : ‘W — ‘W be a given mapping. If there
exists h € (0,1) such that

p(56,589) <hp(s,9) (3.2)
forall 6,8 € W, then S admits exactly one fixed point.

Proof. Taking A = p and Q = 0, we obtain an ex-per-s-ms (‘W, A, Q). The inequality (3.2) implies

that S is continuous relative to p and satisfies (3.1). Hence, Theorem 3.1 guarantees a Ufp. m|
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Example 3.1. Let W = [0, o) and define
Q(5,9) =069,  A(5,9) =eN-14569, 6,9€(0,0),
with (5, 9) = e®*°. Then (W, A, Q) is a complete ex-per-s-ms .
Define S : [0,00) — [0, 00) by
S(0) = co, 0<c<1.
Then for all 6,9 € [0, ),
A(S6,89) = € -1 4+ 259

<c (PN -1 +469)

= cA(5,9)
Therefore,

A(S6,59) < cA(o,9), V5,9 €|0,00).

Hence h = ¢ € (0,1) and S is per-cont. Since all the assumptions of Theorem 3.1 are fulfilled, it follows

that S admits a Ufp.

Kannan [8] proposed the class of Ka-ty contractions and proved FP theorems for such mappings.

In the same spirit, we establish the following result.

Theorem 3.2. Let (W, A, Q) be a complete ex-per-s-msand S : ‘W — ‘W be an arbitrary mapping. If the

following hypotheses are fulfilled:
(i) S is per-cont;
(ii) there exists h € (0,1/2) satisfying
A(S6,59) <h(A(5,50) + A(9,59))
for every 0,9 € W.
Then S admits a Ufp.

(3.3)

Proof. Let 69 € ‘W be arbitrary. Define the sequence {6;} by 6,11 = So; forr = 0,1,2,.... Let

dy = A(0r, 0r41). Applying (3.3) with 6 = 0o,, 9 = 6,1, we get
A(0r+1,0r) = A(S0r, S6¢-1)
<1 (A(6r, SOc) + A(6r-1,50r-1))
=1 (A(Or, 0r+1) + A(0r-1,0r))
= h(dy + dr-1).
Thus,

d <hdr+deq) = (-h)d<hdy = dp< 1%

Letk = z—h Since 1 € (0,1/2), we have k € (0,1). By induction,

dy < K'dp.

dr_1.
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Let p = A — Q be the ex-su-metr. Since Q(0y, 6;+1) > 0, we have
p(ér/ 6rJrl) < A(ér, 6r+1) < krdo.
Now, form >,

p(ér/ 5m) < p(ér/ 6r+1) + p(6r+1/ 6m) + n(ér/ 6m> p(ér/ 6r+1) P(6r+1/ 6711)
< krdO + p(6r+1/ 6m> + U(ér/ 6m)krd0 P(6r+1/ 6m)
= krdo + (1 + 1](51-, 5m)krd0) p(6r+1,6m).

Similarly,

P(Or41,0m) < P(0r41,0r42) + P(Or42,0m) + 1(0r+1, 0m) P(Or+1, 0r42) P(Or42, Om)
<K do + p(Sr42,0m) + 1(Sr+1, 6wk do p(Sr+2, 0m)
= kr+1d0 + (1 + n(5r+1/67%>kr+1d0) p(6r+2/ 67?1)

Continuing this process, we obtain

(0,0 ) <K'do + (1 + 1n(0r, 6K do)K"dg
(1 + 1S, S Koo ) (1 + 1(Sp1, S )k g )k H2dg
Foe
+ (14 (O, 6 )Kdo) (1 + 1(Sr+1, 6 )K" do)
- (14 N(Sm2, )K" 2o )K" dg
+ (14 1(8r, 6m)Kdo) (1 + 1(Sr-1, O )K" o)
(14 1(Sm=1, 8m)K™ o) P (S, )

Since p(Om, Om) = 0, we have

m—1
p(6r,6m) < [[H 147 61,6m)kd0)]kfd0].

j=r

Since k € (0,1), the infinite product []:> (1 + n(6;,6,)K'do) converges, and the series Y kido
converges. Therefore, p(6, 6,,) — 0 as r,m — oo, proving that {6} is a Cauchy sequence in (W, p).
By the completeness of (W, A, Q), there exists 6* € W such that

lim p(6,,06%) = 0.

r—00

By the per-contof S, we have

)= 60 s -

r—00 r—00 Ir—00
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So, 0 is a fixed point of S. To show uniqueness, suppose 9" is another fixed point. Then
A(6%,97) = A(S0%,597)
<h(A(6%,50") + A(S",597))
=h(A(6°,0%) +A(S,9)) =0.
Hence, A(6*,9*) = 0, and since A is an extended perturbed supra metric, it follows that 5* = 9.

Therefore, S has a Ufp. ]

Example 3.2. Let W = [0, o) and define

Q(5,9) =09,  A(5,9) =€l -14069,  5,9€]0,0).
Thenp = A — Q = e~ — 1 satisfies the ex-su-metr space axioms with 1(5,9) = ¢**¥, 50 ([0, ), A, Q)

is a complete ex-per-s-ms. Define the map S : [0,00) — [0, ) by

S(6) = 2 6 €[0,00)
Forany 6,9 € [0, c0), we have
A(S5,59) = el -1+ % et —14 %.
Furthermore,
2 2
A(5,85) = el -1 +5.Z —e¥ -1+ %, A(9,88) =eT -1+ %.
Without loss of generality assume 6 > 9 > 0, so |6 — 9| < 6 and hence
1691 5
et —1<ei-1
Applying the inequality e —1 < c(e¥ — 1) withc = % and y = 32 (so that cy = 2),
ei—1< %(6% —1) < %[(634_6 —1)—|—(€¥ —1)].
By the AM~GM inequality, 69 < (6% + 92), so
00 (08 ) (8, 9
16 ~ 8\ 4 4)~3\4 4 )
Adding the two bounds,
2 \ 2
A(S5,59) < 1 [(e% —1+ %) + (e%‘ 1+ ‘%)] = 1(A(5,90) + A(3,59)).

Hence there exists h = % < % such that
A(S5,59) < h(A(5,80) + A(8,59)), V5,9 € 0,00).
Since all the hypotheses of Theorem 3.2 are fulfilled, it follows that S possesses a Ufp.

Chatterjea [9] pioneered the notion of Chatterjea contraction and established corresponding FP

results. Inspired by this foundational work, we present the following theorem.
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Theorem 3.3. Let (W, A, Q) be a complete ex-per-s-msand S : ‘W — ‘W be an arbitrary mapping. If the

following hypotheses hold:
(1) S is per-cont;
(ii) there exists a € (0, 3) satisfying
A(S6,59) <a(A(o,59) + A(9,50))
for every 0,9 € W.
Then S admits a Ufp.

Proof. Let 69 € ‘W be arbitrary. Define the sequence {6;} by 0,41 = So; forr = 0,1,2,..

dy = A(0r, 0r+1). Applying (3.4) with 6 = 6, 9 = 6,1, we get
A(8441,8¢) = A(SSy, S5:1)
< a(A(0r,S6¢-1) + A(0r-1,56r))
— & (A(r, 1) + A(6r-1,6:11))
= a-A(5y_1,6011)
< a(A(6r-1,0r) +A(0r, 0r41))
= a(dr-1 +4d;).

Thus,
do<a(di+d) = (1-a)r<ad., = d< %dr_l.

Letk = 12;. Since a € (0, %), we have k € (0,1). By induction,
dy < K'dp.
Let p = A — Q be the ex-su-metr. Since Q(0y, 6r+1) > 0, we have
D(6r, 6r11) < A(Sy, Sr41) < Kido.
Now, form > r,
p(0r,0m) < P(0r,0c11) + P(Or11,0m) +1(0r, Om) p(Or, Or41) P(Ors1,0m)
< K'do + p(6r+1,0m) + 1(0r, 0m)K'do p(6r41,0m)
= K'do + (14 1(6r, 0m )K'do) p(0r+1, 0m)-
Similarly,
P(Ort1,0m) < p(Or11,0r42) + P(Or42,0m) + 1(0r 11, 6m) p(Or+1, Or12) P(Or12, Om)
<Ko + p(6es2,6m) + N(Srs1, Om)K o p(S142, Om)
= K ldo 4+ (14 0(6r41,6m)K " do) p(6r12, 5m)-

Continuing this process, we obtain

(61, 6m) <K'do + (14 1(6y, 8 )k do )K" 1dy

(3.4)

.. Let
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+ (14 1(8¢, 8 )Kdo) (1 4 N (Sr41, 0 )KL dg K 2dg
4o (1416, 6)Kdo) (1 + 1(Or21, 0m K 1dy)
(1 4+ (B2, O )K" 2dg )K"
+ (14 17(8, 0 )K'do) (1 + 1(Or41, 6m)K ™+ do)
-1+ U(ém—lférn)km_ldO) P(émrém)-
Since p(Om, Om) = 0, we have

p (1, Om) < Z[[h 1+ 1(6;,6m) kdo)kadol.

Since k € (0,1), the infinite product 5>, (1 + 1n(8;, 6m)kidy) converges, and the series Z‘;’;r kidg
converges. Therefore, p(6y, 0,s) — 0 as r,m — oo, proving that {6} is a Cauchy sequence in (W, p).
By the completeness of (W, A, Q), there exists 6* € W such that

lim p(6,,0%) = 0.

r—00

By the perturbed continuity of S, we have

5(5°) = s(rlggé ) = lim 5(5,) = lim 8,1 = "
So, 6" is a fixed point of S. To show uniqueness, suppose 9" is another fixed point. Then
A6, 97) = A(So",597)

<a(A(6%,89) + A(9%,50%))

=a(A(6,9) +A(9,0))

= 2aA(o", ¥).
Thus, (1—2a)A(6%,9*) < 0. Since a € (0,1), we have 1 -2a > 0, so A(6*,9") = 0. Therefore,
0" = 9". Hence, S has a Ufp. O

Example 3.3. Let ‘W = [0, o0) and define
Q(65,9) =09,  A(5,9) =l —1469,  5,9€]0,0).

Thenp = A — Q = el®=% — 1 satisfies the ex-su-metr space axioms with 1(5, ) = >+, s0 ([0, ), A, Q)
is a complete ex-per-s-ms. Define the map S : [0, 00) — [0, ) by
56)=2  sefw).
Forany 6,9 € [0, c0), we have
—eliilq g O g, 00
A(58,89) =eliFl 14 22 =7 14 5.
Furthermore,
A(5,88) =el7l—1+5. g =714 ?,
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) 0

7 7"

By the inequality /7 —1 < 1(e* = 1) (with x = |5 — 9|) together with the triangle-type estimate e®=5 +1 <
=51 4 e85,

A(9,85) = elPHl 14 9.2 =914

O 1< (1) < 35 4o 0)
Since Q(6,59) = Q(9,506) = ?, we have the exact identity

09 09 69
= E (5 ) = Q6,59 +Q(3,5)) < 1(Q(5,59) +Q(3,55).

Combining these inequalities,

A(86,59) < L (P71 471 - 2) 1+ 1 (Q(6,59) + Q(8,50))

09 09
At Bl )

that is,

Tnking a = % € (0, %), we have

A(S55,59) <a(A(5,59) +A(9,50))
forall 6,9 € [0,00). The map S is per-cont, and all assumptions of Theorem 3.3 are satisfied. Hence, S
admits a Ufp.

4. ArprricaTION: BREAST CANCER DyNAMIcs MoDEL (CaPuTo OPERATOR)

Alzahrani, El-Dessoky and Altaf Khan [33] formulated a compartmental model to understand
the dynamics of breast cancer, prevention, diagnosis and therapy, fitted to real breast cancer data
reported in Saudi Arabia. The population of cancer patients is sub-divided into the following
subgroups: patients admitted at stage 1 and 2 X, patients at stage 3 B, patients at stage 4 C, patients
with disease-free conditions after chemotherapy R, and patients who experience cardiotoxicity E.

We shall consider the following system of ODEs
X' =NA1—(p1+B2)X,
B' = Ao+ X+ 1R = (@2 + p1 + 11 + 11)B,
C'= A3+ BB+ ¢2R—(p3+ 12 + 12)C,
R = g1X+ @B+ @3C— (1 + 2+ 13)R,
E' = R+ C+ 1B - usE.
We replace the classical time derivative by the Caputo fractional derivative OCDED of order C € (0,1],
giving
06 (X(@)) = A1~ (1 + p2)X (@),
605(B(@)) = A2 + p2X(@) + Y1R(@) = (92 + f1 + 71 + 11)B(a),
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(C(w)) Az + 1B(@) + P2R(@) - (@3 + 12 + 112)C(@),
(R(@)) = p1X(@) + ¢2B(@) + ¢3C(@) — (Y1 + ¢2 + 13)R(@),
( (@) = 3R(@) + 12C(@) + 11B(@) - pu3E(@),

with initial conditions X(0) = z;, B(0) = z, C(0) = z3, R(0) = z4, E(0) = zs.

To facilitate easier comprehension, write the right-hand sides as

¥1(X, @) = A1 = (p1+ p2)X(@),

T2(B, @) = Az + foX(@) + P1R(@) = (92 + 1 + 11 + 1) B(@),
¥3(C, @) = Az + p1B(@) + 2R(@) - (¢35 + 12 + 112)C (@),
Y4(R @) = p1X(@) + 92B(@) + p3C(@) - (Y1 + Y2 + 13)R(@),
¥5(E, @) = 13R(@) + 1.C(@) + 11B(®) — u3E(@).

The Caputo derivative admits a single-term fractional Volterra integral representation: if
OCD(CD(y(cD)) =Y (o,y(®)) with y(0) = ypand 0 < C < 1, then

1 ® _
y(@) =yo+ mﬁ (@ =) (x, y(x)) d.

Applying this to each compartment gives the fractional Volterra integral system

X(@) = X(0) + % fo " (- )1 (6, X) d.
B(@) = B(0) + ﬁ fo " (@ - ) ¥a(x, B) d.
C(@) = C(0) + % fom(@ — )15 (x, C) dx,
R(@) = R(0) + % fow(@ — )1, (1, R) dx,
E(®) = E(0) + % fo m(ca — )15 (x, E) dx.

Define the operator S : W — ‘W componentwise by (S6);(@) = 6;(0) + =
©) i (x, 6;) dx fori =1,...,5 where 6 = (X,B,C,R, E).
Let W = R’ and define, for 6 = (X,B,C,R,E),8 = (X’,B’,C’,R",E’) ¢ W,

Q(5,9)=0,  A(5,8) = max{eX X1 -1, BBI_1, [C0CT_71 JRRI_7 JEEI_q}
with 17(9,9) = 1 (constant function). Then (W, A, Q) is a complete ex-per-s-ms.
Theorem 4.1. Suppose that
(i) there exist constants Ly, ..., Ls > 0 such that, for eachi = 1,...,5 and all admissible arguments,

[¥i(@,u;) — ¥i(@,u})| < Li|u; -

il”

where ¥4, ..., ¥s are defined above.
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c

)
i) LK <1, where L = Li,..., L dK = —2—,
(ii) < 1, where max{L; 5} an TC+1)

Then the Caputo-fractional breast cancer model admits a unique solution.

Proof. For « € [0, @],

ISX = SX'| = ‘% fom(@ — )T (16, X) =¥y (16, X)) i

< % f(@—x)c_l |‘~I’1(1<,X) - ¥ (x, X’)|d1<.

Using the Lipschitz condition for ¥,

1 ot
SX—SX'| < LyIX =X —f ®—x)ldie = LiIX =X ———.
| | < L | T Jy ( ) 1l | TC+1)
C
LetK = % Then |SX — SX’| < L1K|X — X[, and hence, since e* —1 < ¢(e* —1) forc € (0,1)

and x > 0,

I 1 < LK (XK1 -1).

The same argument applied to each of the remaining four components, using the Lipschitz

constants Ly, ..., Ls for ¥, ..., ¥s respectively, gives
GO 1 LK (¥ -1),  i=1,...,5
Let L = max{Ly, ..., Ls} and assume LK < 1. Taking the maximum overi =1,...,5,
A(S6,59) < LKA(o,9).

It follows that S satisfies the contraction condition with i = LK < 1. By Theorem 3.1, S admits

exactly one fixed point. m]

5. ArrrLicaTiON: A FracTiONAL BouNDARY VALUE PROBLEM

As a second application, we consider a nonlinear Caputo fractional two-point boundary value
problem (BVP)

DS, u(@) +g(@,u(@) =0, @€0,1], 1<C<2, (5.1)

where ¢ : [0,1] X R — Risa continuous function and ¢ Dg . denotes the Caputo fractional derivative
of order C.

It is well known that the BVP (5.1) is equivalent to the integral equation

1
u(@) = fo G g(qu(@)dy, <01,



16 Int. ]. Anal. Appl. (2026), 24:371

where the Green'’s function G is given by [34]

g(@,Q) = T

)

1 |le(1-g)“'-(@-q)~!, 0<g<a<l,
[@(1-0q)]*, 0<@<q<l,

and satisfies G(@,q) > 0 for all ®,q € [0, 1].
Define the operator S : ‘W — ‘W, where W = C|0, 1], by

1
_ f G(0,9)g(qu(@)dg, @< 01,

A function u* € ‘W solves the BVP (5.1) if and only if u* is a fixed point of S.
Let W = C[0,1] and, for u,v € ‘W, define

Qu,v)=0,  A(u,v) =l _1,

with (1, v) = 1, where [[u - v|lc = max,e(oq) [4(@) —v(@)|. Consequently, (W, A, Q) is a complete

ex-per-s-ms.

Theorem 5.1. Suppose the following conditions hold.
(i) There exists L > 0 such that

lg(@,u) — g(@,v)| <Llu-1|, Yo e[0,1], u,veR.

(ii) LLg < 1, where

‘= max G(o, .
o we[ouf D4 ( 1)

Then the boundary value problem (5.1) admits a unique solution u* € C[0, 1].

Proof. Let u,v € W. For any @ € [0,1], using G(®,q) = 0 on [0,1] X [0,1] and the Lipschitz

condition on g, we obtain

1
|(Su) (@) = (Sv)(@)| = fo G(@,9) [g(a,u(q)) —g(a,v(a))]dq

1
sf G(@,9)|3(a,u(q)) - g(a,0(a))|dq
0
1
<L fo G(@,9) lu(q) — v(q)ldq

1
<Llu-oll [ G(@q)da
0
<LLg 1 — vllo-
Taking the maximum over @ € [0, 1], we get

IS — Svlleo < LLg |1t — 0l|co.
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Set I := LLg. By hypothesis (ii), 7 € (0,1). Since x - ¢* — 1 is convex and increasing on [0, ©)
with e =1 = 0, for any ¢ € (0,1) and x > 0 we have e — 1 < ¢(¢¥ — 1). Applying this with c = &1

and X = ||u — 7|0,
A(Su, Sv) = ell5=5vlle _ 1
< o=l _
<h (ellu—vlloc _ 1)
=hA(u,v).
Thus S satisfies condition of Theorem 3.1 with # = LLg € (0,1). Moreover, since g and G are

continuous, S is continuous with respect to || - ||, and hence per-cont with respect to p. It follows

from Theorem 3.1 that S has exactly one fixed point. m]

Example 5.1. Let C = 3 and consider g(@,u) = 11—0 sin(u) + @?. Then g satisfies the Lipschitz condition

1 1 4
with L = {5, since | sin(u) — sin(v)| < [u —o|. Here, Lg = = = ~ 0.7523. Hence,

TC+1) (3 3vn

1
LLg = T0 x0.7523 = 0.07523 < 1.

All hypotheses of Theorem 5.1 are satisfied. Hence, the boundary value problem
1 .
Dy 2u(@) + 15 sin(u(@)) +0* =0, @01, u(0)=u(1)=0,

admits a unique solution u* € C[0, 1].

6. ArrricaTioN: A FractioNaL 3D HorrieLD NEURAL NETWORK MODEL

As a third application, we consider the Atangana—-Baleanu—Caputo fractional 3D Hopfield neu-
ral network (HNN) model studied by Rezapour, Kumar, Erturk and Etemad [35]. Hopfield neural
networks are artificial models derived from brain structures and are widely used in neurocom-
puting; the fractional-order formulation captures memory and hereditary effects that classical
integer-order HNNSs cannot describe. The model consists of three coupled neuron states y1, y2, y3

governed by

3
AECDS (yi(@) = —ciyi(@) + ) | rytanh(yj(@)) + 1, i=1,2,3, 6.1)
=1
subject to y;(0) = yio, i = 1,2,3, where ¢; > 0 is the self-inhibition (decay) rate of neuron i,
r = (Ijj)1<ij<3 is the synaptic weight matrix, tanh(-) is the neuron activation function, and |; is a
constant external bias input to neuron i [35].

Define, fori =1,2,3,

3
Ei(y1, Y2, Y5, @) = =Cii(@) + ) ryjtanh(y;(@)) +
j=1
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-

and write QO = (y1,y2,¥3), & = (81,82, E3). System (6.1) is equivalent to the fractional Volterra

integral equation

= 1-¢y _ i K)"TE(Q), x
O(@) _Q(O)+Q(C)H(Q’®)+@(C)F(C)i; (- ) 12(0, «) dx.
Define the operator S : W — W, W = R3, by
_ 1-Cg . (To-x x
SQ(@) = Q(0) + SO(C)H(Q,ca) + ST f(; (- ) E(Q, x) dxk.

A solution of the HNN model (6.1) corresponds to a fixed point of S.
Let W = R® and, for Q = (y1,y2,y3), O = (yi,y&, y’3) € W, define

Q) =0,  A(Q,Q) = max{e¥ ¥ -1,

1<i<3

with (), Y) = 1. Then (W, A, Q) is a complete ex-per-s-ms.
Theorem 6.1. Suppose

1- C + d)Enax
p(C)  e(Qr(C+1)

L. <1, where L, := max

cf+§:u¢]

Then the fractional 3D Hopfield neural network model (6.1) admits a unique solution.
Proof. Since tanh is 1-Lipschitz, i.e. |tanh(u) — tanh(v)| < |4 — | for all u,v € R, for O, ()’ € ‘W and
eachi=1,2,3,

3
12i(Q, @) -&/(Y, @) < cilyi - yil + Z Irijl | tanh(y;) — tanh(y)|
=1

3
<Cilyi—yil+ Z Irijl ly; = vl

=1
3
<|ci+ Z |l

j=1

Thus, |2(Q, @) — E(QY, @)|le < LIQ = V|| for all @ € [0, @max]- Hence,

10 = QY lleo < Le 1O = O leo.

1-¢ Dax

~ o0 Te@re

and, using e —1 < c(e¥ — 1) for c = LK € (0,1) and y > 0 componentwise,

1S — SO || < L K[IQ = OY||cs,

A(SQ,50Y) < LLKA(Q,QY).

Thus S satisfies condition (3.1) of Theorem 3.1 with i = LK € (0,1), and S is continuous since
& is continuous (as tanh is continuous). It follows from Theorem 3.1 that S has exactly one fixed

point. O
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4
Example 6.1. Let C = 5 ®max = 1, and take the self-inhibition rates C; = Cy = C3 = 1 together with the

illustrative synaptic weight matrix

0.10 -0.05 0.02
r=10.04 010 -0.03].
-0.02 0.03 0.0

Then L, = max; (Ci + 2}11 Irij|) =140.17 = 1.17. With p(C) = 1 (normalization 9(0) = p(1) = 1),

1- C wfnax

we get K = -+ =02+ —— =~ 0.24+1.0737 = 1.2737. Hence LK =~ 1.17 X
& 00 " pOT(C+1) T(1.8) '

1.2737 = 1.490, which exceeds 1; rescaling the weights (or shrinking @max) so that L, < 1/K = 0.785

restores condition of Theorem 6.1 and guarantees a unique solution on [0, @max|-

7. CONCLUSION

In this paper, we have introduced and thoroughly examined ex-per-s-ms’s as a natural mathe-
matical framework for handling errors in distance measurements. In this general context, we ob-
tained a number of important fixed point results such as extensions of the classical B-cont principle,
Ka-ty and Ch-ty contractions. The proposed findings are supported by comprehensive examples
which also validate the results and show their wide applicability.

The practical utility of our presented framework is corroborated by the three fractional-order
models: the Caputo fractional breast cancer dynamics model, the nonlinear Caputo fractional
boundary value problem and the ABC-fractional 3D Hopfield neural network model. The ap-
plications show that the proposed approach is able to solve complex systems with measurement
uncertainties and offers a solid mathematical theory for the analysis of fractional-order problems
in applied sciences.

The findings reported here are suggestive of a number of interesting avenues for future research.
There are other classes of contraction mappings that are not covered here which are worthy of
further research, as are common fixed point theorems for families of mappings. The framework
can be extended to other fields of mathematical biology, physics or engineering. Furthermore the
relationships with other generalized metric spaces between ex-per-s-msshould be investigated

further.
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