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Abstract. Power dominator coloring is a strengthened form of graph coloring in which every vertex must be assigned

a color and must also be able to power dominate at least one color class. The minimum number of colors required for

such a coloring is the power dominator chromatic number, denoted by χpd(G). In this paper, we introduce two stability

parameters for χpd(G): the upper bondage number b+(G,χpd) and the lower bondage number b−(G,χpd). These values

represent the minimum number of edges whose removal increases or decreases χpd(G), respectively.

We compute these bondage numbers for fundamental graph families such as paths Pn, cycles Cn, complete graphs

Kn, complete bipartite graphs Km,n, wheel graph Wn and helm graph Hn. Our results show that the power dominator

chromatic number is highly sensitive to small structural modifications, especially in dense graphs like Kn where the

removal of a single edge already reduces the chromatic requirement. For graphs where χpd = 2, such as paths and even

cycles, the lower bondage number is infinite, since it is impossible to reduce the number of colors below two.

This work establishes the first bondage-type analysis for power dominator coloring and provides a foundation for

further studies on robustness of domination-based colorings.

1. Introduction

Graph coloring is a fundamental topic in graph theory and many of its extensions arise from

incorporating additional structural constraints into classical coloring models. A proper vertex
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coloring of a graph G = (V, E) is a mapping

c : V → {1, 2, . . . , k}

such that c(u) , c(v) whenever uv ∈ E. The smallest integer k for which such a coloring exists is

the chromatic number χ(G) [5].

Domination theory provides a complementary framework for studying monitoring and control

in networks. A set S ⊆ V(G) is said to be a dominating set of a graph G if every vertex in

V(G) \ S is adjacent to at least one vertex of S. Equivalently, the closed neighborhood of S satisfies

N[S] = V(G). The domination number of G, denoted by γ(G), is the minimum cardinality among

all dominating sets of G. Any dominating set of G with cardinality γ(G) is referred to as a γ-set

of G [2, 6, 8]. Variants of domination have been developed to model monitoring processes in

communication networks, electrical systems, and sensor grids.

Combining domination with coloring leads to the concept of dominator coloring, where c is a

proper coloring and additionally, each vertex dominates at least one color class [5, 10].

A dynamic extension of domination is power domination, introduced to model the placement of

Phasor Measurement Units (PMUs) in electric power networks.

Let G = (V, E) be a graph and let D ⊆ V be a set of vertices. The set of vertices monitored by D,

denoted byM(D) ⊆ V, is defined recursively as follows:

(i) M(D)← D∪N(D),

(ii) if there exists a vertex u ∈ M(D) such that N(u)∩
(
V \M(D)

)
= {x},

then setM(D)←M(D)∪ {x}.

Step (ii) is repeated until no further vertices can be added toM(D). If, at the termination of this

process, M(D) = V(G), then D is called a power dominating set of G. The minimum cardinality

of a power dominating set of G is called the power domination number of G and is denoted by

γp(G) [3, 9, 13].

Let v ∈ V(G). The set of vertices monitored by v, denoted byM(v) ⊆ V(G), is defined through

the following iterative procedure. Initially,

M(v) = {v} ∪N(v).

Thereafter, a vertex x ∈ V(G) is added toM(v) whenever there exists a vertex y ∈ M(v) such that

N(y) \M(v) = {x}. This step is repeated until no further vertices can be included. The vertex v is

said to power dominate all vertices in the resulting setM(v) [11].

A power dominator coloring of a graph G is a proper vertex coloring with the additional property

that each vertex of G power dominates all vertices of at least one color class. The minimum number

of colors required for a power dominator coloring of G is called the power dominator chromatic number
of G and is denoted by χpd(G) [1].
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To study the sensitivity of χpd(G) under structural modifications, we introduce the upper and

lower bondage numbers. For an edge set E′ ⊆ E(G), we define

b+(G,χpd) = min
{
|E′| : χpd(G− E′) > χpd(G)

}
,

b−(G,χpd) = min
{
|E′| : χpd(G− E′) < χpd(G)

}
,

with the understanding that the value is∞ if no such edge set exists. These parameters quantify the

robustness of the power dominator chromatic number with respect to edge deletions and describe

the vulnerability of a graph’s monitoring structure under failures or perturbations.

In this paper, we compute both b+(G,χpd) and b−(G,χpd) for several standard graph families,

including paths Pn, cycles Cn, complete graphs Kn, complete bipartite graphs Km,n, and wheel

graphs Wn. The results show that χpd(G) exhibits markedly different behaviors depending on the

structural properties of G. Dense graphs such as complete graphs are highly sensitive to edge

removals, while paths and even cycles demonstrate greater stability. These findings establish

foundational stability properties for power dominator coloring and motivate further work on

algorithmic and structural questions related to domination-based colorings.

2. Preliminaries

Let G = (V, E) be a simple connected graph. For a vertex v ∈ V, the open neighborhood of

v, denoted by N(v), is the set of all vertices adjacent to v, while the closed neighborhood of v is

defined as N[v] = N(v) ∪ {v}. A path Pn is a simple graph on n vertices arranged in a linear order

such that each vertex is adjacent to at most two other vertices. A cycle Cn is obtained by joining the

first and last vertices of the path Pn, forming a closed chain in which every vertex has degree two.

A complete graph Kn is a graph on n vertices in which every pair of distinct vertices is connected

by an edge, so that each vertex has degree n − 1. A complete bipartite graph Km,n is a bipartite

graph whose vertex set is partitioned into two disjoint sets of sizes m and n, with every vertex in

one part adjacent to all vertices in the other part and no edges joining vertices within the same

part. A wheel graph Wn is constructed by taking a cycle Cn on n vertices and adding one additional

vertex, called the hub, which is adjacent to all vertices of the cycle; thus, the resulting graph has

n + 1 vertices and a structure resembling a wheel with spokes.

3. Main Results

Theorem 3.1. [12] For n ≥ 2, χpd(Pn) = 2.

Theorem 3.2. [12] For n ≥ 1, χpd(Kn) = n.

Theorem 3.3. For n ≥ 3,

b+(Pn,χpd) = 1, b−(Pn,χpd) = ∞.

Proof. Let G � Pn, n ≥ 3, with V(G) = {v1, v2, . . . , vn} and E(G) = {e1, e2, . . . , en−1}. By Theorem 3.1,

χpd(Pn) = 2.
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Case 1: Pendant edge removal
The removal of pendant edge leads to the disconnected graph G′ whose components are G1 and

G2, where G1 � K1 and G2 � Pn−1. Each vertex of G′ power dominates at least one color class,

so by theorem 3.2 χpd(G1) = 1 and by theorem 3.1 χpd(G2) = 2. Therefore χpd(G′) = 3. Hence

b+(Pn,χpd) = 1

Case 2: Non-pendant edge removal
Let G′ be the graph obtained from G by removing a non-pendant edge e ∈ E(G). Then G′ becomes

disconnected and consists of two components, say G1 and G2, where G1 � Pk and G2 � Pn−k for

some 1 < k < n.

Let {v1, v2, . . . , vk} and {vk+1, vk+2, . . . , vn} be the vertex set of the components Pk and Pn−k respec-

tively. Since each component is a path, every vertex can power dominate all vertices in its own

component. To construct a power dominator coloring for G′, assign color 1 to the odd-indexed

vertices of G1 and color 2 to the odd-indexed vertices of G2. The vertices in the component G1

power dominates the color class C1 and the vertices in the component G2 power dominates the

color class C2. The remaining vertices in both components cannot be colored with these two colors.

Therefore, a third color is necessary. Hence, color 3 is assigned to all even-indexed vertices of G′.
Thus, the resulting color classes are

C1 = { v2i−1 : 1 ≤ i ≤
⌈

k
2

⌉
},

C2 = { v2i−1 :
⌈

k
2

⌉
+ 1 ≤ i ≤

⌈
k
2

⌉
+
⌈

n−k
2

⌉
},

C3 = { v2i : 1 ≤ i ≤
⌊

n
2

⌋
}.

Hence, χpd(G′) = 3. The power dominator chromatic number increases for a single edge

removal. Therefore,

b+(Pn,χpd) = 1.

Sinceχpd(Pn) = 2 and no connected graph with at least two vertices can have a power dominator

chromatic number smaller than 2, removing edges cannot decrease χpd(Pn). Thus,

b−(Pn,χpd) = ∞.

□

Theorem 3.4. [12] For Cn, n ≥ 3,

χpd(Cn) =

2, if n is even,

3, if n is odd

Theorem 3.5. Let Cn be a cycle of order n ≥ 3. Then the lower bondage number of Cn with respect to the
power dominator chromatic number is given by

b−(Cn,χpd) =

1, if n is odd,

∞, if n is even.
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Proof. Let V(Cn) = {k1, k2, . . . , kn} be the vertex set and E(Cn) = {e1, e2, . . . , en} be the edge set of Cn,

where e1 = k1k2, e2 = k2k3, . . ., en−1 = kn−1kn, and en = knk1.

Case 1: n is odd
By theorem 3.4, if n is odd, χpd(Cn) = 3. Let ei be an arbitrary edge of Cn, for some i with 1 ≤ i ≤ n

and define G′ = Cn − ei. Then G′ is a path graph on n vertices, that is, G′ � Pn. Consequently,

χpd(G′) = χpd(Pn) = 2 < 3,

which shows that the removal of a single edge strictly decreases the power dominator chromatic

number. Therefore, b−(Cn,χpd) ≤ 1, and since b− cannot be zero, we obtain

b−(Cn,χpd) = 1 for odd n.

Case 2: n even.
By theorem 3.4, χpd(Cn) = 2 when n is even. Let e ∈ E(Cn) be any edge such that Cn − e remains

connected. Then Cn − e is a path on n vertices, that is, Cn − e � Pn. Since χpd(Pn) = 2, the removal

of a single edge does not decrease the power dominator chromatic number.

Further, consider the removal of two edges from the cycle graph Cn. If the removed edges are

adjacent, say E′ = {e1, e2}, then the resulting graph G′ = Cn − E′ is disconnected and consists of

two components G1 and G2, where G1 � K1 and G2 � Pn−1. In this case, the coloring constraints

follow from Case (i) of Theorem 3.3, and hence χpd(G′) = 3.

If the removed edges are nonadjacent, then the resulting graph G′ is a disjoint union of two path

graphs, say Pk and Pn−k, for some 1 ≤ k ≤ n − 1. Each component requires at least one color class

to be power dominated by vertices within that component. Therefore, the coloring constraints

follow from Case (ii) of Theorem 3.3, and again χpd(G′) = 3.

Thus, in both cases, the power dominator chromatic number does not decrease under the re-

moval of two edges; rather, it may increase due to the loss of connectivity and structural constraints.

Hence, no edge removal can reduce χpd(Cn) when n is even.

By definition,

b−(Cn,χpd) = min
{
|E′| : χpd(Cn − E′) < χpd(Cn)

}
,

with the convention that b−(Cn,χpd) = ∞ if no such edge set exists.

Therefore,

b−(Cn,χpd) = ∞ when n is even.

□

Theorem 3.6. Let Cn be a cycle of order n ≥ 3. Then the upper bondage number of Cn with respect to the
power dominator chromatic number is given by

b+(Cn,χpd) =

3, if n is odd,

2, if n is even.
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Proof. The upper bondage number with respect to the power dominator chromatic number is

defined as

b+(Cn,χpd) = min
{
|E′| : χpd(Cn − E′) > χpd(Cn)

}
.

We distinguish the proof according to the parity of n.

Case 1: n is odd. For odd n, χpd(Cn) = 3.

Subcase 1.1: Adjacent edge removal. First, remove two adjacent edges E′ = {e1, e2}. The resulting

graph G′ = Cn − E′ is disconnected and consists of two components G1 � Pn−1 and G2 � K1. By

Theorem 3.1, χpd(Pn−1) = 2, and by Theorem 3.2, χpd(K1) = 1. Thus,

χpd(G′) = 3 = χpd(Cn),χpd(G′) ≯ χpd(Cn).

Hence, the removal of two adjacent edges does not increase the power dominator chromatic

number.

Now remove three adjacent edges E′′ = {e1, e2, e3}. The resulting graph G′′ = Cn − E′′ consists

of three components H1 � Pn−2, H2 � K1, and H3 � K1. By Theorem 3.1, χpd(Pn−2) = 2, and each

isolated vertex requires one distinct color. Hence,

χpd(G′′) = χpd(H1 + H2 + H3) = 2 + 1 + 1 = 4 > χpd(Cn).

Therefore,

b+(Cn,χpd) = 3 for odd n under adjacent edge removal.

Subcase 1.2: Nonadjacent edge removal. Let E′ = {ei, e j} be two nonadjacent edges of Cn. Then

G′ = Cn −E′ is a disjoint union of two path graphs Pk and Pn−k for some 1 ≤ k ≤ n− 1. By Theorem

3.3,

χpd(G′) = 3 = χpd(Cn),

and the removal of two nonadjacent edges does not increase the power dominator chromatic

number when n is odd.

Now, remove three nonadjacent edges E′′ = {ei, e j, ek} from Cn. The resulting graph G′′ = Cn−E′′

is disconnected and consists of three disjoint path components. Each path component requires at

least one color class to be power dominated by vertices within that component, and one additional

color is required to properly color the remaining vertices of all components. Therefore,

χpd(G′′) = 4 > χpd(Cn).

Therefore,

b+(Cn,χpd) = 3 for odd n under nonadjacent edge removal.

Case 2: n is even. For even n, χpd(Cn) = 2.
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Subcase 2.1: Adjacent edge removal. Removing a single edge from Cn yields a path Pn and

does not increase χpd. Removing two adjacent edges E′ = {e1, e2} results in a disconnected graph

G′ = Cn − E′ with components Pn−1 and K1. By case (i) of theorem 3.3 χpd(G′) = 3. Thus,

χpd(G′) = 3 > χpd(Cn),

which implies

b+(Cn,χpd) = 2 for even n under adjacent edge removal.

Subcase 2.2: Nonadjacent edge removal. Removing two nonadjacent edges E′ = {ei, e j} from Cn

produces two path components Pk and Pn−k. Each component requires at least one color class to

be power dominated by each vertex. By theorem 3.3 χpd(Cn − E′) = 3. Hence,

χpd(Cn − E′) = 3 > χpd(Cn).

Therefore,

b+(Cn,χpd) = 2 for even n under nonadjacent edge removal.

Combining all subcases completes the proof. □

Theorem 3.7. [12] For Kn, n ≥ 1, then χpd(Kn) = n

Theorem 3.8. For Kn, n ≥ 1,

b−(Kn,χpd) = 1, b+(Kn,χpd) = ∞.

Proof. Removing one edge makes two vertices nonadjacent, allowing them to share a color, re-

ducing χpd(Kn) to n − 1, so b− = 1. Since no graph on n vertices can require more than n colors,

increasing beyond n is impossible, so b+ = ∞. □

Theorem 3.9. [12] For Km,n, χpd(Km,n) = 2

Theorem 3.10. For Km,n,

b−(Km,n,χpd) = ∞, b+(Km,n,χpd) = 1.

Proof. Since χpd = 2 cannot be reduced for any nontrivial connected graph, b− = ∞. Removing a

single carefully chosen edge may make it impossible for a vertex to power dominate its opposite

partition, forcing an additional color, so b+ = 1. □

Theorem 3.11. [4] For any n ≥ 3, the power dominator chromatic number of the wheel graph W1,n is
given by

χpd

(
W1,n

)
=


3, if n is even,

4, if n is odd.

In this paper, the wheel graph W1,n is denoted by Wn. Both notations refer to the same structure,

namely the graph obtained by joining each vertex of the cycle graph Cn to a single central (hub)

vertex.
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Theorem 3.12. Let Wn be a wheel graph of order n ≥ 3. Then the lower bondage number with respect to
power dominator coloring of Wn is

b−(Wn,χpd) =

1, if n is odd,

n, if n is even.

Proof. To determine the lower bondage number of the wheel graph Wn, we identify the minimum

number of edges whose removal decreases the power dominator chromatic number of Wn.

Let v1, v2, . . . , vn be rim vertices of the wheel graph Wn, and let vn+1 denote the central vertex.

The edge set of the wheel graph Wn is composed of two categories of edges. The spoke edges
are given by e1 = v1vn+1, e2 = v2vn+1, . . . , en = vnvn+1, which connect the central vertex to each

vertex of the outer cycle, while the cycle edges are en+1 = v1v2, en+2 = v2v3, . . . , e2n = vnv1, which

together form the rim of the wheel.

We now consider the following two cases.

Case 1: n is odd.
Consider the removal of the cycle edge e2n = vnv1 from Wn. Define the color class C1 = {vn+1}.

The vertices v1, v2, . . . , vn power dominate the color class C1, and the central vertex vn+1 power

dominates its own color class C1.

The remaining vertices are properly colored as

C2 = {v2i+1 | 0 ≤ i ≤ ⌊n/2⌋},

C3 = {v2i | 0 ≤ i ≤ ⌊n/2⌋}.

Hence the resulting graph admits a power dominator coloring using three colors, that is, χpd(Wn) =

3. Since the removal of a single edge reduces the power dominator chromatic number, we obtain

b−(Wn,χpd) = 1.

Case 2: n is even.
First, remove all spoke edges e1, e2, . . . , en from Wn. The resulting graph is the cycle Cn. For even

n, we have χpd(Cn) = 2.

Alternatively, removing all cycle edges en+1, en+2, . . . , e2n from Wn yields the star graph K1,n,

for which χpd(K1,n) = 2. In both cases, exactly n edges must be removed to reduce the power

dominator chromatic number of Wn. Hence, b−(Wn,χpd) = n.

This completes the proof. □

Theorem 3.13. Let Wn be a wheel graph of order n ≥ 5. Then the upper bondage number with respect to
the power dominator coloring of Wn is given by

b+(Wn,χpd) =

5, if n is odd,

1, if n is even.
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Proof. Let the rim vertices of the wheel graph Wn be v1, v2, . . . , vn and let vn+1 denote the central

vertex.

Case 1: n is odd.
Remove the edges e1 = v1vn+1, en = vnvn+1, en+1 = v1v2, e2n = v1vn, e2n−1 = vnvn−1.

The removal of these edges disconnects the graph and isolates the vertices v1 and vn. Since

each isolated vertex power dominates only itself, they must receive distinct colors. Let C1 =

{v1}, C2 = {vn}. Assign a third color to the central vertex C3 = {vn+1}.

The remaining vertices v2, v3, . . . , vn−1 are adjacent to the central vertex and hence power domi-

nate the color class C3, while the vertex vn+1 power dominates its own color class.

To properly color the remaining vertices on the rim, at most two additional colors are sufficient.

Assign

C4 = {v2r | 1 ≤ r ≤ ⌊n/2⌋}, C5 = {v2r+1 | 1 ≤ r ≤ ⌊(n− 2)/2⌋}.

Thus, the power dominator chromatic number increases only when five edges are removed.

Hence,

b+(Wn,χpd) = 5 for odd n.

Case 2: n is even.
Remove the edge e1 = v1vn+1. Assign the color C1 = {vn+1} to the central vertex. All rim vertices

except v1 are adjacent to vn+1 and therefore power dominate the color class C1.

The vertex v1 power dominates the vertex set {v1, v2, vn}. Assign color 2 to the vertices v2 and vn:

C2 = {v2, vn}.

Hence, the vertex v1 power dominates the color class C2, while the central vertex vn+1 power

dominates its own color class C1. By the observation of the previous theorem, the power dominator

chromatic number increases with the removal of a single edge. Therefore,

b+(Wn,χpd) = 1 for even n.

□

Theorem 3.14. [4] For Hn, n ≥ 3, χpd(Hn) = n + 1

Theorem 3.15. [7] For spider SP(b1
y1 , b2

y2 . . . bm
ym), χpd (SP(b1

y1 , b2
y2 . . . bm

ym)) =3, if there exists at least one bi > 2, 1 ≤ i ≤ m

2, if every path has length at most 1

Theorem 3.16. For Hn, n ≥ 3,

b+(Hn,χpd) = 1, b−(Hn,χpd) = 3.
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Proof. Let Hn be a helm graph with vertex set consisting of the cycle vertices {y1, y2, . . . , yn}, the

pendant vertices {h1, h2, . . . , hn}, and the central vertex h0.

Let {e1, e2, . . . , en} denote the pendant edges, where ei = yihi for 1 ≤ i ≤ n, and let

{en+1, en+2, . . . , e2n} denote the edges joining the central vertex h0 to the cycle vertices.

Consider the removal of any pendant edge, say e1 = y1h1. The resulting graph becomes

disconnected and consists of two components, G1 and G2, where G1 � K1 is the isolated vertex h1,

and G2 = Hn − {h1}.

To power dominate the isolated vertex h1, assign color 1 to it. In the component G2, each pendant

vertex power dominates its closed neighborhood. Hence, assign distinct colors 2, 3, . . . , n to the

cycle vertices y2, y3, . . . , yn, respectively. Assign color n + 1 to the central vertex h0 and to the

remaining pendant vertices of G2.

The vertex y1 power dominates the color classes C2 and Cn. Therefore, in order to obtain a

proper power dominator coloring, assign a new color n + 2 to y1.

Thus, the removal of a single edge increases the power dominator chromatic number by one,

implying

b+(Hn,χpd) = 1.

The removal of all pendant edges of the helm graph Hn increases the power dominator chromatic

number. Hence, pendant edges do not contribute to the reduction of χpd(Hn).

To determine the lower power dominator bondage number, we consider the removal of the cycle

edges of Hn. The deletion of all n cycle edges converts Hn into a spider graph SP(b1
y1 , b2

y2 . . . bm
ym)

with center vertex h0.

By the previously established theorem, the power dominator chromatic number of a spider

graph satisfies

χpd (SP(b1
y1 , b2

y2 . . . bm
ym)) = 3

Thus, the removal of the n cycle edges reduces the power dominator chromatic number of Hn to

3. Since fewer than n edge deletions do not yield such a reduction, the minimum number of edges

whose removal decreases the power dominator chromatic number is n. Therefore,

b−(Hn,χpd) = n.

□

4. Conclusion

This paper introduced the upper and lower bondage numbers for the power dominator chro-

matic number and computed these values for several fundamental graph families. Our study

shows that χpd(G) is highly sensitive to minor structural changes, especially in dense graphs

where even a single edge removal impacts the coloring.

Future research may include the study of trees, grids, hypercubes, and algorithmic complexity

questions related to computing bondage numbers for power dominator coloring.
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