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Abstract. In this paper, we study a nonlinear delay differential equation subject to a nonlocal integral condition. Using
Carathéodory’s theorem, we prove the existence of at least one solution x € C[0, T]. Uniqueness is established under
an additional condition. We also examine the continuous dependence of the unique solution on the problem data and

establish Hyers-Ulam stability. Several examples illustrate the applicability of our results.

1. INTRODUCTION

Delay differential equations (DDEs) extend ordinary differential equations by allowing the
evolution of a system to depend on both its present state and its past behavior. This makes
them suitable for modeling processes in which a time delay occurs between cause and effect.
For this reason, DDEs have been widely used in biology, engineering, chemistry, economics, and
environmental sciences [5,6,10].

In many models, nonlocal integral conditions are used instead of classical pointwise conditions
torepresent information accumulated over an interval. Such conditions arise in problems involving
heat conduction, diffusion, and population dynamics.

Several authors have studied differential equations with nonlocal conditions (see [1,2,4,8]). In
this paper, we investigate the existence and uniqueness of solutions, their continuous dependence
on the data, and the Hyers—-Ulam stability of a delay differential equation with a nonlocal integral

condition.
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In this work, we study the existence and uniqueness of solutions to the following delay differ-

ential equation:
dx(t)

- = f(t Ax(y1)), ae.t€[0,T], (1.1)
with the nonlocal integral condition:
T
x(0) = xo —|—f g(s, Ax(ys)) ds. (1.2)
0

Here, y € (0,1] and A > 0. Using Carathéodory’s theorem, we establish the existence of at least
one solution x € C[0, T|; uniqueness follows under an additional condition. We also prove that
the solution depends continuously on the initial datum xyp and the parameter A, and establish

Hyers—Ulam stability.

2. EXISTENCE OF A SOLUTION

Consider problem (1.1)—(1.2) under the following assumptions:
(i) For every y € R, the functions f(-,y) and g(-, y) are measurable on I where I = [0, T|, and for
almost every f € I, the functions f(t, ) and g(¢, -) are continuous on R.

(ii) There exist positive functions my,my € L(I) such that

IfE )l <mi(t),  1g(t y)l <ma(t),
and fot my(s)ds < Cforalltel

Let C[0,T] denote the space of continuous functions on [0, T]. We define the Banach space
X = C[0,T] x C[0, T] with norm
1Cx, y)lIx = llxlle + Myl -
2.1. Formulation of the problem. Suppose that x is a solution to problem (1.1)—(1.2). Integrating

equation (1.1) gives

x(t) = x(O)—i—Lf(s,Ax(ys))ds.

Substituting the nonlocal condition for x(0) gives
t

T
x(t) = xo —|—j0‘ g(s, Ax(ys)) ds —|—j(; f(s, /\x(ys)) ds. (2.1)

Conversely, differentiating (2.1) yields (1.1), while setting t = 0 in (2.1) yields (1.2).
Thus, (2.1) is equivalent to problem (1.1)—(1.2).

Now define

y(t) = Ax(yt), (2.2)
Then (2.1) becomes

T t
x(t) = x+ fo g(5,y(s)) ds + fO £(5,y(s)) ds. 23)
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Conversely, substituting (2.2) into (2.3) yields (2.1). Thus, the integral equation (2.1) is equivalent
to the system (2.2)—(2.3).
The coupled system (2.2)—(2.3) is also equivalent to the following integral equation:

T t
(x(t),y(t)) = (xo + ‘[o g(s,y(s)) ds + fo f(s,y(s)) ds, /\x(yt)). (24)
2.2. Existence theorem. The following theorem establishes the existence of a solution to (2.4).

Theorem 2.1. Let assumptions (i)—(ii) hold. Then problem (2.4) has at least one solution (x,y) € C[0, T] X
CI0, T]. Consequently, (2.1) has at least one solution x € C[0, T.

Proof. Consider the sequence {(x,(t), y.(t))} defined by
T t
(Xn, Yn) = (xo —l—j; Q(s,yn(s)) ds —i—j; f(s,yn(s)) ds, Axn(yt)),n =1,2,...
Now

T t
Xu () = x0 —I—fo g(s, yn(s)) ds +f0 f(s, yn(s)) ds,

and

T t
Ix,(t)] = |xo+‘f0 g(s,yn(s))ds—kfof(s,yn(s))dsl

T t
|x0|—|—f0 |g(s,yn(s))|ds—|—v[0 |f(s,yn(s))| ds

<
T ¢
< |x0|+f my(s) ds+fm1(s)ds
0 0
T
< fl+ [ o) ds+C
0

T
< xol+ M, M:f my(s) ds + C.
0

This shows that the family of functions {x,(¢)} is uniformly bounded.
Since y, () = Ax,(yt), we have

lyn ()] = Axu(pt)l
Alxol + M).

IA

Thus, {y,(t)} is uniformly bounded [3], and so is the sequence {(x,, yx)}-
Let ty,t, € [0, T] satisfy |t, — t1| < 6. Without loss of generality, assume that t; < f,. Then

T ty
(b)) —xu(t)] = |xo+ fo 8(s, yu(s)) ds + fo (5, yu(s)) ds

T
- 0= [ slom)ds= [ s mis) as
= |j; f(s,yn(s))ds—j(; f(s,yn(s))ds|
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IA
- N
=
—_
g
<

S
—
195}
SN—
e
2
195}

< my (s) ds

< e

This shows that the family {x,(t)} is equicontinuous.
Also,

ya(t2) =ya(t)l = Axa(yt2) = Axa(yr)l < e.

This shows that {y,(t)} is equicontinuous [3]; hence, the sequence {(x,, y,)} is equicontinuous.

By the Arzela—Ascoli theorem [9], the family {(x,(t), y.(t))} is relatively compact. Therefore, it has
a subsequence {(xnk,ynk)} such that (xp, (f), Y (t)) = (x,y). In particular, x,, (t) — x(t) € C[0, T]
and y,, (t) — y(t) € C[0, T].

By the Lebesgue dominated convergence theorem [3] and the relation

Lim yn (£) = lim Ay (1)
= Ax(yt) = y(t),

we obtain:
T t
wn(®) = 0t [ gl un@)ds+ [ o e)as
T t
fim 2, () = xo+ fim | g{s s (s)) ds+ lim | f(s, yu(5)) ds
T t
= xo+j(; g(s,y(s))ds—i—ﬁf(s,y(s))ds
T t
= xo+f(; g(s,)\x(ys))ds%—f(;f(s,/\x(ys))ds:x(t). (2.5)
Then:

lim (x, (£), y, (1) = (x,).

By Carathéodory’s theorem [9], the integral equation (2.4) has at least one solution (x, y) € X.
Consequently, the system (2.2)—(2.3) has at least one solution (x, y) € X.
By the equivalence between (2.2)—(2.3) and (2.1), equation (2.1) has at least one solution x € C[0, T|.
Finally, the equivalence between (2.1) and (1.1)—(1.2) implies that the nonlocal problem (1.1)—(1.2)

has at least one solution.

3. UNIQUENESS OF THE SOLUTION

In this section, we establish sufficient conditions for uniqueness of the solution to (1.1)—(1.2).
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Assume, in addition, that (i)* the functions f, ¢ : I X R — R are measurable in t € [0, T] for every
x € R and satisfy the Lipschitz conditions

If (t,x) = f(t, %) < ki lx =%, kg >0,

lg(t,x) —g(t,X)| < ka |x — X, kp > 0.
and letk = k1 + k».

Theorem 3.1. Suppose that the assumptions of Theorem 2.1 and the additional assumption (i)* hold. If
kAT < 1, then the solution to problem (1.1)—(1.2) is unique.

Proof. Let x and ¥ be two solutions to (1.1)-(1.2). Then
T t
Ix(t) —x(t)] = |xo+ f g(s, /lx(ys)) ds + f f(s, /\x(ys)) ds
0 0

T ¢
- xg—fo g(s,/b?(ys))ds—f(;f(s,)\f(ys))dsl
T
j; Ig(s, /\x(yS)) - g(s, M(ys))| ds

IA

+ f If(s, Ax(ys)) —f(s, )\X(ys))| ds

IA

kz)\f Ix(ys) — x(ys) |ds+k1)\f Ix(ys) —x(ys)| ds

< keAllx = XIT + ki Allx — x|IT
< (ki + ko) Allx — X||T.
Thus,
llx — X|| < kAT||x — x|, where k = ky + k».
Hence,

(1—KAT)|lx— % < 0.

Since kAT < 1, it follows that x = x. Therefore, the solution to problem (1.1)—(1.2) is unique.

4. STABILITY ANALYSIS

In this section, we analyze the stability of problem (1.1)—(1.2) in two ways. First, we study the
continuous dependence of the solution on the initial datum and parameter, which describes how
changes in the data affect the solution. We then consider Hyers-Ulam stability, a framework for

assessing the behavior of approximate solutions.
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4.1. Continuous Dependence on the Initial Datum and Parameter.

Definition 4.1. [7] We say that the solution x of problem (1.1)—(1.2) depends continuously on the initial

datum xo and parameter A if, for every € > 0O, there exists 6 > 0 such that

max{|xo —xpl, A = A"} <6 implies |lx - x| <e,

where (s
a di ) _ ft A (1)), € [0,T], ae, (4.1)
T
x"(0) = x; —|—j; g(s, /\*x*(ys)) ds. (4.2)

Theorem 4.1. Suppose that the assumptions of Theorem 3.1 hold. Then the solution to problem (1.1)—(1.2)

depends continuously on the initial datum xo and parameter A.

Proof. Consider the solutions x and x* to problems (1.1)—(1.2) and (4.1)—(4.2), respectively. Then
T t
lx(£) —x*(¢)] =lxo + f g(s, /\x(ys)) ds + f f(s, /\x(ys)) ds
0 0
T t
- X5 - f g(s, /\*x*(ys)) ds — f f(s, /\*x*(ys)) ds|
0 0
T
<lxo — x5l + f |g(s, /lx(ys)) - g(s, A*x*(ys))|ds
0
t
+ fo If(s, /\x(y(s))) —f(s, /\*x*(ys))|ds
T
<6 +k f [Ax(y(s)) — A"x*(ys)|ds
0
t
+ ki f IAx(ys) — A*x*(ys)|ds
0
T
<0+ ky f [Ax(y(s)) — Ax"(ys) + Ax"(ys) — A*x*(ys)|ds
0
t
+k f IAx(ys) — Ax*(ys) + Ax"(ys) — A"x"(ys)|ds
0
T T
<0+ ky f [Ax(ys) — Ax"(ys)|ds + kz f IAx*(ys) — A"x*(ys)l|ds
0 0
t t
+ Kk f IAx(ys) — Ax*(ys)lds + ky f [Ax*(ys) — A"x*(ys)|ds
0 0
T T
<6+ szf [x(ys) — x*(ys)lds + ka|A — A7) f [x*(ys)lds
—|—k1)\f Ix(ys) —x*(ys)lds + k1A — /\If Ix*(ys)|ds.

llx = x7|| < 6 + ko ATllx — x*|| + k20llx™|T + k1 ATllx — x7|| + k1 6lIx7||T
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< 0+ kATI|x — x*|| 4+ kol|x™||T.

Thus,
llx = x*[|(1 = kAT) < 6(1 + k||lx*||T).
This implies that:
o O(1+ Kl |IT)
— <— —&¢€.
be=xlls ——ar— =¢

Therefore, the solution x € C[0, T] to the nonlocal problem (1.1)-(1.2) depends continuously on
xg and A.

4.2. Hyers-Ulam Stability.

Definition 4.2. [11] Suppose that problem (1.1)—(1.2) has a unique solution. We say that it is Hyers—Ulam
stable if, for every € > 0, there exists 6 > 0 such that every o-approximate solution x, to problem (1.1)—(1.2)

satisfying
dxs(t
D axn) 1<,

also satisfies

[lx — x4|| < €.

Theorem 4.2. Suppose that the assumptions of Theorem 3.1 hold. Then problem (1.1)—(1.2) is Hyers—Ulam
stable.

Proof. Suppose that

dxs
xdit) — f(t, Axs(yt))| < 0.
Then
5 < dx;it) — f(t, Axs(yh)) < 6,

Integrating with respect to t gives

=0t < x4(t) —x5(0) — fotf(Q, Axs(y0))do < ot.

T t
=0T < x5(t) — x0 —fo 2(0, Axs(y0))do —f(; (6, Axs(y0))d6 < OT.

Now consider

T ¢
| x(t) —xs(t) | =| x0 —|—fo 2(0,Ax(y0)) d6+f0 £(6,Ax(y0)) dO — xs(t)]
T t
:|x0+L g(@,Ax(y@))d@—kfof(@,/\x(ye))de

T t
- xo—j; g(@,/\xs(ye))de—j;f(G,AxS(yG))dG
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T ¢
+ x0+f0 g(@,Axs(yG))dG—ngf(@,/\xs(ye))de—xs(t)l
T t
=|f g(0,Ax(y0)) —g(G,Axs(VG))d6+f f(0,Ax(y0)) - f(0,Axs(y0)) dO
0 0

T t
— (xs(t) = x0 — f 2(0, Ax,(y0)) dO — f £(6,Ax:(y0)) do)|
0 0
< kTAllx = x|| + 6T,

Therefore,
-l < —2 - — e
TT1-kAT T
llx — x| < e.
Problem (1.1)—(1.2) is Hyers—Ulam stable. O
5. EXAMPLES
Example 1. Consider the problem:
dx
-~ =Ax(yt)l
i m(t).(e xr ), ae tel0,T], (5.1)
with the nonlocal condition:
T
x(0) = xo + f (D(s) + e™M09)) g, (5.2)
0

where 0 <y <1,0 < AT < 3, and m(t) = D(t) + 1, with D defined by

D(t){l' teQ,
0, t¢Q

Here, D is the Dirichlet function on [0, T], and Q denotes the set of rational numbers.
Set y = Ax(yt). Then

fly) = m(e)(M),
g(ty) = D(t)+e .
The following bounds hold:

IA

fty)l < Im(t),
gty < 2
Since 0 < D(t) <1, we have |m(t)| = |D(t) + 1| < 2. Forally, 7 € R,
e — 71| < |yl 171] < ly — 7.
Consequently,

Ift,y)=ft )l < |Im(H)lly—gl <2ly—7l,
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istt,y) gt 7l < ly-7l

Thus, we can take k1 = 2, k, = 1, and k = 3. The hypotheses of Theorems 2.1 and 3.1 are satisfied.

Hence, problem (5.1)—(5.2) has a unique solution.

Example 2. Consider the problem:

dx Ax(yt)

a = m( ) m ,a.e.t € [O,T], (53)

with the nonlocal condition:

T X|VS
x(O):xo+f0 (D(s) + —20)

T A0 54

where 0 <y <land 0 < AT < 1.
Set y = Ax(yt). Then

14 |yl
Y
g(ty) = (f)+(m)-
The following bounds hold:
If(t,y)l < Im(t)l,
lg(ty)l < 2
For the derivative estimates,
ity 1
dy ( )((1 +|yl)2)
LI < <2
Similarly,
aiglty) 1
dy (1+ Iyl)2
9g(t, y)
| | < 1
Iy
Therefore,

If(ty) - f(t, P <2y -7l

8t y) - gt PI<ly -7l
Thus, ky = 2, ko = 1, and k = 3. The hypotheses of Theorems 2.1 and 3.1 are satisfied. Hence,
problem (5.3)—(5.4) has a unique solution.
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Example 3. Consider the following problem:

dx e~ Mx(rt)

E = TT’Z(t .m, ae.te [O, T], (55)
with the nonlocal condition

e~ Ax(ys)

) (5.6)

T
x(0) = xo +L (D(s) +

where0 <y <land 0 < AT < 1.

Set y = Ax(yt). Then

flby) = mt)(—y)
g(hy) = D)+

The following bounds hold:

=
-~
=
IA
E
=

gty < 2
For the derivative estimates,
ity —eY
oy m(f)(m)
Sl ol 1
Y 4 2
Similarly,
agt,y) ( -7V )
dy  (l+ev)?
2¢(t, Y 1
|8( y)l < | e_2|$—-
dy (1+eY) 4
Therefore,

F(t)~ (191 < 51y -7

o1
lg(t,y) =gt ) < ~ly -7l

Thus, k1 = %, kr = %, and k = %. The hypotheses of Theorems 2.1 and 3.1 are satisfied. Hence,
problem (5.5)—(5.6) has a unique solution.
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6. CONCLUSION

In this paper, we studied a delay differential equation subject to a nonlocal integral condition
under Carathéodory-type assumptions. We established existence and, under the stated additional
condition, uniqueness of solutions. We also proved the equivalence between the original problem
and its integral formulation, and established continuous dependence on the initial data xp and
parameter A, as well as Hyers-Ulam stability. The examples illustrate the applicability of our

results.
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