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Abstract. The main object of this paper is to obtain the coefficient condition for the normalized generalized Mittag-
Leffler functions of certain classes of univalent functions. We also obtain some inclusion relations. Finally, we discuss

an integral operator associated with generalized Mittag-Leffler functions.

1. INTRODUCTION

Let A denote the collection of functions ® defined by the expression:
O(0) =C+ ) al”, (1.1)
n=2

where these functions are analytic within the open unit disk U = {C : C € C and |C| < 1}. These

functions are normalized under the condition ®(0) = ®’(0) — 1 = 0. Additionally, we define S as

a subset of A comprising functions of the same form as above, which are also univalent within U.
A function ®(C) € A belongs to the class k — UCV (a) if it satisfies the condition:

ceb"(c)} . k‘é@"(é)
@'(0) @' (C)

R {1 + +a (1.2)

where0 <k <o0,0<a < 1.
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This class, denoted as k — UCV (), was originally introduced and examined by Bharti et al. [1].
Notably, for @ = 0, Kanas and Wisniowska [7] explored this class, and fork = 1, @ = 0, Goodman [4]
conducted an investigation. Utilizing the Alexander transform, we derive the class k - S,(a) as
follows:

®(C) €ek-UCV(a) & LP'(C) €k—Sp(a).

These classes, k — UCV(a) and k — S, (), represent natural extensions of convex and starlike
function classes, playing significant roles in geometric function theory. Goodman [5] and Kanas
with Wisniowska [8] delved into the study of uniformly starlike functions, which were further
generalized by various researchers, as detailed in [2,3,6,9,16]. Ponnusamy and Renning [11]
introduced the classes S} and C; as follows: A function ®(C) of the form described above is part

of the class S, if it satisfies the analytic criteria:
e (C)

®(C)
where C € U and A > 0. Similarly, a function ®(C) of the form (1.1) is said to be in the class C), if it
satisfy the following analytic criteria

- 1l <A (1.3)

Cq)// (C)
@(C)
where C € U and A > 0. It's worth noting that:

‘ <A (1.4)

D(C) €Cr & LP'(C) € S;.

The application of special functions such as hypergeometric functions, generalized hyperge-
ometric functions, generalized Bessel functions, Mittag-Leffler functions, and Wright functions
on univalent functions are intriguing research topics within geometric function theory. In this
article, we explore a fascinating application of the generalized Mittag-Leffler function on classes of
univalent functions within conic regions. First, we define the generalized Mittag-Leffler function
as follows:

In 1903, Swedish Mathematician Gosta Mittag-Leffler [10] introduced the function:

(o]

_ ¢
Es(C) = 7;) NCESY (1.5)

where C is a complex variable and I'(9) is the Gamma function, with 6 > 0.
This function serves as a direct generalization of the exponential function, reducing to it when
0 = 1. Wiman [14,15] extended E;(C) into Esg(C) in 1905:

v ¢’
Esp(C) = 1;) Ton1p) (1.6)

where 6, € C;R(0) > 0, R(B) > 0. In 1971, Prabhakar [12] generalized Es(C) as follows

y . . (V)n n
E(S,ﬂ(C) = 7;) mC , (1.7)
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where 6,8,y € CR(6) >0,R(B) >0, R(y) > 0and (y),, is the Pochhammer symbol.
In 2007, Shukla and Prajapati [13] generalized the function E, ﬁ(C) as follows:

[o0]

an

EV”’ .

Zl"én—l—ﬁ n! (1.8)
n=0

where 6,8,y € C R(6) > 0,R(B) > 0R(y) >0,9€ (0,1)UN = {1,2,3,...} and (y)4 is the
generalized pochhammer symbol.

We normalize the function Ezg (C) as follows:

)i(C) = r<ﬁ>c:EVg<c>

M ¢
; C+Zr5 —1 +ﬁ(n nr (19)

In this paper, we establish coefficient conditions, inclusion relations, and study an integral

operator for the normalized generalized Mittag-Leffler function within certain classes of univalent

functions of conic.

2. PRELIMINARY RESULTS

To prove our main results we shall require the following lemmas.

Lemma 2.1. ([1]) A function ®(C) of the form (1.1) and satisfy the condition

Y nlnk+1) = (k+a)llan <1-a (2.1)
n=2

then ® € k—UCV (a).

Lemma 2.2. ([1]) A function ®(C) of the form (1.1) and satisfy the condition

Y In(k+1) = (k+ o)l <1-a (2.2)

n=2

then ® € k—S,(a).

Lemma 2.3. ([7]) Let ® € A and have the form (1.1). If for some k,0 < k < oo, the inequality

[e¢]

1
Z n(n =1l < =, (2.3)

holds, then ® € k — UCV. The result is sharp.

Lemma 2.4. ([11]) Let & € A be of the form (1.1). If

Y (A+n-Das <4, 4>0 (2.4)
n=2

then ® € S*A.
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Lemma 2.5. ([11]) Let ® € A be of the form (1.1). If

[0e]

Zn()\—f—n—l)mnls)\, A>0 (2.5)
n=2

then ® € C,.

Remark 2.1. The conditions (2.1), (2.2), (2.4) and (2.5) are also necessary and sufficient for belonging to
the classes k — UCV (), k= Sp(a), S} and Cy, respectively, if & € A is of the form

O(C) =C- ) lalc". (2.6)
n=2

Definition 2.1 A function ® of the form (1.1) is said to be in the class R"(A, B) if it satisfies the

following analytic criteria
ae s
(A-B)t-B(®'(0)-1)
where C € U,7 € C\ {0},-1 < B < A <1 The class R"(A, B) was extensively studied by Dixit and
Pal [16].

<1 (2.7)

Lemma 2.6. ([16]) If ® € R™(A, B) is of the form (1.1) then
(A= B)(2)

an] < ————,

\
N

(2.8)

The result is sharp.

3. MaIN Resurts

Our initial theorem provides a condition that is adequate for the normalized generalized Mittag-
Leffler function, as defined in equation (1.9), to belong to the class k — UCV (a).

Theorem 3.1. If 5,8,y > 0,q € (0,1) UN and the inequality

(6 00| g g + O30 -1}

+(2k+3-a)(y), {r(lf;(i)a) + QT (1) - 1}

+(1—a)0§'g(1) <2(1-a) (3.1)
is satisfied then QW €k-UCV(a).

Proof. To prove QZ;Z (C) e K—UCV(a) from Lemma 2.1, it is sufficient to prove that

- Mgy TP
Y nln(k+1) - (k+ )] d

y B ET I

Now
(V)q(n—l) Fﬁ
ron-1)+p) (n—-1)!

i nk+1)—(k+a)]

n=2
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& (7)g(n-1) TP
n:z [(k+1)(n—1)(n— 2)—|—(2k—|—3—0z)(n—1)—|—(1—a)]r(6<n_1§(+1l;)<n_1)!
= yT(B) > (Vg I'p
=k+D) nzg 5= 1 FTICEE] O30 ) TG ) D)

- (7)q(n=1)TB
+(1_“);r(5(n—1§ +B) (n—1)!

(V)q(n+l) %
T(o(n+1)+p) nl

+(2k—i—3—a)i

n=0

= (V)gIB
+(1_0‘); T (on+p) !

(y +29)gn Fﬁ (y+q)m TB
= (k+1)( quF(Sn—l—ﬁ—l—Z(S +(2k+3-a) qu5n+ﬁ+6nv

+(1-a) {Qg’g(l) - 1}

= (k+1)( ZqZF6n+ﬁ+26 +(2k+3-0a) QZr5n+5+5nv

+(1-a) {Qgg(1)—1}
= (k+1)(y )Qq{rﬁr/s+25+ﬂgﬁzg( ) - 1}

+(2k+3—a)(y)q{rﬁrﬁ5+Qg;jg() 1}+( ){Qgg() 1}

<1-a, from (3.1)

Therefore, the proof of Theorem 3.1 is concluded.

O
Theorem 3.2. If 5,8,y >0, g € (0,1) UIN and the inequality
I
(k+1)(y)q {Fﬁ = Q) (1) - 1} +(1-0)Q)(1) <2(1-a) (3.2)

is satisfied then Qéﬁ(C) €k-Sy(a).

Proof. The proof of the aforementioned theorem closely resembles that of Theorem 3.1, thus we
opt not to delve into the intricate details. m]
Theorem 3.3. If 5,8,y > 0,q € (0,1) UN and the inequality

1
k+2

I'(g) Q) - 1} + 2<7/)q{ L) + Qg;ig(l) 1} < (3.3)

(y)z”’{l“(ﬁ+26) 0f+20 T(B+9)
is satisfied then ® € k— UCV.
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Proof. To prove Q) 5.8 7(C) € k= UCV then from Lemma 2.3, it is sufficient to prove that

(o8]

(y)q(n—l) Fﬁ 1
Zn(n_l)F((S(n—l) B 1) S kr2

n=2
Now
i n(n—1) (P)gn-1y TP
= [o(n=1) +B (n-1)!
- (V)gn-1) B
:;[(n 1)(n—2)+2(n—-1)] (le) Y
v Py TP > (Vg TP
_nz_;l“é(n—l) + B (n-3)! +2;F6(n—1) +B(n—-2)!
N (29 T (y+q)u TP
—(y)2q’;)F6n+ﬁ+25n' qzrén—i—ﬁ—i—én'
r I
~rm{ogn + i
r T
20 {5 + i -1)
1
_k X from (3.3).
Thus, the proof of Theorem 3.3 is established. 0

The proof of Theorem 3.4 and 3.5 run parallel to the proof of Theorem 3.1 so we only state the

results.

Theorem 3.4. If5,B,y,A > 0,9 € (0,1) UN and the inequality

AQI(L) + (7)g {F(Z(i)é) + QT (1) - 1} <2) (3.4)

is satisfied then Qéﬁ(C) €S
Theorem 3.5. If5,B,y,A > 0,q € (0,1) UN and the inequality

r
0yt + R0 -1}

+ @+ { g + O -1}

+AQVZ( ) <2 (3.5)

is satisfied then Qg’Z(C) €Cy.

In our subsequent finding, we establish the inclusion relation between the classes R"(A, B) and

k—UCV(a). To facilitate this, we introduce the following definition of convolution:
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The convolution, also known as the Hadamard product, involves two functions ®(C) of the

form described in equation (1.1), and g(C), formulated as follows:

0)=C+ ) bul" (36)
n=2
is given by
(@8)(C) = (C) *g(C) + ) anbuL" (3.7)
n=2

Now, we, introduce the convolution operator I?;gCD(C) as follows.

L@ (C) = O (0) + @(C)

or

VA y rﬁ n
1a(C C+ZF6n 5 +ﬁ — ,C (3.8)

Theorem 3.6. If 5,8,y >0,q€ (0,1) UN, ® € R°(A,B),0 < a < 1,k > 0 and the inequality

(A—B)ITI[(k+1)(7/) {%+Q§§j§(1) 1} +(1—0¢){QVZ(1) 1}]S1—a

is satisfied then IngD(C) ek—UCV(a).

Proof. To prove IVgCI)(C) € k— UCV(a) from Lemma 2.1, it is sufficient to prove that

(V)q(n—l) F,B
I65(n—1)+p (n—-1)!

i nk+1)-(k+a)

la,l <1-a.

(Y)q(n—l) Fﬁ
To(n—1+p) (n—1)!
- (y)q(n—l) F,B

(A- B“'ZE” n(k+1)- k+"‘)]r5(n—1+ﬁ)(n—1)!

(Mg . (B)
k+1ZF(Sn 1+ﬁ)(n 1 (1- “Zrén 1+ﬁ )}

Y nln(k+1) = (k+ )] 2,

= (A=B)ll

n=2 n=2

ié Q) 1(1) - 1} + (- {0 - 1}]

:(A—B)ITI[k+1 g

/—’R\
‘tm

<l-a.
Thus, the proof of Theorem 3.6 is complete. m]

Theorem 3.7. If 6,3, > 0,q € (0,1) UN ® € R"(A, B), k > 0 and the inequality

r y
(A=), {5 + 00 -1 < 2

is satisfied then IyZCD(C) ek-UCV.
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Proof. We prove the above theorem by applying same procedure as adopted in previous theorem

and using Lemma 2.3 and 2.6. m|

Theorem 3.8. If5,B,y,A > 0,q € (0,1) UN and the inequality

(A—B)|T|[(y)q{rll;(ﬁ)5+Qg;j'g(1) 1}+/\{QVZ(1) 1}}9

is satisfied then I;/g(C) e C,

Proof. The proof of the theorem above closely resembles that of Theorem 3.6. Therefore, we choose

to skip the intricate details. m]

4. AN INTEGRAL OPERATOR

We now introduce the integral operator connected with the generalized Mittag-Leffler function,

cQg/'g(t)
ZVg(c) fo ot (4.1)

The equation (4.1) can be expressed in the following way

outlined as follows.

7 —C+Zr6 ”1jrﬁn/fC” (4.2)

Theorem 4.1. If 6,8,y >0, g € (0,1)UN,k >0, 0 < a < 1 and the condition (3.2) is satisfied then
Zy1(C) € k—UCV(a).

op
Proof. To prove ZyZ(C) € k— UCV(a) we have to prove that
— (7)q(n—1) I'p
;5 nln(k+1) - (k+a)]—r6(n_1) o}
(y>q(n—1) I'p

Mg

[(k+1)(n—-1)+ (1-

N es- 15 m=1)

I
N

n

:<k+1><y>q{rﬁrﬁ(S O -1}

+(1-a) (Qg’g(l) —1)

<1l-a.

Theorem 4.2. If5,8,y >0, g€ (0,1) UN,k >0, 0 < a < 1 and the inequality

r 1
Ml HOR 1 <

is satisfied then Z), ﬁ(C) ek-UCV.
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Proof. The proof of above theorem is much akin to the proof of Theorem 4.1. Hence, we omit the

details involved. O

Theorem 4.3. If 5,8, >0, g€ (0,1) UN,k > 0, 0 < a < 1 and the condition (3.4) is satisfied then

Zg:g(C) e C,.

Proof. The proof of the theorem above closely resembles that of Theorem 4.1. Therefore, we opt

not to delve into the details. m]
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