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Abstract. This paper presents a novel hybrid analytical-computational framework based on the bilinear neural network
method (BNNM) for solving the fourth-order Ablowitz—Kaup-Newell-Segur (4AKNS) water wave equation with
perturbation. By employing Hirota’s bilinear transformation, the original nonlinear partial differential equation is
systematically converted into a bilinear form, providing the construction of a test function representation. Instead
of directly approximating the physical solution, the proposed approach learns the test function using a feedforward
neural network combined with automatic differentiation. To enhance training stability and convergence, a softmax-
based adaptive weighting strategy is incorporated into the loss function, allowing the model to focus on low-residual
regions. Several analytical solution structures, including kink waves, soliton—-periodic interactions, and periodic waves,
are constructed and validated through multiple case studies. Numerical experiments demonstrate that the proposed
method achieves stable convergence, high accuracy, and strong robustness across diverse solution types. The results
confirm that the bilinear neural network framework is an effective and flexible tool for solving nonlinear integrable

systems, providing both accurate approximations and the ability to maintain complex wave dynamics.
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1. INTRODUCTION

A systematic study of hodograph transformations connecting the negative hierarchy of the
Ablowitz-Kaup-Newell-Segur equation (AKNS(-1)) to nonlocal short-pulse-type models and their
multicomponent extensions has been investigated. In particular, it has been shown that, under
nonlocal reductions, the independent variables associated with the short pulse equations and the
AKNS(-1) system exhibit covariance through hodograph mappings [1]. The mathematical mod-
eling of complex nonlinear physical structures frequently leads to nonlinear fractional differential
equations (FDEs), which have attracted increasing attention across various applied scientific do-
mains. In this context, advanced analytical techniques such as the modified extended auxiliary
equation mapping method and the modified F-expansion scheme have been successfully employed
to derive novel wave solutions for conformable time-fractional models, including the Clannish Ran-
dom Walker’s Parabolic (CRWP) equation and the (2+1)-dimensional fractional AKNS system [2].
Furthermore, recent studies have introduced integrable nonlocal couplings of the AKNS system
(NC-AKNS), where symmetry reduction methods, supported by Lax pair formulations, enable
the systematic construction of entire families of nonlocal equations rather than isolated cases [3].
A unified representation of the AKNS hierarchy has also been established via pseudo-symmetry
assumptions and N-fold binary Darboux transformations, providing a generalized framework for
higher-order systems [4].

In addition, analytical solution techniques such as the Power Index Method (PIM) have been
applied to obtain explicit solutions of the AKNS equation in logarithmic, trigonometric, and expo-
nential forms, which are of considerable relevance in physical applications [5]. The development of
semi-discrete AKNS (sdAKNS) hierarchies, including both isospectral and non-isospectral flows,
has further enriched the theoretical structure of integrable systems through the use of novel re-
cursion operators derived from the Ablowitz-Ladik (AL) framework [6]. Nonlocal symmetries
of the AKNS system have also been effectively localized into Lie point symmetries through the
introduction of auxiliary variables, allowing for the construction of optimal symmetry systems
and their prolongations [7]. Moreover, Hirota’s bilinear method has been widely utilized to
obtain multisoliton solutions for semi-discrete nonisospectral AKNS equations, with asymptotic
analysis providing insight into soliton dynamics [8]. The integrability of constrained coupled
AKNS-Kaup-Newell flows has been rigorously established via Lax representations and r-matrix
formulations [9]. This study considers the fourth-order Ablowitz-Kaup-Newell-Segur (4AKNS)

water wave equation with a pertubation p as follows:
40yt + Uyt + 80xVxy + 4050y — pUxy = 0, (1.1)

where v = v(x, y,t) is a scalar function of the spatial variables x, y and time ¢t. The subscripts

denote partial derivatives, defined as
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Here, p is a real constant parameter. The equation consists of higher-order dispersive terms and
nonlinear interaction terms, which are characteristic of (2 + 1)-dimensional nonlinear evolution
systems.

More recently, there has been significant progress in the integration of analytical and computa-
tional approaches, particularly through bilinear neural network frameworks and softmax-based
optimization techniques for solving nonlinear partial differential equations. These approaches
have demonstrated strong robustness and adaptability, yielding highly accurate solutions for vari-
ous forms of the Benney-Luke equation and its higher-dimensional generalizations [10,11]. In[12],
abilinear recurrent neural network (BRNN) based on the Hirota bilinear form was employed to ob-
tain exact analytic solutions of a modified Benney-Luke equation. The method constructs various
wave solutions, including single-, two-, and three-soliton, kink, and breather solutions. The results
demonstrate that the proposed bilinear neural network approach can effectively generate a wide
range of exact solutions for the extended model. In parallel, softmax-based methodologies have
facilitated the discovery of new solution structures for nonlinear systems, including the breaking
soliton equation and second-order Benney-Luke models, while improving convergence behavior
and computational efficiency [13]. In [14], a physics-informed neural network (PINN) approach
was used to solve both the forward and inverse problems of the time-fractional telegraph equation.
The proposed method incorporates the governing equation and initial/boundary conditions into
the neural-network training process to obtain accurate numerical solutions. The results demon-
strate that the PINN method can effectively recover the solution and unknown parameters of the
fractional model.

Recent advances in neural network methodologies have significantly expanded their applica-
bility across a wide spectrum of scientific, engineering, financial, and computational disciplines.
In the field of mathematical modeling and nonlinear wave analysis, neural-network-based frame-
works have been successfully employed to study lump waves, rogue waves, breathing structures,
and inelastic interaction phenomena in extended KP-type equations [15]. Beyond mathematical
physics, a dual-stream deep learning framework for stock price prediction was investigated by
combining technical indicators with sentiment analysis of fake-news-aware financial information.
The model integrates market trends and news sentiment to improve the prediction of stock move-
ments and reduce the impact of misleading financial news [16,17]. A comprehensive survey of
integrating sentiment analysis with graph neural networks (GNNs) for stock prediction was con-
ducted, focusing on how financial sentiment from news and social media can be combined with
graph-based representations of stocks and market relationships to enhance prediction accuracy
and performance [18]. Neural network techniques have also achieved significant success in health-

care and medical diagnostics, including clinical sentiment analysis and automated image-based
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identification systems [19,20]. Furthermore, a neural-network surrogate model [21] was developed
to capture the dichotomy between gradual ductile smoothing and sudden brittle debris formation
during microscopic asperity wear. Trained on combined atomistic and continuum simulations,
the model accurately predicts regime transitions across diverse contact geometries and material
properties. This framework drastically reduces computational cost, paving the way for multi-scale
modeling of complex rough-surface contact.

From a computational mathematics perspective, neural network operators and learning-based
numerical methods have emerged as powerful tools for solving nonlinear and high-dimensional
problems. Recent studies have proposed neural operators for remote sensing data processing [22],
optimization-based neural network analysis through Lipschitz constant estimation [23], acceler-
ation strategies for nonlinear Schrodinger eigenvalue problems [24], and neural approaches for
Perron—Frobenius operator equations [25]. These developments demonstrate the increasing role
of machine learning techniques in modern scientific computing.

In particular, the present study focuses on recent developments in neural network-based meth-
ods for nonlinear partial differential equations. The multivariate bilinear neural network method
has been successfully applied to fractional partial differential equations, showing high accuracy
and robustness in capturing nonlinear solution structures [26]. In addition, physics-informed neu-
ral network frameworks have proven effective for modeling lump-soliton interactions and complex
wave dynamics in higher-dimensional nonlinear evolution equations [27]. These achievements
indicate that the integration of analytical transformations with neural approximation techniques
offers a promising pathway for solving nonlinear integrable systems. Motivated by these advances,
the present work develops a bilinear neural network framework combined with Hirota’s bilinear
transformation and softmax-based adaptive optimization to investigate numerical solutions of the
fourth-order Ablowitz-Kaup-Newell-Segur (4AKNS) equation.

In recent years, neural network methodologies have advanced rapidly, finding broad applica-
tions across a wide range of scientific and engineering fields. Neural-network-based approaches
have been successfully employed for investigating nonlinear wave phenomena, including lump
waves, rogue waves, and inelastic collision structures in extended KP-type equations [15]. In
financial forecasting, deep learning frameworks that incorporate multimodal information fusion
have substantially enhanced prediction accuracy for both stock and cryptocurrency markets [28].

Furthermore, physics-informed neural networks and physics-encoded learning architectures
have emerged as powerful tools for modeling complex physical systems such as nuclear reactor
safety analysis, long-term mechanical processes, and uncertainty quantification [29-31]. Neu-
ral network operators and optimization-based neural analysis have also attracted considerable
attention in computational mathematics, providing efficient solutions for remote sensing applica-
tions [22]. In addition, convolutional neural networks have demonstrated remarkable effectiveness
in high-throughput classification and pattern recognition tasks, such as wood cultivar discrimi-

nation using spectroscopic data [32]. These developments collectively demonstrate the versatility,
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robustness, and growing importance of neural-network-based methodologies in modern scientific
computing, motivating their application to nonlinear partial differential equations and integrable

systems.

2. PRELIMINARY AND METHODOLOGY
2.1. Hirota Bilinear Operator.
Definition 2.1. The Hirota bilinear operator plays a fundamental role in transforming nonlinear partial

differential equations into bilinear forms. For two sufficiently smooth functions f(x,t) and g(x,t), the
Hirota bilinear differential operator 2\ 7' is defined as

28 = (5 5] 2- g) 080 F)

7
xX'=x,t'=t

where m,n € INy.

In particular, some commonly used forms of the Hirota bilinear operators are given by

P:|f -8l = 8~ f&u
Dlf -8l = fig - fgu
‘@J%[fg] = fxxg_zfxgx +fgxx-

Through a dependent-variable transformation, such as

02
u(x,t) = Zﬁ In f(x,t),

many nonlinear equations can be transformed into bilinear forms. A typical example is

P f - f] =0,

where & denotes Hirota’s bilinear operator.

2.2. Bilinear Neural Network Method. The bilinear neural network (BNN) method is a hybrid
analytical-computational framework designed to approximate solutions of nonlinear partial dif-
ferential equations in bilinear form. Instead of directly approximating the physical variable u(x, t),
the method focuses on learning the test function f(x, t).

Let the neural network approximation of the test function be defined as
f(x,£0) = N(x,t0),

where N denotes a feedforward neural network with parameters 0.

Substituting f(x, t; 6) into the bilinear equation yields the residual

R(x,t;0) = 29| f - f].
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The training objective is to minimize the loss function defined by

2
7

1 N
£(0) = 15 ) [R(xi ;0)
i=1

where {(x;,t;)}Y . are collocation points in the computational domain.
i=1

To improve stability and convergence, a softmax-based weighting mechanism can be incorpo-

rated

_ exp(—alRil)
2?1:1 exp(—aIle),

i

leading to a weighted loss formulation

N
Lweighted<6) - Z wilﬂilzr
i=1

where a > 0 controls the sensitivity.
After training, the solution of the original nonlinear equation is reconstructed via the inverse

transformation, for example,
2

u(x,t) = 2% In f(x,t0).
The implementation of the BNN method can be summarized as follows:
Step 1: Transform the original nonlinear PDE into bilinear form using Hirota operators.
Step 2: Define a neural network approximation for the test function f(x, t).
Step 3: Construct the bilinear residual using automatic differentiation.
Step 4: Define and minimize the loss function over collocation points.

Step 5: Recover the physical solution u(x, t) from the trained test function.

3. Hirota BiLiNEaR ForM or 4AKNS EquaTtioN

This section will transform Eq. (1.1) into Hirota bilinear form using Definition 2.1. Using the
travelling wave transform & = ax + by + ct, from Eq. (1.1), we collect the following equation

(4c —ap) uge + aPcugses + 12abugsug = 0. (3.1)
Using Cole-Hopf transformation u = 2w;, w = In f, Eq. (3.1) becomes

2 (4c — ap) wees + 20°Cwesece + 48abwesswes = 0. (3.2)
Integrating on both sides of Eq. (3.2) and letting constant equalling to zero using ac = 2b, we have
(4c —ap) wge + 2ab [w5555 + 6w§£] =0. (3.3)

Using Definition 2.1, Eq. (3.3) is turned into Hirota bilinear operator as follows:
|(4c—ap) 22 +2ab 2| f - f = 0, (3.4)

where

Delf - f1 = ffeeee — 4fc feee + 32,
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D[f-f] = ffee = (f)*.

4. NumMmericaL ResuLts

This section will construct the activation functions and substitute to Eq. (3.4) to establish the
solutions. The following cases are designed to collect neurons for the input, hidden, and output
layers.
2(ubcil+2c), £=ax+ by I

ct, plugged into Eq. (3.4) and collecting the parameters, the solution is gathered as follows:

Case 1: Given the test function fi; = a1 + biie1, &1 = 11 & + C12,p =

2b11€11€£11

Uy = ———————.
a11 + byreén

Solution uy; is illustrated in Fig. 1 and Fig. 2.

Case 2: Similar to Case 1, by constructing the test function fy; = a1 4 ap; cos Ex +
A6~ Ex1 = 01& + 0, & = by & + by satisfied the sets of parameters including {b =
a’p —ap

2
. —a .
by = #icyy, ¢ = bias = 0,0 = 3 : 1 = *iby},

_rr @ Ly A R ——
82, +1)’ @22 1) @ —D(abn 1)’ ¢ = Habn—1)(@bn 1)’

the solution is collected as follows:

2(a1c01€%21 — anp (+i) X cp1 sin((%i)cp1& + b)) — axcoe™21)
Ap1€°21 + ar3e<21 + an COS((ii)C21£ + b22)

Uyl =

Solution uy; is delineated in Fig. 3 and Fig. 4.

Case 3: GiViI’lg the test function f31 = a31e‘531 +as COS(égz), &31 = ¢31& + 30, &30 = b31E + b3,
—0h— —a’p _ —ap _
as3 = 0,b = 8(abs1—1) (b +1)7 €~ Wabsr—1) (absy +1)7 31

(1)b31, the solution is obtained as follows

2(az1 (+i)ba1e*)%1 — agoba sin(Ex))

azeENhnést 4 a3y cos(E3)

Uzl =

Solution u3; is depicted in Fig. 5 and Fig. 6.

Case 4: Providing the test function f4; = 141641 coS Eup, Eq1 = Ca1& + Cap, Eap = bu & + ba,p =
—4(2abb3, )

- , the solution is constructing as follows:

2(ag1c41€%4 cos(Ep) — ag1e*2byy sin(Egp))
agec4 cos(Eg)

Uy =

Solution uy4; is depicted in Fig. 7 and Fig. 8.

Case 5: Similar to Case 1, the test function is giving f5; = 51055 4 a5pe? 4 asze e, L5y =
2b(a2b—8b 2b(a2b—8b .
c51€ + 052, E52 = bs1€ + bsp, bs1 = i%,c =2 = i%. By resubmitting to Eq.

(3.4), the solution is given as follows:

2(as1cs5105" + aspbsie*? + as3(bs1 + c51)e"1 o)
a51€%51 + A5pe¢%2 + [A53e551 <52 :

Usp =

Solution us is depicted in Fig. 9 and Fig. 10.
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Ficure 1. Kink wave plot
(2D) of the solution uq; for
Case 1 at t = 1 with parame-
tersayn =1,b11=1,¢11 =1,
c1p = 0, where & = x + t.

u21 (20)

u

gl

5 0

Ficure 3. Modulated peri-
odic wave plot (2D) of the so-
lution uy; for Case 2 at t =
1 with parameters ay; = 1,
ap = 1,a3 =0, c1 = 1,
2 =0, b =1, by =0,
where & = x + ¢

ut1({30)

P |

i 4

e

Ficure 2. Kink wave plot
(3D) of the solution uj1 for
Case 1 under the same pa-

rameter settings.

u21(30)

? Gl \CI/JJ
.
0 "

Ficure 4. Modulated peri-
odic wave plot (3D) of the so-
lution uy; for Case 2 under

the same parameter settings.
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Ficure 5. Soliton—periodic “‘“*?V_m
1
interaction wave plot (2D)
of the solution u3; for Case Ficure 6. Soliton—periodic
3 at t = 1 with parameters interaction wave plot (3D)
a1 = 1, a3 = 1, b3 = 1, of the solution u3; for Case
by = 0, c3p = 0, where 3 under the same parameter
E=x+t. settings.

ud1(20)

10

5L
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FiGure 7. Singular periodic

wave plot (2D) of the solution

uyy for Case 4 at t = 1 with Ficure 8. Singular periodic
parameters ag; = 1, cq1 = 1, wave plot (3D) of the solution
cpp = 0, byy =1, byp = 0O, uy for Case 4 illustrating the

where £ = x +¢. singular behavior.
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u51 (20)

u

40+

Ficure 9. Exponential kink
wave plot (2D) of the solution
usy for Case 5 att = 1 with

parameters as; = 1, as; = 1,

as3 = 1, 51 = 1, 50 = 0O,
bsy = 1, bs = 0, where
E=x+t

us1 {30}

Ficure 10. Exponential kink
wave plot (3D) of the solu-
tion us; for Case 5 showing
the interaction of exponential

wave components.

TasLE 1. Training performance of the proposed BNNM for different analytical cases

after 2000 epochs.

Case Solution Type Initial Loss  Final Loss  Initial Acc. Final Acc.
Case 1 Kink wave 6.586x107%  6.581 x 1077 0.7108 0.2064
Case2 Modulated periodic wave — 3.041x107° 5.131x 107! 0.9052 0.9998
Case 3  Soliton-periodic interaction ~ 7.201 X 10™® 2.656 x 10~/ 0.7360 0.1030
Case 4 Singular periodic wave 1.805x 107 3.077 x 1071 0.9396 0.9998
Case 5 Multi-exponential kink wave 2.027x107° 5.496x 107 0.9268 0.9997

4.1. Algorithmic Implementation of the Bilinear Neural Network Method. The complete train-
ing procedure of the proposed Bilinear Neural Network Method (BNNM) for the fourth-order
AKNS equation is summarized in Algorithm 1.

The quantitative results reported in Table 1 demonstrate that the proposed bilinear neural
network method achieves excellent convergence for Cases 2, 4, and 5, where the final residual
loss decreases to the order of 107! and the accuracy approaches unity. These cases correspond
to periodic and multi-wave interaction structures whose tau-functions are relatively smooth and

therefore easier for the neural network to approximate.
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— Case 3
— Case 4
— Case 5

1254

1.00 4

0.75 1

0.50

0.25
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Ficure 11. Convergence be-

havior of the training loss FiGure 12. Reconstructed so-

for different analytical cases
using the proposed bilinear
neural network method over
2000 epochs. All cases il-
lustrate stable convergence,
with rapid initial decay fol-
lowed by gradual refine-
ment, demonstrating the ef-
fectiveness of the softmax-
weighted residual minimiza-

tion.

lutions u(x,t) obtained from
the learned test functions
for multiple cases. The re-
sults illustrate the capabil-
ity of the proposed approach
to maintain diverse nonlin-
ear wave structures, includ-
ing kink, modulated periodic
wave, singular, and soliton-
periodic interaction solution

profiles.

In contrast, Cases 1 and 3 exhibit slower convergence and lower accuracy values. This behav-
ior can be attributed to the sharper gradients and stronger nonlinear interaction effects present
in the corresponding solution profiles, which increase the difficulty of approximating the tau-
function using a fixed network architecture. Nevertheless, all cases show a significant reduction
in the weighted bilinear residual during training, confirming the stability and effectiveness of the
proposed softmax-weighted optimization strategy.

Overall, the numerical evidence indicates that the proposed BNNM is capable of accurately
capturing a wide variety of nonlinear wave structures associated with the fourth-order AKNS

equation while maintaining stable convergence behavior across different analytical configurations.
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Algorithm 1 Bilinear Neural Network Method for the Fourth-Order AKNS Equation
Require: Number of collocation points N, learning rate 7, softmax coefficient &, maximum epochs
E

Ensure: Trained tau-function f(x, t; 6) and reconstructed solution u(x, t)

1: Generate collocation points {(x;, ti)}f\i , uniformly in the computational domain.
2: Initialize neural network parameters 0.

3: forepoch = 1to E do

4:  Compute neural network output f(x,t;0) = exp(N(x,£0)) .

5: Evaluate derivatives using automatic differentiation: fy, fxx, frxr, and frrx.

6: Construct Hirota operators
Dy =2(fuf = £2),
Dy = 2(fuwnf = 4feucfs +3fix)-
7. Compute bilinear residual

R = (4c —ap)Dy + 2abDy.

8: Compute adaptive softmax weights

exp(=aIRi])

i ==
Z]»V:l exp(—alR;l)

9: Define weighted loss

1 &
2
L=5 Z wiR2.
i=1
10:  Update network parameters using Adam optimizer
0 « 6 —nVyL.
11: Compute accuracy
Accuracy = 1
1+ R E IR
12: end for

13: Reconstruct the physical solution u(x,t) = 2% In f(x,t;0).

14: return u(x,t)

4.2. Implementation Details and Multi-Case Evaluation. To further investigate the numerical
performance of the proposed bilinear neural network framework, the series of independent ex-
periments is conducted for multiple analytical cases. Each case corresponds to a distinct solution
structure, and a separate neural network is trained to approximate the associated test function.
The test function f(x,t;0) is modeled using a fully connected feedforward neural network
consisting of two hidden layers with 64 neurons each and hyperbolic tangent activation functions.

The input variables (x, t) are sampled uniformly from the computational domain, with N = 2000
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collocation points used in all experiments. Automatic differentiation is employed to compute
higher-order derivatives required in the Hirota bilinear operator shown in Fig. 11.
For each case, the residual is constructed based on the bilinear form

R(x,t;0) = (4c—ap) 7 (f - f) +2abZ¢ (f - ),

where the Hirota operators 22 and Z; are evaluated using automatic differentiation. The neu-
ral network output is exponentiated to ensure positivity of the test function, which improves
numerical stability during training.

The optimization process is performed using the Adam algorithm with a learning rate of 107
over 2000 training epochs. To enhance convergence and mitigate the influence of large residual
values, a softmax-based adaptive weighting strategy is incorporated into the loss function, assign-
ing higher importance to regions with smaller residuals. The resulting weighted loss is defined

as
N
1 2
Lweighted = Nv Z wilRil%,
i=1

where the weights w; are dynamically updated at each iteration.
To quantitatively assess the training process, two performance metrics are recorded: the
weighted residual loss and a normalized accuracy measure defined as
1
L+ I IR

These metrics provide complementary insights into the convergence behavior and the degree to

Accuracy =

which the bilinear equation is satisfied.

The training procedure is repeated independently for five different cases, and the corresponding
loss and accuracy curves are compared. The results demonstrate consistent convergence across
all cases, with the loss decreasing steadily and the accuracy approaching unity as the number of
epochs increases. This behavior confirms the robustness and stability of the proposed method
under varying solution structures.

Finally, the physical solution is reconstructed from the learned test function using the inverse
transformation shown in Fig. 12 using

u(x,t) = 2i In f(x,t0),
ox
and the resulting profiles are visualized to illustrate the capability of the model in capturing
diverse nonlinear wave phenomena. The reconstructed solutions exhibit smooth and physically
meaningful patterns, further validating the effectiveness of the proposed bilinear neural network
approach.

5. IMPLEMENTATION ON REAL-TIME WIRELESS MCS PREDICTION DATASET

This section presents the complete framework adopted for predicting the Modulation and
Coding Scheme (MCS) level. The proposed methodology consists of four main stages, including
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data preprocessing, physics-informed activation modeling, deep neural network construction, and

model optimization and evaluation. The overall workflow is illustrated in Fig. 13.

5.1. Data Preprocessing. The proposed framework begins with a comprehensive data preprocess-
ing stage to improve data quality and model robustness. First, the dataset is inspected to identify
missing values, duplicated records, and inconsistent data types. Missing numerical values are
imputed using the median strategy, which is less sensitive to outliers than mean imputation.
Duplicate observations are subsequently removed to eliminate redundant information that may
negatively affect model training. Since several predictor variables are categorical, Label Encoding
is employed to transform categorical values into numerical representations suitable for neural net-
work learning. To accelerate convergence and improve training stability, all numerical features are
standardized using the StandardScaler method, resulting in zero mean and unit variance. After
normalization, the feature matrix is reshaped into a three-dimensional tensor with dimensions
(N,1,F), where N denotes the number of samples and F represents the number of input features.
This representation satisfies the sequential input requirements of recurrent neural networks. Fi-
nally, the dataset is divided into training and testing subsets using an 80:20 stratified split to

preserve the original class distribution.

5.2. Proposed u11-Softmax Activation Function. Unlike conventional neural network classifiers
that directly employ the Softmax activation function, this study introduces a customized output
activation derived from the analytical solution u1; proposed in the Physics-Informed Neural Net-
work (PINN) framework. To improve numerical stability, the network logits are first normalized

as
% = x; — max(x),

thereby preventing overflow during exponential computation.

The transformed activation is then computed by

2b Ri
Mll(xz‘) = nen exp(zc )

a1 + by exp(%)’

where 411, b11, and c1; are predefined coefficients controlling the nonlinear mapping.

Finally, the class probabilities are obtained through normalization,

Ui (X
p— M)

C
Y j=1HU11 (X j)
where C denotes the total number of output classes. This normalization guarantees that
C
pPi=1,
=1

1
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[Raw Wireless Dataset (CSV)]
1]

[Data Preprocessing]
[Duplicate Removal] Feature Scaling
Label Encoding [Input Reshapingj
v
[KNN Imputation] [Stratiﬁed Train/Test Split]

\
[Preprocessed Dataset]

17
[Deep Learning Models]

\ v

[Training and Optimization]

/ Categorical \

[Adam Optimizer Cross-Entropy [ReduceLROnPlateau]

FNN
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SimpleRNN

-/
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[Performance Evaluation]
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Ficure 13. Overall workflow of the proposed MCS prediction framework. The
framework consists of four sequential stages: data preprocessing, deep learning
model construction, training and optimization, and comprehensive performance
evaluation. Three neural architectures, namely the proposed FNN with the physics-
informed u1; Softmax activation, LSTM, and SimpleRNN, are trained under the

same optimization strategy to ensure a fair comparison.
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thus preserving the probabilistic interpretation required for multi-class classification. Compared
with the conventional Softmax function, the proposed activation introduces an additional nonlin-
ear transformation before probability normalization, allowing richer feature discrimination while

maintaining numerical stability.

5.3. Overall Framework. The proposed framework follows a sequential processing pipeline to
ensure data consistency and improve classification performance. Starting from the raw wireless
communication dataset, the framework performs duplicate removal, missing-value imputation,
feature normalization, and stratified data partitioning before training three deep learning archi-
tectures. Finally, the trained models are evaluated using multiple classification metrics.

The overall pipeline can be summarized as
Raw Dataset — Data Cleaning — KNN Imputation
— Feature Scaling — Train/Test Split

— Model Training — Performance Evaluation.

5.4. Data Preprocessing. To improve the robustness and generalization capability of the learning

models, several preprocessing steps are applied prior to network training.

5.4.1. Duplicate Removal. Completely duplicated observations are removed using the
drop_duplicates() function to eliminate redundant samples that may bias the optimization

process.

5.4.2. Categorical Encoding. Categorical attributes are transformed into integer labels using the
Label Encoder. Since the prediction task is a multi-class classification problem, the target variable

(MCS level) is further converted into one-hot vectors using

y = [ y2---ycl,
where C denotes the total number of MCS classes.
5.4.3. Missing Value Imputation. Instead of replacing missing values by a global statistic such as the

mean or median, the proposed framework employs the K-Nearest Neighbor (KNN) imputation

algorithm with k = 5. Given a sample x containing missing entries, the estimated value is

computed from its nearest neighbors according to

(5.1)

(5.2)

This strategy preserves the intrinsic correlation among wireless communication features.
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5.4.4. Feature Standardization. To prevent features with large numerical ranges from dominating

the optimization process, all continuous variables are standardized using

, Xl

where p and o denote the mean and standard deviation of each feature, respectively.
5.4.5. Input Reshaping. The standardized feature matrix
X e ]RNXF

is reshaped into

NXx1xF
XeR ,

(5.3)

where N denotes the number of samples and F is the feature dimension. This representation is

compatible with recurrent neural network architectures.

5.4.6. Stratified Data Splitting. The dataset is divided into training and testing subsets with an 80:20
ratio using stratified sampling. This strategy preserves the class distribution of the MCS levels in

both subsets, thereby reducing sampling bias.

5.5. Physics-Informed Softmax Activation. Instead of employing the conventional Softmax func-

tion directly, this work introduces a physics-informed activation derived from the analytical solu-

tion u1; obtained from the nonlinear differential equation.

First, the nonlinear transformation is defined as

u (X) _ 2b11C11€x
11 —
a1 + be*’

where

ann =1, b1 =1, c11 = 0.5.
To improve numerical stability, the network logits are shifted before exponentiation,
% = x; — max(x).
Finally, the normalized probability of class i is obtained by

u11 (%)
chzl U11 (J?]) +¢

P(y =ilx) =

where ¢ = 1077 prevents numerical instability caused by division by zero.

(5.4)

(5.5)

(5.6)

5.6. Deep Learning Architectures. Three representative neural network architectures are imple-

mented for comparative analysis.
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5.6.1. Feedforward Neural Network with uyy Softmax. The first architecture is a fully connected neural

network consisting of

e Flatten layer,

Dense layer (128 neurons, Tanh activation),

Batch Normalization,

Dropout (p = 0.2),

Dense layer (64 neurons, ReLU activation),

Output layer with the proposed u1; Softmax activation.

5.6.2. Long Short-Term Memory Network. The second model employs a standard LSTM network
composed of
e LSTM layer (128 hidden units),

e Batch Normalization,

Dropout (p = 0.2),

Dense layer (64 neurons),

Softmax output layer.

5.6.3. Simple Recurrent Neural Network. The third architecture utilizes a SimpleRNN layer followed
by
e SimpleRNN (128 hidden units),

e Batch Normalization,

Dropout (p = 0.2),

Dense layer (64 neurons),

Standard Softmax classifier.

5.7. Training Strategy. All neural networks are optimized using the Adam optimizer with an
initial learning rate of
n=107".

The optimization objective is the categorical cross-entropy loss

C
L£L=-Y yelog(i), (5.7)
c=1

where y. and {. denote the ground-truth and predicted probabilities of class c, respectively.
Each model is trained for 30 epochs with a batch size of 32. To improve convergence, the learning
rate is automatically adjusted using the ReduceLROnPlateau scheduler. Whenever the validation

loss does not improve for three consecutive epochs, the learning rate is reduced according to
Ni+1 = 0.5 Nt, (58)
with a minimum allowable learning rate of

Nenin = 107°.
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5.8. Performance Evaluation. Model performance is assessed after every training epoch using a
customized evaluation callback. Five complementary metrics are reported.

The classification accuracy is defined as

Accuracy = % (5.9)
total

The weighted precision is computed by

= TP
Precision = —_— 1
recision ; We TP. 1 FP.’ (5.10)
where w, denotes the proportion of class c.
Similarly, the weighted recall is
C
TP,
Recall = Z wcm. (511)
c=1

The weighted Fl1-score is given by

Fl -2 Precision X Recall (5.12)

" Precision + Recall’
Finally, the validation loss is monitored throughout the training process to evaluate optimization
stability.
For visualization, all five performance metrics are plotted in a single figure using multiple
subplots, allowing direct comparison of the convergence behavior among the proposed FNN with

u11 Softmax, the LSTM model, and the SimpleRNN model across all training epochs.

4 FNN + ull Softmax "
& Standard LSTM
-k- Standard RNN 184
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5.9. Model Configuration and Training Settings. Tables 2—4 summarize the architectural com-

plexity and training configuration of the three investigated neural network models. Although all

models are trained under identical optimization settings, they differ significantly in their network

structures and computational complexity. As shown in Table 2, the proposed FNN equipped with

the physics-informed w111 Softmax activation exhibits the smallest model complexity, containing

only 11,078 trainable parameters. In contrast, the Standard LSTM requires 82,374 parameters,

while the Standard SimpleRNN contains 27,462 parameters. Consequently, the proposed model

reduces the number of trainable parameters by approximately 86.9% compared with the LSTM
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flatten_1 (Flatten)

Input shape: (None, 1, 14) | Output shape: (None, 14)

dense_27 (Dense) Input shape: (None, 1, 14) | Output shape: (None, 128)

Input shape: (None, 14) Output shape: (None, 128)

batch_normalization_15 (BatchNormalization) batch_normalization_16 (BatchNormallzatlon)

Input shape: (None, 128) Output shape: (None, 128) Input shape: (None, 128) Output shape: (None, 128)

dropout_14 (Dropout)

Input shape: (None, 128) | Output shape: (None, 128) dropout715 (DI’OpOUt)

Input shape: (None, 128) | Output shape: (None, 128)
dense_28 (Dense)

Input shape: (None, 128) | Output shape: (None, 64)

dense_30 (Dense)

dense 29 (Dense)

Input shape: (None, 128) | Output shape: (None, 64)
Input shape: (None, 64) Output shape: (None, 6)

ull_softmax_activation_5 (Ul1lSoftmaxActivation)

dense_31 (Dense)

Input shape: (None, 6) Output shape: (None, 6)

Input shape: (None, 64) | Output shape: (None, 6)

Ficure 19. Architecture of

the proposed FNN with the Ficure 20. Architecture of
physics-informed u1; Soft- the benchmark LSTM net-
max activation. work.

and by 59.7% compared with the SimpleRNN. This lightweight architecture substantially de-
creases memory consumption and computational cost, making it attractive for real-time wireless
communication systems and resource-constrained edge devices.

TaBLE 2. Summary of the proposed and benchmark deep learning architectures.

Model Trainable Parameters Non-trainable Parameters Total Parameters No. of Layers
FNN + 117 Softmax 10,822 256 11,078
Standard LSTM 82,118 256 82,374

Standard SimpleRNN 27,206 256 27,462
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TasLE 3. Layer configurations of the three investigated neural network models.

Model Layer Output Dimension Activation
Flatten 14 -
Dense (128) 128 Tanh
Batch Normalization 128 -
FNN + 117 Softmax
Dropout (p = 0.2) 128 -
Dense (64) 64 ReLU
Output Dense (6) 6 Proposed 111 Softmax
LSTM (128) 128 Tanh
Batch Normalization 128 -
Standard LSTM Dropout (p = 0.2) 128 -
Dense (64) 64 ReLU
Output Dense (6) 6 Softmax
SimpleRNN (128) 128 Tanh
Batch Normalization 128 -
Standard SimpleRNN Dropout (p = 0.2) 128 -
Dense (64) 64 ReLU
Output Dense (6) 6 Softmax

TabLE 4. Training hyperparameters used for all experiments.

Hyperparameter

Optimizer

Initial learning rate

Batch size

Epochs

Loss function

Learning rate scheduler

Reduction factor

Patience

Minimum learning rate

Dropout rate
Hidden units

Dense units

Output classes

Categorical Cross-Entropy
ReduceLROnPlateau
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Table 3 presents the detailed layer configurations of the three models. The proposed FNN
consists of a Flatten layer followed by two fully connected layers with Batch Normalization and
Dropout regularization. Unlike the benchmark models, its output layer employs the proposed
physics-informed 111 Softmax activation instead of the conventional Softmax function. Meanwhile,
the LSTM and SimpleRNN architectures employ recurrent layers with 128 hidden units to capture
sequential dependencies before the final Softmax classifier. Despite their more sophisticated
recurrent structures, both benchmark models introduce considerably larger parameter spaces than
the proposed feedforward architecture.

To ensure a fair comparison, all models are trained using the same optimization strategy sum-
marized in Table 4. Specifically, the Adam optimizer with an initial learning rate of 102 is adopted
together with the categorical cross-entropy loss function. Each network is trained for 30 epochs
using a batch size of 32. Furthermore, the ReduceLROnPlateau scheduler dynamically decreases
the learning rate by a factor of 0.5 when the validation loss stagnates for three consecutive epochs,
with a minimum learning rate of 10~°. Using identical hyperparameter settings eliminates training
bias and ensures that the observed performance differences originate primarily from the architec-
tural characteristics of the proposed 117 Softmax activation and the underlying network designs

rather than from different optimization conditions.

TabLE 5. Performance comparison of the proposed and benchmark models on the
test dataset at the final training epoch. The best results are highlighted in bold.

Model Loss Accuracy (%) Precision (%) Recall (%) F1-score (%)
FNN + 111 Softmax 1.8113 17.70 17.73 17.70 17.69
Standard LSTM 1.8451 16.90 16.90 16.90 16.83
Standard SimpleRNN 1.8326 16.90 17.31 16.90 16.92

Table 5 compares the predictive performance of the three investigated neural network models
on the test dataset after the final training epoch. The proposed FNN with the physics-informed
u11 Softmax activation consistently achieves the best overall performance, obtaining the lowest
cross-entropy loss of 1.8113 while simultaneously producing the highest classification accuracy
(17.70%), weighted precision (17.73%), weighted recall (17.70%), and weighted F1-score (17.69%).

Compared with the Standard LSTM, the proposed model improves the classification accuracy
from 16.90% to 17.70%, corresponding to an absolute improvement of 0.8 percentage points. It
also reduces the cross-entropy loss from 1.8451 to 1.8113, indicating more reliable probability esti-
mation during optimization. Similarly, although the Standard SimpleRNN achieves a competitive
weighted precision (17.31%), its overall classification performance remains inferior to that of the
proposed approach in terms of loss, accuracy, recall, and Fl-score.

When these results are interpreted together with the model complexity presented in Table 2,
the proposed FNN becomes particularly attractive. Despite containing only 11,078 trainable
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parameters, which is substantially fewer than those of the Standard LSTM (82,374 parameters)
and the Standard SimpleRNN (27,462 parameters), it delivers the best predictive performance
across nearly all evaluation metrics. These findings demonstrate that integrating the proposed
physics-informed w77 Softmax activation into a lightweight feedforward architecture enhances
both optimization stability and classification capability without increasing model complexity. Such
characteristics make the proposed framework well suited for real-time wireless communication
applications and edge computing environments, where computational efficiency and inference
latency are critical considerations.

Figs. 14-18 illustrate the convergence behavior of the three investigated neural network models
in terms of classification accuracy, cross-entropy loss, weighted recall, weighted precision, and
weighted F1-score throughout the training process. Overall, the proposed FNN equipped with the
physics-informed 111 Softmax activation exhibits faster convergence and more stable optimization
than the benchmark recurrent models.

As shown in Fig. 14, the proposed FNN+u;; Softmax gradually achieves the highest classi-
fication accuracy during the later training epochs, demonstrating superior learning capability
compared with the Standard LSTM and Standard SimpleRNN. The performance curves indicate
that the proposed activation facilitates more effective feature discrimination while maintaining
stable convergence.

Fig. 15 compares the evolution of the cross-entropy loss during training. The proposed model
consistently converges to the lowest validation loss, suggesting that the u1; Softmax activation pro-
duces better-calibrated probability distributions than the conventional Softmax function adopted
by the benchmark models. Moreover, the loss curve exhibits fewer oscillations, indicating im-
proved optimization stability.

The weighted recall and weighted precision curves shown in Figs. 16 and 17 further demonstrate
the effectiveness of the proposed approach. Throughout most training epochs, the FNN+u;
Softmax maintains competitive or superior recall and precision values relative to both recurrent
architectures. This observation indicates that the proposed activation improves the model’s ability
to correctly identify multiple MCS classes while reducing classification ambiguity.

Similarly, Fig. 18 presents the evolution of the weighted F1-score, which jointly evaluates preci-
sion and recall. The proposed model consistently achieves the highest F1-score after convergence,
confirming a better balance between false-positive and false-negative predictions. Collectively,
these results demonstrate that integrating the physics-informed u1; activation enhances optimiza-
tion stability and classification performance without increasing model complexity.

Figs. 19 and 20 compare the architectures of the proposed FNN+u1; Softmax network and the
benchmark LSTM model. As illustrated in Fig. 19, the proposed architecture consists of two
fully connected hidden layers followed by the physics-informed 171 Softmax output layer, which
replaces the conventional Softmax classifier with an activation derived from the analytical solution

of the nonlinear bilinear equation. In contrast, the benchmark architecture in Fig. 20 employs an
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LSTM layer to capture sequential dependencies before the final Softmax classifier. Although the
recurrent architecture contains substantially more trainable parameters, the proposed lightweight
feedforward network achieves superior predictive performance, highlighting the effectiveness of

incorporating analytical prior knowledge into the activation function.

6. LimitaTioNs AND DiscussioNs

The promising performance of the proposed bilinear neural network method, several limita-
tions should be acknowledged. First, the approach relies heavily on the availability of a bilinear
form obtained via Hirota transformation. For nonlinear partial differential equations that can-
not be easily transformed into bilinear form, the applicability of the method may be restricted.
This limits its generalization to a broader class of nonlinear systems. Second, the neural net-
work architecture employed in this study is relatively simple, consisting of fully connected layers
with fixed hyperparameters. While sufficient for the considered cases, more complex solution
structures or higher-dimensional problems may require deeper architectures or advanced designs
such as residual or attention-based networks. Third, the selection of collocation points and train-
ing parameters (e.g., learning rate, number of epochs, and weighting coefficient in the softmax
function) significantly affects convergence behavior. Although stable results are observed in this
work, the method may still be sensitive to these hyperparameters, requiring careful tuning in
more challenging scenarios. In addition, the current framework focuses on deterministic settings
without considering noisy data or uncertainty. In real-world applications, the robustness of the
model under perturbations or incomplete information remains an open question. Nevertheless,
the experimental results demonstrate that the proposed method provides consistent convergence
and accurately reconstructs a wide range of nonlinear wave solutions. The integration of analyt-
ical transformation and neural approximation offers a meaningful direction for bridging classical

mathematical physics and modern deep learning techniques.

7. CONCLUSION

In this study, a bilinear neural network framework has been proposed to solve the fourth-order
AKNS water wave equation with perturbation. By combining Hirota’s bilinear transformation
with neural network approximation of the test function, the method effectively converts the origi-
nal nonlinear problem into a tractable learning task. The incorporation of a softmax-based adaptive
weighting mechanism significantly improves convergence stability and enhances the accuracy of
the obtained solutions. Through multiple case studies, the method successfully captures various
nonlinear wave phenomena, including kink, periodic, singular, and interaction wave structures.
The numerical results confirm the robustness, flexibility, and effectiveness of the proposed ap-

proach.
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