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Abstract. This paper is devoted to the codimension two bifurcation analysis of a discrete-time predator-prey model
of two species, with consideration of Allee effects, prey refuge, water availability, and the effect of moonlight. We
study three types of codimension-two bifurcations, 1:2, 1:3 and 1:4 resonances, in detail using bifurcation theory and
numerical continuation techniques in the reduced discrete-time model. The conditions for codimension-two bifurcations
are established by deriving the approximation normal form via the transformation of many parameters and variables.
Our theoretical conclusions are supported by numerical simulations and the model shows complex dynamical properties

such as quasi-periodic orbits and chaotic sets.

1. INTRODUCTION

One of the important frameworks of biological dynamics is predator-prey model by Lotka
and Volterra showing the predator-prey oscillations [1-7]. Holling [3] introduced three types
of functional response—Type I, II, and III—to better describe predator behaviour at different
prey concentrations, although they were simple. Discrete-time models, especially for species
with non-overlapping generations, display a broader spectrum of dynamic behaviors, including
chaos, flip bifurcations, heteroclinic cycles, and Neimark-Sacker bifurcations, as pointed out by
researchers [8-13]. Predators can not only prey on prey but also disrupt prey’s physiology and
behavior. Therefore, the prey species can have different anti-predator strategies including harvest-
ing adaptation, use of refuge and behavioural change due to fear, which play an important role

in predator-prey dynamics [14-16]. The center manifold theory has been used by many scholars
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to study codimension-one bifurcations in discrete-time models. This is done in recent years .
Instances of this kind of bifurcations are Neimark-Sacker and Flip. There has been an increasing
interest in the examination of codimension-two bifurcation in discrete-time predator-prey sys-
tems [17-20]. Theoretical frameworks often inadequately capture the complex dynamics, even in
ostensibly simple systems. Thus, numerical methods have proven valuable not only in validating
analytical results but also in providing deeper insights into system dynamics.

Recently, Elsadany et al. [21] formulated a discrete-time version of the continuous predator-prey
model proposed by Ashraf [22], employing the piecewise constant arguments methodology. The
discrete system formulated by Elsadany et al. [21] is expressed as follows:

x("))( x(n) - y(”)(ﬂ(l—ﬁ)+0¢w)]

k x(n)+A" 1+x(n)(1-B+gm)l
1-B) +aw) ]

(1-p+gm) "I

The bifurcation of equilibria gives rise to the complex dynamics of an ecosystem. In [21] the

x(n+1) = x(n)exp[r(l -

x(n) (a an
1+x(n

~— | —~

y(n+1) = y(n)exp[

authors studied codimension one bifurcation phenomena of the model by using center manifold
theory to investigate flip and Neimark-Sacker bifurcations. This work presents a mathemati-
cal analysis of the complex dynamics and higher-order bifurcations of the model (1.1). We will
study in detail the codimension-two bifurcations of resonance phenomena and draw the com-
plicated patterns associated with the different types of bifurcations by computing the normal
forms. We study codimension-two bifurcations by an effective analytical method widely used in
the theory of discrete-time models [23-27]. We compute the normal form coefficients to prove the
non-degeneracy of these bifurcations in the model, which is a necessary condition to validate the
existence of these bifurcations. The literature on codimension-one bifurcations and chaotic dynam-
ics in continuous and discrete systems is extensive, but analyzes of codimension-two bifurcations
are relatively sparse [28-32].

In this paper, the present challenges and the prior work are considered to analyze the
codimension-two bifurcations in the suggested discrete predator-prey model. We present the
1:2, 1:3 and 1:4 resonance bifurcations of the system. We plot the curves in the original variables
and parameters. Numerical simulations validate our theoretical predictions and reveal a wide
variety of dynamical behaviors, from quasi-periodic orbits to chaotic sets. The structure of the
paper is as follows. The discussion of the codimension-two bifurcations is presented in Section
2. In section 3 we introduce the numerical continuation to verify the analytical conclusions of the
codimension bifurcations. We end with a quick summary of our mathematical remarks in Section
4.

2. CopIMENSION-TwWO BIFURCATION ANALYSIS

This section discusses the presence codimension-two bifurcation analysis around the positive

interior equilibrium points in system (1.1). The model (1.1) has three non-negative equilibrium
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points, as indicated below:
(1) The trivial fixed point Eg = (0,0);
(2) The semi-trivial fixed point E; = (k,0);

(3) The interior fixed point E; = (x*, y*) = ( ( K r"*(k‘x*)(lﬂ*(l—ﬁﬂm)))

1-B) (an—p)+naw—ugm’  k(x*+A)(a—ap+aw)

The study of the probable bifurcation scenarios in codimension one is conducted by utilizing
normal forms and the important nondegeneracy coefficients at Eg, E; and E; of model (1.1). There
are the results for stability and bifurcations along the center manifold that take place in codimension
one that are presented in [21]. As mentioned in references ( [23-27]), we will explore the fascinating
strong resonance phenomena at the positive fixed point E(x*, y*) for the model (1.1) in this section.
The Jacobian matrix evaluated at Ex(x*, y*) is expressed as

R e

](x/]/) = T]y*(ﬂ—ﬂﬁ+0(a)) 1
(T2 (1=p+qm))?

The characteristic equation at this stationary point, which is known as point E, can be stated as

follows:
A +p(x, y)A+q(xy") =0, (2.1)

where

p(x',y) = —2-G, q(x",v") =1+G+H,

Ak—x"2-2Ax")
k(x*+A)?

(a—ap+aw)(1-p+qm)
(T4 (1-+qm))* |/

G = x*|r( + r

_ Xy (a—aptaw)?
H = o smmy:

When the values of p(x*,y*) and q(x*, y*) are such that p(x*,y*) = 2 and g(x*,y*) = 1, the
eigenvalues A; and A; coincide, both equaling —1. This signifies that model (1.1) exhibits a 1:2
resonance. Furthermore, if p(x*,y*) = q(x*,y*) = 1, then A1, = _liT”/g This indicates that
model (1.1) demonstrates a 1:3 resonance. If p(x*,y*) = 0 and g(x*,y*) = 1, then A1, = +iisa
sufficient condition. This finding suggests that model (1.1) reveals an attractive 1:4 resonance. The
subsequent sets, Fy j, are defined as follows and effectively characterize these significant resonance

phenomena:
Fij:={(r,AkapB a0 mqnu) e RE,p(x",y)=4-jq(x,y)=1,j=234

2.1. The 1:2 strong resonance of model (1.1) at the Positive Fixed Point E;(x*, y*). This subsec-
tion examines the circumstances under which a 1:2 resonance occurs at the Positive Fixed Point
E(x*, y*), utilizing bifurcation theory and normal form theory in accordance with the methodolo-

gies utilized in [23,32,33]. In order to continue, parameters (7,k, A, a,B, o, w,q,m, ), u) € F1p are
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randomly selected. Consequently, the following is a representation of model (1.1):
xn), _xn) y(m)(a(l-p) +aw) ]
k x(n)+A" 1+x(n)(1-B+gm)l

Bl =p) taw)
1+ x(n)(1-B+gm) '

x(n+1) = x(n)exp[f(l -
2.2)

yln+1) = y(mexp]|

The model (2.2) exhibits two eigenvalues, A; = A, = -1, at the fixed point E,. To investigate the
influence of the bifurcation parameters 7 and 1), we shall apply a little perturbation to model (2.2).
This disturbance enhances our comprehension of the system’s dynamics. The revised model can

be articulated as follows:

o)y _sln) ) _ stn)aCl=p) + )
k x(n)+A" 1+x(n)(1-B+gm)l
(1 +n)x(n)(a(1-p) +aw) ]

14 x(n)(1-B+ gm) ’

x(n+1) = x(n)exp[(f+ 7)(1- a
2.3)

y(n+1) = ]/(”)EXP[

where |7| and |fj| are small perturbation parameters. Let us define ii(n) = x(n) —x* and 9(n) =
y(n) —y*. We can express r as  + 7 and 1 as /] + 7]. By using a coordinate transformation to modify
the fixed point E; at the origin, we simplify our methodology and improve our understanding of

model (2.3). This strategic shift results in a more succinct expression:
0(n+1) = a1ii(n) + axd(n) + ap®(n) + apii(n)d(n) + axnd*(n) + O((Ji(n)| + 16(n)])?), 04
24
o(n+1) = byia(n) + bod(n) + b11%(n) + bpati(n)d(n) + band*(n) + O((|i(n)| + [6(n)])?),

both a1,a2, b1, and b, are referenced in Appendix. Likewise, a11,a12, 422, b11, and by are specified in
Appendix.
Let T1 be an invertible matrix defined by

and use the translation

—_—
(S Y
N———
I
=
—_——
= =
N———

Next, Map (2.4) is converted into

[92 ]._> ~1+4ap(r,n) 1+au(r,n) )[ £ ]+( f(ﬁ,g,r,q) ] 25)
bio(r,n)  =1+bo(r,n) g n

<>

where

f\(i\‘/ 9/ 7, n) = Z f;k (r’ 77) fj?k’

2<j+k<3

=Y, &,
2<j+k<3

<>

e
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and

- aayny* (—1+p) aymany*
alo(i’, 77) =2+ (14a1) (14 (=14+p—qm))2 ~ (1+a)(—1+x"—x+qmx*)2’

o any* (—a—ap—aw)
ao1 (7’/77) =-1+ (1+a1)22(—1+x*(—1+ﬁ—qM))2’

bio(r,n) = azk(A+x*)2(—142x*(—1+5—qm))2 [ﬂk((A +x)2 (=14 B) (x> (1 +a1)? (-1 + B —qm)
~x*(1+a1) (1 + a1 +axy* (1= B +qm)) —azny") + Aka(=x"*(1 +ar) (=1 + B — qm)
+x*(1+a1)(1+ a1 +azy (1 - B+ qm)) + ay'no + x*2 (—kx*aw(1 +a1)* (-1 + x* (-1
+p—qm))
+adky anw — axx* (1 +a1) (r(1 + x* = xB + gmx*)? + kawy* (-1 + p—qm)))
+Ax* (—2kawx* (1 +a1)? (=1 + x* (=1 + B — qm)) + 2akanwy* + ax (1 +ay) (—2rx*(1
+x* = x*B + gmx*)?
+k(r(1 4 x* = x*B + gmx*)? 4+ 2wax*y* (1 - B+ qm))))],

bor(r,n) =1+ ey | (A + 22 (1+ B) (¢ (L + m)* (=1 + f—qm)
(14 ar)(L+ a1 +azy(1- B+ qm)) —@ny) + Aka(—x2(1 +ay) (=1 + f - gm)
(14 an) (1 a1+ azy’ (1= B+ qm)) + a2yne + 2 (ke aw(1 +ay)2(=1 + 2 (-1
+B —qm))
+adky*anw — axx* (14 a1) (r(1 4 x* = x % p 4 gmx*)* + kawy* (=1 + p— qm)))
+Ax* (=2kawx* (1 +a1)? (-1 + x* (=14 B — qm)) + 2aZkanwy*
tax(1+a1) (=2rx* (1 4+ x* = x*B + gmx*)? + k(r(1 + x* — x'B + gmx*)? + 2wax"y (1 - B

+qm))))],
Folr,) = azny(1—p-+qm)(a(-1+p)-aw) (-2+2x" (-1+p—qm) +an(-1+p)—anw))
207, 1) = (1+a1)?(1+x*—x*B+gmx* ) ’
f ( ) - 2a3ny* (—1+B—qm) (a(~1+B)—aw) (—2+2x* (—1+p—gm)+an(-1+p)—anw))
ulr1mn) = (14a1)3 (142 —x*B+gmax* ) ’
~ (r,1) = 2050y (=1+p—gm) (a(=14+p) —aw) (=2+2x(=1+p—qgm)+an(-1+p)-anw))
Joa(r,m) = (14a1)* (142 —x*f+gmx*)* ’
fo(r,n) = fu(r,n) = fa(r,n) = fos(r,n) =0,
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A _ Alayr(Ak(k—4x") +xt (2 (14r) —dkx* (1-1)+4rx?))  y* (1+a)? (a—ap+aw)?
820(r/ TI) - K2 (A+x)* T ap (T —xrqmx)®)
azny’ (a(-1+p)-aw) (~2+2x" (-1+p—qm) +an(-1+p)—anw))
- (14a7) (142" —xp+qmx*)*

| (180 (@(-1 4 B) — aw) (A% (1 + x* (<1 + B — gm) (-1
+ay (=14 B) - y'aw))

+2Akx* (1 + x* (=1 + B —gm) (-1 +ay* (-1 + B) - y'aw)) + x> (=rx* (1 + x* — x*B
+gqmx*)?

+h(1+ 20 (=1 4B —gm)(=1 +ay* (-1 + B) - y'aw)))) |,

gul(r,n) = (1+1zz1)3 [2”‘“‘2(1+a1>2<Ak<k—4x*>+x*<k2(1+r>—4kx*(1+r>+4rx*2>>

K2(A+x*)*
+ 1 4u2rx*2+8m1a2x*3+4m21a2x*3
Ar(A+xt)* k
*4 4 2 o
1
_ 8rapx +k26ra1a2x _ 8 ;{;zzx + 2a2x*(A _|_x*) + 4&[16[23{*(/1 _|_x*) + 2a21a2x*(A + x*)
—2a5(A + x*)?

4arx* (A+x")*+8a1a2x* (A+x" ) 42030, (A+x")?
k

—4a1ay (A + x*)? = 2020y (A + x*)? +
daayx*y* (A+x")?
T (A—x—x"Btgmxr)?
_ 8aayax’ y “(A+x*)?
")

4aatar 'y (A+x")? 8aaox* 2y (A+x*)? 16aa,aax" 2y (A+x*)?
20 (I4w—xBrgmxt)? 1 (14x*—x*B4qmx*)? (14x*—x*B+qmx)2 ||/

4 | PP (14ay)  AZr(14ay) (Ak(k—4x*)4x* (K2 (147) —4kx* (147) +4rx*2))
k2(A+x)* 2 (A+x)*

gOZ(T’;n) = (1+a;)3

1 2 2

Ty (4 —x Btgmx) (= 1=p—qm) (a(—1+p)—aw) (2 - 261217 —aaxn” + aa2ﬁr]

—mawn® +x* (=1 + p—qm)(-2+ay (-1 + ) +2m21 - y'aw)
+a12+x"(-1+B—gm)(-2+ay* (-1 +p) - aa)y*)))

H{r2 (1) (20 (14 221 = B+ gm)? + 2 (<1 + B - gm) (=2 + ay* (-1 + )
—yaw))

+A(1 4 x2(1- B+ qm)? +2x*(1 -+ gm)(=1+ay* (-1 +p) - aa)y*))],

$30(r,1n) = §12(r,n) = §a1(r, 1) = oa(r, 1) = 0.

We now utilize a nonsingular linear coordinate transformation, defined by

(fc]:(leam(r,n) 0) 9?)
¥ —a(r,n) 17 )

Therefore, Equation (2.5) has been effectively transformed into

I PR |
g 01(r,n) —1+620r,n) J\ 7§

(2.6)

=
+

—_——
-,

—

\Rl

gz

3

= 3
N—
N——
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where
fEgrm =Y, filomf,
2<j+k<3
g =Y, &P,
2<j+k<3
and
01(r,1) = —aobo1 + bio + ao1bio,
02(r,1) = a0 + bo,
fgo(”ﬂ]) = ﬁ[flozﬂfo + (14 ao1) (=a10a11 + a20 + a01420)],
firlry) = “sttonimen gy ) - o
f(r,n) = fiz=fu = fs =0,
N ﬂ02ﬂfo+(1+ﬂ01)(ﬂ%0(—ﬂn+boz)+fl10(1+ﬂ01)(ﬂzo—bl1)+bzo(1+ﬂ01)2)
$a0(r,n) = Trag; ,
gll (6, 1") _ —2ﬂ02ﬂ%0+(1+ﬂ01)(ﬂlloilulo—lzaloboz+b11+u01b11),
Soa(r,m) = box + 1552,
$s0(r, 1) = §12(r,n) = g1 (r,n) = os3(r, 1) =0

Consequently, we do the subsequent transformation:

F=E4 ), Op(r )T,
2<j+k<3
g=x+ ), il

2<j+k<3

2.7)

The coefficients @ j and v j; are ascertained by the subsequent relationships:

Dy = %f~20 + }IgZZOr Dy = %féo + %ﬁl + %gZO + %gll'
P> = 3f11+ 3fo2 + 5820 + 1811 + 1802,
Y20 = 3820, Y11 = 3820 + 3811, Yoo = 1811 + 302

By employing transformation (2.7) and its inverse, the resultant equation can be derived as follows:

L N 1 3 (%, ,r,1)
( X ] [ 01(r,m) 1+ 0a(r,7n) )[ P% )+[ (%, §,7,1) J/ (2.8)
where
2<j+k<3

(X, §,1m) =x+ Z oj(r, )& + O((IEI, |X|)4),

2<j+k<3
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where y j and 0 are defined as follows:

y20(r, 1) = fa0 + P20 — 2020 — P262 + P1161,

y11(r,n) = fi1 + Y11 — 200201 (1 + 02) + P11(02 — 01) + 2400,
vo2(r,1) = fo2 + Vo2 — P2 (1 + (14 02)2) + P11(02 + 1) — oo,

o20(r, 1) = 20 — 1,0029% + 11101 + 2002 + Y2001,

o11(r, 1) = §11 — 200201 (02 + 1) + P11(2 = 01 + 202) + 220 + P1101,
on2(r, M) = 02 — Y0202(1 + 02) — P11(1 + 62) — Yoo + P0261.

By designating y = ojx = 0 for instances where j + k equals 2, all quadratic terms are completely
eradicated. Additionally, establishing yj = o = 0 for j +k = 3 eliminates all cubic terms except
for the resonant ones. For j+ k = 3, this condition results in a system including @ and ¥ j, from
which their values can be ascertained. Through these changes, Map (2.6) is transformed into the

1:2 resonance normal form as follows:

3 &+ x
[ X )H( 01(r,n)E+ (=1 + 62(r,n))x + C(r,n)E + D(r,n)E J+ O((

when C(r,17) = o030 and D(r,n) = 021, and specifically for the case where (r,n) = (#,1), the

E+1t)  @9)

functions 61(r, 1) and 62(r, ) both evaluate to 0.
C(7, 1) = &30+ f20820 + 383, + 3820811,
D(7,1) = &1 +3f30 + 5 f20811 + 3820811 + §20802 + 320 + 3 f20820 + 3 11820 + &3 + 583,
The following significant theorem can be effectively demonstrated by employing Theorem 9.3 and

Lemma 9.10 from the reference [23].

Theorem 2.1. Letting C(7,1)) # 0 is non-zero and the expression D(7, 1) 4+ 3C(#, 1)) is also non-zero, then
it follows that Map (1.1) will exhibit specific and significant dynamical behaviors:

(1) The existence of a significant fixed point for 61 < 0 is indicated by the presence of a flip bifurcation
curve at F = {(01,02) : 61 = 0}. This establishes a critical threshold in the system’s dynamics that
should not be overlooked;

(2) A unique and non-degenerate Neimark—Sacker bifurcation curve is readily obvious:

H = {(61,02) : 01 = =02 + O((161] +1021)*), 61 < O;
(3) A bifurcation curve that is heteroclinic is present:
5
HL = {(61,02) : 61 = =362+ O((161] +162])%), 61 < 0).

Remark 2.1. The model (1.1) is highly sensitive to bifurcation parameters, as shown by a strong 1:2
resonance, which greatly affects its complex dynamics. The non-degenerate Neimark-Sacker bifurcation
is biologically significant as it creates periodic or quasi-periodic population-resource oscillations when the
parameters (r,1) are modified within the area (7,1)). Constant oscillations, population shifts, and system
chaos can result from these changes. These dynamics result from cycles every 2, 4, or 8 units of time or from

homoclinic structures.
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2.2. A strong resonance of 1:3 at the Positive Fixed Point of model (1.1) Ex(x*, y*). At the critical
point Ex(x*, y*), this part shows that model (1.1) has a 1:3 strong resonance bifurcation. Our bifur-
cation parameters are r and 7, and we assume that the set of parameters (7, k, A, 4,8, a, w,q, m,fj, 1)
is part of F1;. Model (1.1) changes into

o x(n) o x(n)
x(n+1) = x(n)exp[r(l - )(x(n) +A) -

y(n)(a(1-B) + aw) ]
1+x(n)(1=B+qm)l
Il =p) o)
1+ x(n)(1-B+gm) ’

When the model (2.10) is evaluated at the positive fixed point E», it shows two eigenvalues, which

(2.10)

yln+1) = y(mexp]|

are written as A1, = _P—'T“/g The variables #i(n) = x(n) —x* and ¥(n) = y(n) — y* are now known.

The model (2.10) changes into this shape.
i(n+1) = ayii(n) + ayd(n) + ayi®(n) + apii(n)d(n) + and*(n) + O(([i#(n)| + [6(n)])?), 1)
o(n+1) = biii(n) + by(n) + bunit® (n) + biaii(n)5(n) + bt* (n) + O((la(n)| + 16(n)])°).

We specifically reference the crucial parameters a1, a2, b1, and b, defined i Appendix. Furthermore,
the essential values a11, 412,422, b11, and by are clearly defined in Appendix.

The Jacobian matrix of model (2.10) at the equilibrium point E; is defined as follows:

iy* (a—ap+aw) 1

F(Ak—x?-2Ax") | y'(a- uﬁ+aw)(1—ﬁ+qm)] —x*(a—ap+aw) ]
) +
(I+x* (1=p+qm))*”

«| 7(
i (7, 77) _ [ lT+x [ k(x+A (14x*(1-p+qm))? 14-x*(1-p+qm)

Additionally, we calculate a pair of adjoint eigenvectors, 4(7,7) and q(7,7j) € C, ensuring they
satisfy the following relationships:

WM ) = 5241, JTERpE D) = -2 1),

(p(7,1),q(7, 7)) = 1, where (,,.) is the standard scalar product in C: {p,q) = p1q1 + pP2g2. Once
we’ve done some math, we can make an assessment:

¥ (a—ap+aw)
Lo T (1=pt-qm)
q(r/ TZ) _[ 3-V3i | (Ak=x?2Ax") (14x* (1-B4-qm) )2 +kx*y* (A+x*)? (a—ap+aw) (1-B-+qm) J’
2 T KA+ ) (1 (1—f+qm))2

(\/Si—1)((1+x*(1—ﬁ;rqm))
&) — 2x* (a—ap+aw
p(7, 1) s

3

For any vector x € IR?, the expression can be determined as follows

xn = zq(7,7) + zq(7, 1),z € C.

Map (2.11) can be converted into its complex form.

Z + Z ,gklz Z (2.12)
2<I+k<3 k!
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where

8§20(1: 1) = AP [Zix*n(a<—1 +B) —aw(xy (=14 B —gqm)
a1+ B) @) (-2 4 26 (-1 + B gu) +an(-1 +B) ~anw) - (1 + ¥ P
+gmx*)3(a —af + aw)
(% - % + e (A(k=2x") = x2) (1 +x* = B+ gmx*)? + kx'y (A + x*)2(1 - B

+qm)(a—ap + aw)))) )

+ e (1 + VB (143 = 2+ ) (a - af + aw)?) (§ - B
Frxt(A(k - 2x) = x*2) (1 + x* — x*B + gmx*)? + kx*y* ((A + x*)2(1 = B + gm) (a — ap
2
+aw)))
+k(A+x*)2(1+;*—x*ﬁ+qu*)2 ((% - % +rx (A(k - 2x*) - X*Z) (1 + X -xp+ qu*)Z

oy (A+ )2 (1= g) (a—a +aw)) ),

g11(11) = b (2 n(a(=1+ ) - aw(x'y (-1 + - gm)

—(a(-1+pB) —aw)?(-2+2x* (-1 + f—qm) + an(-1 + B) — anw)
~(1+x" = x"B +gmx’)>(a - ap

1t (A(k=2x*)—x*2) (14" —x* B-qmx’ )2 ko y* ((A+x*)2 (1—B+qm) (a—ap+aw))
—HXCL)) k(A+x*)? (142 —x*B+qmx*)?

-3 - %) +x2(1 4+ x* = x*B + gmx*) (a(=1 + p)
o ¥ (A=p+qm) (A+x"(-1+p—qm)) (a—ap+aw)
—|-0éa)) ( (1+x*_x*‘3+qu*)3
(A2 (k—4x")—Akx* —x*3)
k(A+x*)3 ’

802(" M) = TRy (Zix*n(a(—l +B) —aw(x'y* (=14 p—qm)
—(a(-14B) —aw)*(=2+2x* (-1 + B —qm) + an(-1 + B) — anw)
—(14x"—x"B+ qgmx*)3(a —ap
+aw)(rx*(A(k—Zx*)—x*z)(1+x*—x*ﬁ+qu*)2+kx*y*((A+x*)2(1—ﬁ+qm)(u—uﬁ+ocw))

k(A+x*)2 (14x*—x*B+qmx*)?
i * * * * /T A(k—2x* X*Z
-3 - %)%—(x (=1+p—qm)+ (1+x" —x'B+gmx ))(1 +x (—( k((Aer*))z )))
gt )
(1+x*—x*B+gmx*)2

(1=B+qm)(1+x*(=14+p—qm)) (a—ap+aw)
(1+4x*—x*B+gmx*)3

422 (1 4+ x* = x*B + gmx*) (a(—=1 4 B) + oza))z(y*

(A2 (k—4x* ) —Akx*—x*3) )

+ (AP

g30(r, 1) = g12(r, 1) = ga1(r, 1) = go3(r,n) = 0.
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To remove all quadratic terms, implement the subsequent transformation:
1 2 - 1, =
z=¢+ §h20¢ +h11¢¢ + Ehozgf) , (2.13)
Transformation (2.13) and its inverse transformation are used to change Map (2.12) into
\/_ 3i —
¢ — Lo+ Y ,,@kqu $ +0(Ipl), (2.14)

where

By setting

2<14+k<3 K
020 = 20 + \/gihzo, o1 = 2911 + (\/51 -

V3i 3+ V3i
hyo = 5 820 hi1 = G

3)h11 and 0o = o2

g11 and hgp = 0.

Based on the earlier values of p and h, we determine that g0 = 011 = 0, while gp; equals go.

Additionally, the expressions for 3o, 021, 012, and gp3 can be simplified as follows:

To simplify Equation (2.14), we proceed by applying the following transformation:

By applying Equation (2.15) along with its inverse, Map (2.14) is derived as follows.

where

By putting

030 = ‘/_Zgngoz + \/_ngO + g30,
021 = 3+2\/_lg 1920 + 2 ‘/— el + g1,
o = \/glgzogoz + \/_ W g+ \/_l

003 = \/_lgllgoz - \/_lgozgzo + go3-

311

\é_lgzogllf

1 1 _ 1 _ 1, _
¢ =€+ 8]13063 + Eh21€2€ + 5’1126‘62 + gh03€3.

_ V3i-

V3i-3
2

030 = 030 + h3o, 021 = 021,

B12 = 012 + V3ih1p and Gz = 003 +

3+ V3i V3i 3+ V3i

hzo = 030, h12 = — 012 hoz =

6

Next, we have @30 = @21 = @03 =0.

6

4
5 €+2g026 + Z k'l'gklee —|—O(|€| ),

V3i -
2

h03.

003 and h21 =0.

(2.15)

(2.16)
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Finally, the typical form of the bifurcation that exhibits a 1:3 resonance is presented in the

following way:

€= \/512_ “et B(F, 7)€ + C(F, 7)elel* + O(lel*), (2.17)
where
2oy L _ . (34 V3i)gagnn | (3- V3i)lgul 1
B(7,1) = Egoz(f,n), C(7, 1) = c 820811 - sul Sen
If

Bi(7,1) = 5 (V3i + DB(7, )

C1(7, ) = =3B M - 5 (V3i + 1)C(, 7).

The following theorem can be demonstrated by making use of Lemma (9.11) and Lemma (9.13) as

they are presented in [23]:

Theorem 2.2. If Bi(7,7) # 0 and Re(C1(7,7j)) # 0, then Map (1.1) shows a number of interesting and

complex dynamical actions at the fixed point E*.

o [nmap (2.17), a Neimark-Sacker bifurcation occurs at the trivial fixed point E;.

o A three-period saddle cycle is connected with the fixed point Ex(k = 1,2,3) in map (2.17).

e The period-3 cycle’s stable and unstable invariant manifolds come together to make a homoclinic
structure. The points where their transversal axes meet are limited in a way that gets smaller and
smaller.

Remark 2.2. In a 1:3 resonance, stable and unstable manifolds interact, producing an infinite series of
period-three orbits and leading to a homoclinic tangency. This tangency is not just an unusual mathematical
problem, but it also signifies chaotic dynamics. Complex dynamics, characterized by a deterministic disorder,
employs saddle orbit period-three cycles. Non-degenerate Neimark—Sacker bifurcations serve as thresholds
for quasi-periodic and chaotic oscillations, illustrating this occurrence in biological systems, particularly
those with interacting populations and constrained resources. Period-three oscillations indicate chaotic
sets—strange attractors that dictate irregular yet structured long-term behavior, rather than the system
itself. In a nonlinear environment, the homoclinic structure responsible for these phenomena induces

population surges, declines, and disorder.

2.3. The 1:4 strong resonance of model (1.1) at the Positive Fixed Point E;(x*, y*). This work
elucidates the 1:4 resonance of model (1.1) at the positive fixed point E>(x*, y*) when parameters r
and 7 vary within a narrow range of Fy4. Furthermore, the parameters (7, A, k, a, B, a, w,m,q,1, 1)
are chosen arbitrarily from F4, with # and 7j regarded as bifurcation parameters. Model (1.1) with

parameters (¥, A, k,a,B,a,w,m,q,1, 1) is articulated as follows:
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X, _xm) y(m)(a(l-p) +aw) ]
k “x(n)+A" 1+x(n)(1-B+gm)l
el p) raw)
L x(n)(1=p+gm) “F
where |r -7, |n —1j| < 1, and the eigenvalues of model (2.18) at the positive equilibrium point are

x(n+1) = x(n)exp[f(l -
(2.18)

yln+1) = y(wexp]|

Al,Z = +i.
Let i = x—x" and ¥ = y — y*. By shifting the reference frame to place the point E>(x*, y*) at the
origin, the transformation maps (x*, y*) into (i, ¥). Consequently, the updated form of map (2.18)

is redefined within this new coordinate system as
i(n41) = ayii(n) 4 axt(n) + apit*(n) + apii(n)d(n) + and* (n) + O((li(n)| + [3(n)])?),
B(n+1) = byit(n) + bad(n) + b11it*(n) + brait(n)d(n) + bpt*(n) + O((i(n)| + 15(n))?),
the parameters a1,a, b1, and b, are specified in Appendix. Similarly, a11,a12, 422, b11, and by, are
explicitly defined in Appendix.
At the point E; (7, 1}), the Jacobian matrix for model (2.18) is defined as follows:

1+x*[?(Ak—x‘2—2Ax*) + y*(a—aﬁ+aw)(1—ﬁ+qm)] —x"(a—ap+aw)

] (1; v) _ k(x*+A)? (1+x*(1-B+qm))? 1+x*(1-B+qm)

240 v a-a+aw) .
(1+x*(1-p+qm))?’

Moreover, we can obtain a pair of adjoint eigenvectors, 4(7, 1j)andp(7,1j) € C, such that

L(F,ma(F, 1) = iq(,1), T, Fip(F i) = —ip(%,7), pFEH),qF 1)) =1.
According to our prior exchanges, we possess the following information:
x* (a—ap+aw)
1 (Ak—x2=2Ax") (1+x* (1-B4qm) ) > +kx'y* (A+x*)? (a—ap+aw) (1-p+qm) |’
k(A+x)? (142 (1-B+qm))?

q(#,11) =

1—i+4°

(i-1) (1+x"(1-B+qm)) J

v #) — 2x* (a—-ap+aw)
p(r, T]) — [ X (a i aw
2
For any vector Y,, = (i1,9)" € R?, it can be expressed as
Y, = zq(#, 1) + 24 (¥, i),z € C.

Then, model (2.19) evolves into the following intricate relationship:

, Tk
zZ+—>iz+ Z mgkzz z, (2.20)
2<k+1<3
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where

820 = i k(A+x*)2(l+;*—x*ﬁ+qu*)2 (ZX*ZJ/*U(_l + ﬁ - qm)(a(_l + ﬁ) - aw)B
(=242 (=14 p—gm) +an(=1 + ) — anw) = 2x'n(~1 + x* = x'p + qm)°
(a(-1+p) —aw)(a—ap + aa))((l — i)+ (re*(A(k=2x) = x2) (1 +x* — x*B + gmx*)?

+kx*y (A +x*)?(1 = B—gm)(a—ap + oca))))) +2(1+x" —x"B+gmx)3((1+1)

(1+x"—x"B+qmx*)
+ x*(a—ap+aw) )

(y'(1+x"—x*B+gmx*)(a—ap + a(u)2)((1 — i) + (rx*(A(k - 2x*) = x*2)

(1+x —x'B+gmx*)? +kx'y* (A+x)*(1—B—qm)(a—ap + aw)))z],

811 = i k(A+x*)2(1+;*—x*ﬁ+qu*)2 (2952]/*7?(—1 + ﬁ - qm)<a(_1 + ﬁ) - 0(0))3
(=242 (=14 p—gm) +an(=1 + ) — anw) = 2x'n(=1 + x* = x'p + qm)°
(a(-1+B) —aw)(a—ap + aa))((l — i)+ (re(A(k=2x) = x2) (1 +x* — x*B + gmx*)?

(A + 221 - f = ) (a —af + aw)) ||+ 2(1 + =B + gma) (141
+ (1+x*—x*ﬁ+qu*))
x*(a—ap+aw)
(y'(1+x"—x*B+gmx*)(a—ap + aa))Z)((l — 1) + (re*(A(k - 2x*) — x*2)
(143 =B 4 k(A -+ 221~ gm)a— aB +aw)))

1 s (TMAK=2v)—x2) |y (-1+p-qm)(a-ap+aw)
+2(1+x*—x*ﬁ+qu*)"’ (1 +x ( k(A+x*)? + (1+4x*—x*B+gmx*)? ))]’

802 = 1| s (Y21 + B - ) (a(=1+ ) - aw)?
(=2 +2x* (=1 + B —gm) +an(=1+p) - anw) = 2x'n(=1 +x* = x* + qm)°
(a(=1+ B) — aw) (a —aB + aw)((l Ci) 4 (e (A = 20) — x2) (1 4+ x° — X8 + gmx*)?

oy (A4 )21 = f = ) (a —ap + aw)) |+ 2(1 + ' = x'B + g )(1+1)

(1+x*—x*B+qmx*)
+ x*(a—ap+aw) )

(y(1+x" —x*B+qgmx*)(a—ap+ aa))z)((l — 1) + (re*(A(k - 2x*) — x*2)

2
(14 x* = x'B+gmx*)? + kx'y (A + x)2(1 =B —gm)(a —ap + aa))))
(¥ (=1 B = gm) + (1 4+ = + ) (14 - (AEEZ )

(=1+B—qm) (a—ap+aw) >)

"
+ (14x*—x*B+qmx*)?

+02(1 42 = 2B+ gmx’) ((a(=1+B) - ““’)2)]’

830 = 12 = g21 = 803 = 0.
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To efficiently eradicate the quadratic terms, we offer the subsequent equation:

1 1
z=y+ Ehzo)/2 +huyy + Ehoz)ﬂ, (2.21)

The coefficients hy;, relevant when k + | = 2, are specified in the subsequent relation. By employing

Transformation (2.21) and its inverse, Map (2.20) can be restructured as follows.

yro iyt Y. ﬁ@w"y‘l +O((ly1 + 7)), (2.22)
2<k+I<3
where
020 = 3(g20+ (A - /\z)hzo) o1 = g + (A= APk,
020 = 3(g02 + (A = A%)ho2), 030 = 2(g30 + (A = A3)h3),
021 = %(821 + (A= AAP) o), 012 = %(gu + (A= AAP)h),
003 = (803 + (A = A%)ho3).
By setting

hoo = %(l —1)g20, h11 = %(l +1)g11, ho2 = %(1 +1) 802,
then, we get g0 = 011 = 002 = 0.
To diminish certain cubic terms, we recommend executing the subsequent transformation:

1 1 - 1 > 1 .
y=C+ gh30C3 + EthZC + EhuCCZ + §h03C3' (2.23)
Utilizing Equation (2.23) and its inverse transformation, we obtain the subsequent results:
. 1 _ 4= -
y il Y mraatt + o), (2.24)
k+1=3
where
030 = 030 + 2ih30, 021 = 021,
012 = 012 + 2ih12, o3 = 003
Let

i i
h3p = 5030, hiy = 5012, hoz = hy1 =0,
From the above relationship, we conclude that gzp = g1 = 0. Ultimately, at the 1:4 resonance

point, model (2.24) can be reformulated as:
C — iC + C(¥,#)TCP + D(# M)ITP + 0(Ic)*, (2.25)
where

. 1 _ ) _ ) 1 )
C(#1) = ig3, — 5811820(1 +1) + §11802 + Qo811 (i —1) — §g11g20(1 —2i),
- i—1 i+1 1
D(7,1) = 7802811~ 82081 + 5803

Let Cy (¥ 17) = —4iC(#,1), D1(#,1)) = —4iD(¥,1}). When D; # 0, we coclude that
A T) = ol
= DGl
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Theorem 2.3. Consider the case where (¥,1) € Fia. If ReA(%,1}) # 0 and ImA(7,1j) # 0, model (1.1)

demonstrates a rich variety of dynamical behaviors (refer to [23]):

(1) Notably, a Neimark=Sacker bifurcation curve emerges at the trivial fixed point Ei as shown in
equation (2.25). Furthermore, for A = —i, an invariant circle is present; however, this circle
vanishes when A = i.

(2) When |A| > 1, System (2.25) features eight non-trivial equilibrium points, labeled SyandEj where
k =1,2,3,4. These eight non-trivial fixed points can either appear or disappear at specific parameter
values during a fold bifurcation.

(3) Additionally, Neimark—Sacker bifurcations occur at each fixed point Ey fork = 1,2, 3,4, highlighting
the intricate behavior of the system under varying conditions.

Remark 2.3. In nonlinear dynamics, a nondegenerate Neimark—Sacker bifurcation starts at a 1:4 resonance.
A closed invariant curve from stable equilibrium creates four-period waves. Transition from static to ordered
periodicity in biological systems, especially those with limited resources and populations. Resource and
population changes cycle four times. Built-in delays and feedback loops oscillate. They have complex
ecological interactions like overshoot, collapse, and rebound. The system is limited and sensible independent

of cycle period. Natural stability often resembles dynamic balance.

3. NumEeRricAL CONTINUATION

In this section we do a numerical bifurcation analysis using the MATLAB software MATCONTM
[33]. The study uses continuation methods to track the solution manifolds of fixed points under
variations of the map’s parameters. In a two-parameter setting, the domains of cycle-stability are
commonly described in terms of bifurcation curves obtained via MATCONTM. The bifurcation
curves cannot be obtained analytically and have to be estimated using numerical continuation

methods.

Example 3.1. In this example, we run the numerical continuation of the positive fixed point Ex(x*, y*) =
(4.29997,14.054). The parameters are set to k = 10,A = 2,a = 0.2, = 04,a = 02,0 = 04,9 =
02,m = 0.02,r = 3,u = 0.1, and n is a bifurcation parameter. Figure 1 clearly indicates that the
positive fixed point E2 becomes unstable when a subcritical Neimark-Sacker bifurcation (NS) happens at
n = 0.399135. Also, at n = 0.357048, a subcritical period-doubling bifurcation happens at E,, which is
designated as PD. There is also a branch point at n = 0.352000, which is called BP.

Example 3.2. We look at the dynamics with 1 going from 0.357 to 0.372, using the same parametric settings
as in example (3.1). Two-cycle dynamics emerge at the PD point of model (1.1). Using the continuation
method, we can easily move to this 2-cycle, which eventually becomes unstable because of a supercritical PD
bifurcation. For a more in-depth look, see the associated MATCONT report in [33]. When 1) is greater than
0.369362, a stable 4-cycle can form. Also, when 1 is greater than 0.371791, a stable 8-cycle appears, which
is defined as (Cs = Xi,...,Xg), where (X1 = (4.29997,14.054)), and n = 0.357048. Two species live



Int. ]. Anal. Appl. (2026), 24:385 17

14

12

10 BP
PD

NS

0 1 1 1 ]
0 0.5 1 1.5 2

7

Ficure 1. Continuation curve of E* in (7, x)-plane. The Neimark-Sacker point (NS),
period doubling point (PD) and branch point (BP).

together here and go through their cycles every eight time intervals. Figure 2 clearly shows the PD points

for the second and fourth iterations, and Figure 3 clearly shows the 4-cycle and 8-cycle points.

20
18

16 PD

14 r PD

PD

PD

7

Ficure 2. First, second and fourth iterates for fixed point curves in the plane (7, x).
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10.18 T T T T T T T T T 10.5

* *
10.16 -
10.4 *
10.14
1012 E
103 *
10.1 * %
> 10.08 ] 1021
*
10.06 -
101 F *
10.04
10.02 -
10 * *
10
* *
9.08 . . . . . . . . . 99
3 4 5 6 7 8 9 10 11 12 13 3 4 5 6 7 8 9 10 11 12 13
X X
(a) (8)

Ficure 3. (a) A stable 4-cycle of model (1.1) for n = 0.394. (b) A stable 8-cycle for
n=04.

Example 3.3. In this instance, we examine the essential evaluation of codimension-2 bifurcations. We
commence our investigation by determining the period-doubling curve (PD), beginning at the specified
period-doubling (PD) point. We set the values of the parameters tok = 10,A = 2,a =02, =04, a =
02,w=04,9=02m=0.1,and u = 0.1. This lets us change r and 1 to look at different situations. The
MATCONT report that goes with this is easy to find in [33]. It is important to know that the codimension-
2 bifurcations along this period-doubling curve include important events like the fold-flip (LPPD) and
generalized period doubling (GPD). Figure 4 shows the calculated period-doubling curve in a very clear

way.

5L «GPD |

O il 1 1 il il 1 1 il 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

1

FiGure 4. Period-doubling curve, including GPD point, and LPPD point rooted at
the PD point.
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4. CONCLUSION

In this paper, we thoroughly investigated codimension-two bifurcations, with a focus on the
1:2, 1:3 and 1:4 resonances. We derived explicit criteria to distinguish subcritical bifurcations (as-
sociated with unstable limit cycles) from supercritical ones using a rigorous analytical framework
based on normal-form theory and center-manifold reduction. Extensive numerical simulations,
including continuation and stability assessments, supported the theoretical predictions with good
quantitative accuracy in all resonance scenarios . This close match supports the suggested reduc-
tion approach and illustrates the predictive reliability of the approach for anticipating bifurcation-
induced instabilities in practical applications. These results provide a solid basis for expanding
this paradigm to higher-order resonances, stochastic systems, or time-delayed dynamical regimes

in future study.

APPENDIX

The expressions of a1, a12, 422, a111, 4112, 4112, 4221, 3222, b12, and by1o are defined as follows:

g =1 r(Ak=2Ax-x?)  y*(a—ap+aw)(1-+qm) 1 ' (Ak—2Ax—x"?) | x'y*(a—ap+aw)(1-B+qm)
=3 k(x+A)2 (T4x* (1—f+qm) )2 k(x+A)2 (I+x* (1—B+qm) )2

+ A2rk—rx3—4A%rx* = Arkx + ¥ (a—ap+aw)(1-p+qm) (1-x" (1-B+qm)) ]
k(x*+A)3 (14x*(1-p+qm))3 /

_ x*(a—ap+aw)(1-p+qm) _( a—ap+aw )(1 + ' (Ak—2Ax—x*2)

¥y (a—ap+aw)(1-p+qm) )
M2 = —{r (1prqm))? Trx (1= 1qm) :

RedA? T (I (ftqm)?

X' (a—aptaw)?
022 = S5 (1—prqm)2’

1 rx* (Ak=2Ax—x*%) Xy (a—ap+aw)(1-+qm) r(Ak=2Ax*—x*?) y*(a—ap+aw)(1-p+qm) 2
“111—6[(1+ KetAZ T (e (prqm) 2 )(( FetAr T T ee(prm) )

+2Ar(A+k) _ 2y (a—ap+aw) (1-p+qm)?
Ko +AR — (Trw (1=prqm)P
+ r(Ak=2Ax"-x*?) + ¥ (a—aptaw)(1-p+qm) \( y' (a—ap+aw)(1-p+gqm)(1-x" (1-B+qm))
k(x*+A)2 (1+x*(1—-B+qm))2 (1+4x* (1-B+qm))?
+ 2A2rk—2Arkx* —rx*3—3Arx*2—8A%rx*
k(xr+A)3

A3 A ks oty V(@B aw) (1=Bram)(146x" (1= tqm)2 (1L (1-p+qm)))
+ K +A)? - (e (prgm))?

—y(a—-aB+ aw)(1— B+ qm)2(1+x (1 + qm))3],
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_ 1| e—aptaw) (1=+qm)  ry (Ak=2Ax—x?)(a-ap+aw)  y**(a—ap+aw)*(1-+qm) 1
M12 = 3 (1+4x* (1-B+qm))>? k(x*+A)2(1+x* (1-B+gqm)) (1+x*(1-B+qm))?
rx* (Ak—2Ax—x*?)
+—rwar

X'y (a—aptaw)?(1-p+qm)
(142 (1=p+gm))*

+x*y‘(a—aﬁ+aw)(l—ﬁ+qm) ) + rx*(Ak—ZAx—x*z)(a—uﬁ+aa))(l—ﬁ-i—qm)

(T (1=p+qm))2 e T AR (1% (1=fqm) 2 +

_ Y'(a-aptaw) (AZrk—Arkx* —rx*3 —4A%rx")
k(x+A)? (1+x* (1-p+qm))

+

(a—aptaw)(1-p+gm)(1-x"(1-p+qm)) ]
(14 (1=p+qm))? ’

1] e (Ak=24x—x?) (a—ap+aw)? | X'y (a-aptaw)’(1-p+gm) | (a—aptaw)?(1-x*(1-p+qm))
1221 = 2| K AP (T (1= prgm) 2 (e (prgmy  * Gec(prmP |

_ Xy (a-aptaw)’ B fly*(a—aﬁ+aw)(1—ﬁ+qm)(2(1+ "*(1‘“‘7”1)*’7(“_“5*““))
7222 = (T (1-prgm) 1T T 2 (g ’

(4.1)
b — Maptaw) o ﬂzy*(ﬂ—ﬂﬁ+aw)2(1—ﬁ+qm)2(2(1+X*(1—ﬁ+qfﬂ))+n(a—aﬁ+aw))
12 = e (prgp P2 =0 bm = S () ‘
r](a—aﬁ+aa))(1—,8+qm)(2(1+x*(1—ﬁ+qm))+r](a—aﬁ+aw))

by = — e (1) ; b =0, by =0.
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