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Abstract. The paper is devoted to the spectral investigation of a self-adjoint 2 X 2 operator matrix acting in the Hilbert
space C & L,(T), whose off-diagonal entries generate a finite-rank perturbation. We first identify its essential spectrum
and show that it is the interval [0,2]. The analysis of the spectrum outside this interval is reduced to a scalar equation
involving an associated Fredholm determinant. We prove that the zeros of this determinant provide a complete
characterization of the discrete eigenvalues. The resulting equation is then examined explicitly, yielding precisely two
simple eigenvalues outside the essential spectrum: one in (—oo,0) and the other in (2, c0). Closed-form expressions for

both eigenvalues are derived.

1. INTRODUCTION

Operator matrices provide a useful framework for the spectral analysis of various models
arising in mathematical physics. In particular, operator-theoretic formulations of lattice quantum
systems, Friedrichs-type models, and Hamiltonians with variable particle number naturally lead
to block operator structures acting in direct sums of Hilbert spaces; see, for example, [1-4]. Such
representations make it possible to investigate spectral properties of complicated Hamiltonians
through the structure of their matrix entries.

A substantial part of the spectral theory of lattice models is devoted to understanding the
structure of the essential spectrum and the behavior of isolated eigenvalues. In this direction, the

essential spectrum of operator matrices has been investigated using different spectral approaches.
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In particular, the formation and location of its branches for certain classes of matrix operators were
studied in [5, 6], while related questions concerning families of operator matrices and their spectral
components were considered in [9,10].

Another important line of research concerns the discrete spectrum and the behavior of eigen-
values near the boundaries of the essential spectrum. The existence and distribution of discrete
eigenvalues for operator matrices, together with threshold spectral phenomena, were investigated
in [7,8]. These results illustrate the role played by the structure of the matrix entries and the
interaction terms in determining spectral points outside or near the essential spectrum.

Spectral problems for higher-order operator matrices have also received considerable attention.
Estimates for the spectral boundaries of 3 X 3 operator matrices and the use of Schur-complement
techniques in Fock-space settings were considered in [11,12]. Further investigations of such models
include the analysis of their discrete spectra and the construction of the corresponding resolvent
operators; see [13,14].

Closely related questions arise for few-particle quantum systems on lattices. Conditions guar-
anteeing the existence of eigenvalues for three-particle lattice Hamiltonians and for tensor sums
of Friedrichs-type models with finite-rank perturbations were obtained in [15-17]. These studies
provide examples of how interaction terms can generate isolated spectral points in lattice models.

The structure of the essential spectrum in the presence of nonlocal or finite-rank interactions
has been investigated in several related settings. The spectrum of three-particle lattice model
operators with nonlocal potentials was studied in [18], whereas the components of the essential
spectrum associated with tensor sums of Friedrichs models with finite-rank nonlocal potentials
were analyzed in [19].

The discrete spectrum of lattice Schrodinger operators constitutes another closely connected
direction. The existence of infinitely many eigenvalues for a two-particle lattice Schrodinger
operator was considered in [20], while criteria for the existence of eigenvalues of a three-particle
Schrodinger operator on a lattice were established in [21].

Additional results for three-particle discrete Schrodinger operators were obtained in [22, 23],
where questions related to eigenvalues and the structure of the essential spectrum were investi-
gated for different classes of lattice interactions. Collectively, these studies show that finite-rank,
nonlocal, and short-range interactions can substantially influence the spectral structure of few-
particle lattice Hamiltonians.

In the present paper, we consider a self-adjoint 2 X 2 operator matrix acting in C & L, (T), whose
off-diagonal entries define a finite-rank interaction. Unlike the more general lattice operator ma-
trices discussed above, the particular structure of the present model allows the spectral problem
outside the essential spectrum to be reduced to an explicitly solvable scalar equation. We first de-
termine the essential spectrum by separating the diagonal part of the operator from its finite-rank
interaction. We then introduce the associated Fredholm determinant and establish a correspon-

dence between its zeros and the discrete eigenvalues of the operator matrix. This reduction
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enables us to prove that the discrete spectrum consists of exactly two simple eigenvalues, situated
on opposite sides of the interval [0, 2], and to derive closed-form expressions for both of them.
The paper is organized as follows. In Section 2, the operator matrix and its diagonal counterpart
are introduced, and the essential spectrum is determined. Section 3 is devoted to the discrete
spectrum: the corresponding Fredholm determinant is constructed, its relation to the eigenvalue
problem is established, and the eigenvalues outside [0, 2] are obtained explicitly. The main results

are summarized in the final section.

2. THE OPERATOR MATRIX AND ITS ESSENTIAL SPECTRUM

In this section, we introduce the operator matrix under consideration and determine its essential
spectrum. The analysis is based on separating the diagonal part of the operator from the off-
diagonal interaction. Since the latter has finite rank, the essential spectrum can be identified by
using the invariance of the essential spectrum under compact self-adjoint perturbations.

Let T := (-7, 7] be the one-dimensional torus, Hj := C be the one-dimensional Hilbert space
of complex numbers, and let H; := L,(T) denote the Hilbert space of square-integrable complex-
valued functions on the one-dimensional torus T. We consider the orthogonal direct sum H :=
Ho & H;. Thus, each element f € H can be represented in the form

f=Uofi),  foeHoy, fieH.

On the Hilbert space H, consider the 2 X 2 operator matrix

A A
A= 00 01 ' (2'1)
A61 An

Its diagonal entries are defined by
Awfo=fo,  fo€Ho,

and

(Aufi)(p) =ep)Alp), A EH,

where
e(p) :=1-cosp, peT.

The off-diagonal operator Ao : Hi — Hy acts according to

Anfi = ffl(t) dt,
T
whereas its adjoint Ay, : Ho — H; is given by

(Agfo)(p) =fo,  foeHo

The operator Ay is bounded and self-adjoint. Since ¢(+) is a real-valued continuous function on

the compact set T, the multiplication operator A1; is also bounded and self-adjoint. Moreover, by
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the Cauchy-Schwarz inequality,

[roals([ra) v,

which shows that Ag; is bounded. Consequently, its adjoint Ay, is bounded as well. Hence, the

operator matrix A defines a bounded self-adjoint operator on H.
For f = (fo, f1) € H, the action of A can be written explicitly as

) fot [ Ao

A = T .

W o+ e()A()

This representation shows that the interaction between the two components of H is entirely

determined by the off-diagonal entries Ag; and Ay,

To separate the interaction from the diagonal part, introduce the operator

A 0
Ay := 00 .
0 An

Then A admits the decomposition

A=A+ YV,
where
0 An
V=A- ﬂo = .
Aal 0

Thus, Ay represents the diagonal part of the model, whereas V describes the interaction between
Ho and H;.
Since Hjy = C and the operators Ap; and Aal have one-dimensional ranges, it follows that

rank V = rank(A - Ap) = 2.

Consequently, A is a finite-rank perturbation of its diagonal part Ajy. In particular, V is compact.
We now determine the spectral properties of Hp. Since Ay is diagonal with respect to the
decomposition
H =Ho®H,,
we have

O‘(ﬂo) = G(AOQ) U G(All).

The first diagonal entry Ay is the identity operator on the one-dimensional space Hj. Hence,
o(Ago) = {1}.
The spectrum of the second diagonal entry is determined by the range of the function ¢. Since
e(p) =1-cosp, peT,

we have
0<e(p) <2
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More precisely,

min e(p) =0, max e(p) =2

Therefore,
e(T) =[0,2].
Since Aq; is the multiplication operator generated by the continuous function ¢, it follows that
0(A11) = dess(An1) = [0,2].
Combining the spectra of the two diagonal entries, we obtain
o(Ag) =1{1}U[0,2] =[0,2],
and consequently
Oess(Ap) = [0,2].
It is worth noting that the scalar spectral point 1 is an eigenvalue of Ay. Indeed, for any
b € C\ {0}, consider the vector
f=1(b0)eHydH.
Then
Aof = (Aob,0) = (b,0) = f.
Thus, 1 € 0, (Ag). However, 1 € (0,2) C 0ess(Ap), so this eigenvalue is embedded in the essential
spectrum. In particular, it is not an isolated point of the spectrum and hence does not belong to
the discrete spectrum. Therefore,
Odisc (ﬂo) = Q.
We are now in a position to determine the essential spectrum of the full operator matrix A.
Since
A-Ay =V
is a finite-rank operator, it is compact. Weyl’s theorem on the invariance of the essential spectrum
under compact self-adjoint perturbations [4] therefore yields
Gess(ﬂ) = Gess(ﬂo)-
Using the above description of the essential spectrum of Ay, we conclude that
Oess(A) = [0,2].

The preceding discussion can be summarized in the following theorem.

Theorem 2.1. Let A be the operator matrix defined by (2.1). Then A is a bounded self-adjoint operator in
the Hilbert space H = C @ Ly(T), and its essential spectrum is given by

Oess(A) = [0,2].

Theorem 2.1 shows that the finite-rank coupling between Hj and #; does not alter the essential

spectral interval of the diagonal operator Ay.
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3. DISCRETE SPECTRUM OF THE OPERATOR MATRIX A

Having determined the essential spectrum of A, we proceed to the analysis of its spectral points
outside the interval [0,2]. The finite-rank structure of the interaction makes it possible to reduce
the corresponding eigenvalue problem to a scalar equation.

For A € C\ [0,2], define

A(A) :=1-A+1(A), (3.1)
where J
t

Since A lies outside the range of the function 1 — cos ¢, the denominator in (3.2) does not vanish on
T. Hence, I(A) is well defined and analytic on C \ [0,2], and the same is true for A(A). In what
follows, A(-) will be referred to as the Fredholm determinant associated with A.

The following lemma reduces the eigenvalue problem for the operator matrix to the study of
the zeros of A(+).

Lemma 3.1. Let A € C\ [0,2]. Then A is an eigenvalue of A if and only if A(A) = 0.

Proof. Let
f=o i)y eHo®H,  f#0.
For A € C\ [0, 2], the equation
Af =Af

is equivalent to the system

U—Mﬁ+ﬁﬁ®ﬂ=&

(3.3)
fo+ (1 —cosp-A)fi(p) =0.
Since A ¢ [0,2], we have
l1-cosp—A#0, peT.
The second equation in (3.3) can therefore be solved with respect to f;, giving
filp) = A_lf—jcosp- (3.4)
Substitution of (3.4) into the first equation of (3.3) yields
@—Nﬁﬁxjgigﬂﬁza
or equivalently,
A(A)fo=0. (3.5)

Suppose first that A is an eigenvalue of A. If fy = 0, then the second equation in (3.3) implies

(1-cosp—-A)fi(p) =0.
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Since the coefficient does not vanish on T, it follows that f; = 0. This contradicts the assumption
f # 0. Consequently, fy # 0, and (3.5) gives A(A) = 0.
Conversely, suppose that A(1) = 0. Choose any fy € C\ {0} and define f; by (3.4). Since the

denominator in (3.4) is separated from zero on T, the function f; belongs to L(T). Hence,

f=Uofi)eH,  f#0.

The definition of f; ensures the validity of the second equation in (3.3), whereas the identity
A(A) = 0 gives the first one. Thus,

Af = Af,

and A is an eigenvalue of A. m]
To determine the zeros of A(-) explicitly, we first evaluate the integral appearing in (3.2).

Lemma 3.2. For every A € R\ [0,2], the integral I(A) defined by (3.2) satisfies

_ 2msgn(A-1)
I(A) = Nt (3.6)

Equivalently,

Proof. Set

For A € R\ [0,2], one has |a| > 1. Hence, the classical integral identity

f” dt ~ 2msgn(a)

ca+cost  \pZ_q

, la| > 1,

can be applied. Substitutinga = A —1 gives
_ 2msgn(A-1)
Ja-12-1

which proves (3.6). The two separate formulas follow immediately from

I(A)

-1, A<0,

sgn(A—-1) =
1, A>2.

We are now ready to give a complete description of the discrete spectrum of A.
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Theorem 3.1. The operator matrix ‘A has exactly two simple eigenvalues outside its essential spectrum
[0,2]. More precisely, there exists a unique simple eigenvalue A1 € (—o0,0) and a unique simple eigenvalue

Ay € (2, 00). They are given explicitly by
=1 \/ 14+ V1+16m?
1=1= ’

5 (3.7)
and
2
RN [BRES o9
Consequently,

Gdisc(ﬂ) - {Alr AZ}

Proof. According to Lemma 3.1, it is sufficient to determine all real zeros of A(A) outside the
essential spectral interval [0,2]. By Lemma 3.2, the form of the determinant depends on which

connected component of R \ [0, 2] contains A. We therefore consider the two cases separately.

Case1: A <0.
For A <0, Lemma 3.2 gives
27

AA)=1-A-

Thus, the equation A(A) = 0 takes the form

1-A = ——+—. (3.9)
(A-1)2-1
Introduce the variable
x:=1-A
Since A < 0, we have x > 1, and
(A=-1)% =2
Therefore, (3.9) becomes
e 2 s (3.10)
x2—1
Both sides of (3.10) are positive. Hence, squaring the equation does not introduce a change of sign
and gives
A% -1) = 4r°.
Equivalently,
- -4’ =0.
Setting

we obtain the quadratic equation
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Its roots are

yoo 12 V1 + 1672
i—f-

V1+16m2 >1,

the root - is negative and therefore cannot equal x>. Thus, the only admissible value is

2 1+ V1+16m?
=—

Since

Because x > 1, we obtain

o \/1+ V1 + 1672
-5

Recalling that A = 1 — x, we arrive at

A 1 \/1+V1+16n2
1=1-\—————.

2

Furthermore,
1+ V1+16mn2 .
2 7
and hence A1 < 0. The above reduction also shows that no other admissible solution exists in

(—00,0). Therefore, A; is the unique eigenvalue of A below the essential spectrum.

Case 2: A > 2.
In this region,
AN =1-A 4 —
(A-1)2-1
Hence, A(A) = 0is equivalent to
2
Ael=—=t (3.11)
(A-1)2-1
Set
x:=A-1.
Since A > 2, we again have x > 1. Equation (3.11) is therefore reduced to
27
X = .
x2 -1

This is precisely the scalar equation obtained in the first case. Consequently,

o \/1+ VI + 1672

2

Since A = 1 + x, we obtain

1+ V1+16mn2
In particular, A, > 2, and the uniqueness of the admissible positive solution of the equation for x

implies that A, is the only eigenvalue of A in (2, o).
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It remains to establish the simplicity of the two eigenvalues. For A < 0, differentiation gives
2n(A-1)
3/2°
(A-1)2-1)

N(A) = -1+

Since A —1 < 0 in this region, it follows that
A'(1) <0, A<O.
In particular,
A’()\l) # 0.

Thus, A1 is a simple zero of the Fredholm determinant.

For A > 2, we similarly obtain

2n(A=1)

3/2°

(A-1)2-1)

A(A) =-1-

Since A —1 > 0, we have

A'(A) <0, A>2.

Therefore,
A’(Az) #0,

and A, is also a simple zero of A(+).
By Lemma 3.1, the zeros A1 and A, correspond to the eigenvalues of A. Hence, A possesses

exactly two simple eigenvalues outside [0, 2], and
disc (A) = {A1, A2}.
O

The spectral configuration described in Theorem 3.1 is illustrated in Figure 1. The essential
spectrum of A occupies the interval [0, 2], while the two simple discrete eigenvalues A; and A, are
located below and above this interval, respectively.

4. CONCLUSION

In this paper, we have obtained a complete description of the essential and discrete spectra of the
self-adjoint 2 X 2 operator matrix A acting in C @ L,(T). The decomposition of A into its diagonal
part and a finite-rank off-diagonal perturbation made it possible to identify the essential spectrum

as
Oess(A) = [0,2].
The spectral analysis outside this interval was reduced to the study of the zeros of the Fredholm

determinant associated with A. An explicit evaluation of the integral entering this determinant

transformed the eigenvalue problem into a scalar algebraic equation. As a result, the discrete
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1+ /14 1672 1+ /14 1672

AM=1- f =1+ —2—
| |
| O-ess(A) = [0, 2] ]
| e |
I ] 1 I
& Qe e e e ) - — > )\
- 0 2 Xo

& > J L 5 J
(—OO, 0) (2a OO)

Ficure 1. Geometric representation of the spectrum of the operator matrix A.

spectrum was determined completely and shown to consist of exactly two simple eigenvalues,

namely,
Odisc(A) = {A1, A2},
where

A <0, Ay > 2.

Thus, the two discrete eigenvalues are located on opposite sides of the essential spectral interval,
and both admit explicit closed-form representations.

The obtained results demonstrate that, although the finite-rank off-diagonal interaction pre-
serves the essential spectrum, it changes the spectral structure of the diagonal operator by produc-
ing isolated eigenvalues outside the essential spectrum. For the particular model considered here,
the combination of finite-rank perturbation methods and the Fredholm determinant provides not
only a qualitative description of the spectrum but also an explicit determination of its discrete
component.

Consequently, the spectrum of A is completely described by
G(ﬂ) ={A}u [0,2] U {As}.

This representation gives a concise spectral picture of the model and emphasizes the effect of the

off-diagonal coupling on the formation of discrete eigenvalues.
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