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Abstract. In this paper, we have introduced the concept of the set of rough I3-lacunary limit points for triple sequences
in 2-normed spaces. We have established statistical convergence requirements associated with this set. Furthermore,
we have introduced the idea of rough I3-lacunary statistical convergence for triple sequences. Additionally, we have
demonstrated that this set of rough I3-lacunary limit points is both convex and closed within the context of a 2-
normed space. We have also explored the relationships between a sequence’s rough I3-lacunary statistical cluster points
and its rough I3-lacunary statistical limit points in the same 2-normed space. Expanding upon the concept of triple
sequence spaces, we have introduced the notion of Wijsman I3-Cesaro summability for triple sequences. In doing so, we
have investigated the connections between Wijsman strongly I3-Cesaro summability and Wijsman statistical I3-Ceséro
summability. Furthermore, we have introduced the concepts of Wijsman rough strongly p-lacunary summability of
order @ and Wijsman rough lacunary statistical convergence of order a for triple sequences. These new concepts
have been subjected to a thorough examination to understand their characteristics, and we have explored potential
connections between them. Additionally, we have investigated how these newly introduced concepts relate to existing

notions in the literature.

1. INTRODUCTION

Fast [22] and Schoenberg [42] independently extended the concept of series of real numbers
converging to statistical convergence. Mursaleen and Edely [34] further extended this idea to
double sequences. Fridy and Orhan’s definition of lacunary statistical convergence can be found
in [25], and Akan and Altay [9] presented multidimensional analogs of their findings.

I-convergence, a generalization of statistical convergence based on the ideal I of subsets of natural
numbers, was initially proposed by Kostyrko et al. [28]. Kostyrko et al. [29] also conducted research
on extremal [-limit points and the concept of I-convergence. Das et al. [12] defined I-convergence
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for double sequences in a metric space and explored some of its properties. Subsequent to the work
of [22,30,35,42], there have been substantial advancements in the fields of statistical convergence,
I-convergence, and triple sequences.

In [44], Tripathy et al. introduced the concept of lacunary ideal convergence for real sequences.
The ideas of I-statistical convergence and I-lacunary statistical convergence were introduced by
Das et al. [12] and Savas et al. [41] using the ideal. Belen et al. [11] developed the concept of
ideal statistical convergence for double sequences, offering a new generalization of statistical
convergence and classical convergence. Kumar et al. [31] were the first to describe I-lacunary
statistical convergence for double sequences, and further research and applications in this direction
can be found in [21].

In the 1960s, Géahler [15] introduced the concept of 2-normed spaces, which has since been
explored by various authors. Giirdal and Pehlivan [18] examined statistical convergence, statistical
Cauchy sequences, and other aspects of statistical convergence in 2-normed spaces. Giirdal and
Ack [19] studied [-Cauchy and I'-Cauchy sequences in 2-normed spaces. Arslan and Diindar [6]
investigated I-convergence, I*-convergence, I-Cauchy, and I'-Cauchy sequences of functions in
2-normed spaces. Significant developments in this field have also occurred (see [30,35]).

Phu [46] was the first to delve into rough convergence in finite-dimensional normed spaces. In
his work [46], he demonstrated the closedness, convexity, and boundedness of the set LIM} and
introduced the concept of a rough Cauchy sequence. He also explored the relationships between
rough convergence, various forms of convergence, and the dependence of LIM, on the degree of
roughness r. In a related study [48], he established the rough continuity of linear operators and
proved that, given dim Y > 0 and r > 0, with X and Y being normed spaces, every linear operator
f : X = Yis r-continuous at every point x € X. He extended these findings to infinite-dimensional
normed spaces in [47].

Aytar [4] investigated rough statistical convergence and identified the set of rough statistical
limit points of a sequence. He then derived two statistical convergence criteria related to this set
and showed that it is both closed and convex. Aytar’s [5] research revealed that the r-limit set of
the sequence equals the intersection of these sets, while the r-core of the sequence is equal to the
union of these sets.

The concepts of rough I-convergence and the set of rough I-limit points for a sequence were
recently introduced by Diindar and Cakan [13], and Diindar [14] examined the concepts of rough
convergence, I,-convergence, and the sets of rough limit points and rough I>-limit points for double
sequences. In the context of 2-normed spaces, Arslan and Diindar [7,8] developed several concepts
related to rough convergence.

The relationship between the strongly Cesaro summable sequences space |o1| and the strongly
lacunary summable sequences space Ny defined by a lacunary sequence was demonstrated by
Freedman et al. in [26]. Subsequently, Fridy and Orhan [25] introduced the concept of lacu-

nary statistical convergence using the concept of lacunary sequences. Engiil and Et [43] recently
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explored the ideas of substantially p-lacunary summability of order and lacunary statistical con-
vergence of order «a (see also [2]).

The notion of convergence for double sequences was initially presented by Pringsheim in [49]
and expanded to include statistical convergence by Mursaleen and Edely [34]. Moreover, Patterson
and Savas [45] investigated the concept of lacunary statistical convergence using the concept of
double lacunary sequences.

Many authors have extended the concepts of convergence from number sequences to set se-
quences. Two notable extensions are the ideas of Wijsman convergence and Hausdorff convergence
(see [1,23,36,37]). Nuray and Rhoades [32] extended Wijsman convergence and Hausdorff con-
vergence to statistical convergence for set sequences and provided several fundamental theorems.
Ulusu and Nuray introduced the concept of lacunary statistical convergence for set sequences
using the concept of lacunary sequences.

Recently, Savas [40] and Sengiil and Et [43] independently explored the notion of Wijsman
I-lacunary statistical convergence of order utilizing the concept of ideals.

In this paper, we introduce the concept of rough I3-lacunary statistical convergence for triple
sequences in normed linear spaces and conduct a thorough investigation of it. We examine the
properties of rough I3-lacunary statistical cluster points and rough I3-lacunary statistical limit
points in 2-normed spaces. Additionally, we establish a standard statistical convergence criterion
associated with rough I3-lacunary statistical cluster points for sequences in 2-normed spaces.

Furthermore, we explore the concepts of Wijsman rough I3-lacunary statistical convergence,
Wijsman rough Iz-lacunary statistical convergence, and Wijsman extremely rough I3-lacunary
convergence for triple sequences in this paper. We also investigate the relationships between
these novel concepts. The introduction of lacunary triple sequences serves as the basis for these

definitions. Following the definitions, we present natural inclusion theorems.

2. DEFINITIONS AND NOTIONS

Before delving deeper, let’s familiarize ourselves with the concept of a 2-normed space, rough
convergence, and several fundamental concepts and notations that will be employed in the fol-
lowing sections (Refer to citations such as [3-8,15,17,20,21,25,36,37,50,51]).

The concept of a 2-normed space was first introduced by Géahler [15].

Definition 2.1. Let 2" is a linear space of a dimension d, where 2 < d < co. A 2-norm on Z is a
function ||-,-|| : & X Z — R satisfying the following conditions: for every &,C € X, (i) ||E,C|| = 0 if
and only if & and C are linearly dependent; (ii) ||&,C|| = |IC, &ll; (iii) l|a&, Cll = |alllE, Cll, @ € R; (iv)
1€+ Cn|| < |l&q)+ g n

|. In this case, (2, ||., .|| is called a 2-normed space.

Example 2.1. Take 2" = IR? being equipped with the 2-norm ||, {|| = the area of the parallelogram spanned
by the vectors & and C, which may be given explicitly by the formula

1€, Cll = 1E1C2 = &G4, where & = (&1,&2),C = (G, C2).
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A triple sequence x = {0k} in 2-normed space (4, ]|., .|| is said to be convergent to & in 2" if

lim ||ank -¢,z | = 0 for each z € 2. In such a case, we write lim g, = & and & is called
m,n,k— oo m,n,k— oo

the limit of x.

2nmk  (=1)™k
mnk + 3" nmk + 1
convergent to & = (2,0) in 2-normed space 2.

Example 2.2. Let x = {0puk} = ( )} and & = (2,0). Then clearly that x = {0k} is

Let r be a non-negative real number. A triple sequence x = {g,,,x} is said to be r-convergent to £

in a 2-normed space X, denoted by x - &, provided that for each z € X
Ye >0 dme, ne,ke e N:m>me,n>n.and k>ke = |[|x =&,z <r+e

for each z € X.
The set
LIM, ={£eX:x5 &
is called the r-limit set of the triple sequence x = {0,k}. A triple sequence x = {gy,,x} is said to be
rough convergent (r-convergent) if LIM), # (. In this case, r is called the rough convergence degree
of the sequence x = {gx}. For r = 0, we get the ordinary convergence.
We recall that a subset E of IN X N x IN is said to have natural density 6(E) if

) K(m,n, k)
5(K) = m11117£r—1>oo mnk

7

where E(m,n, k) = |{(i,j,l) eINXNXN:i<m,j<nl< k}|

Let x = {guuk} be a triple sequence in a 2-normed space (X, ||.,.]|) and r be a non negative real

r

number. x is said to be r-statistically convergent to &, denoted by x S—3> &, if for € > 0 and each
z € X we have 6(K(€)) = 0, where K(€) = {(m,n,k) e NXIN XIN : ||lx — &, z|| > r + €}. In this case,
¢ is called the r-statistical limit of x.
A family I C 2N js said to be an ideal provided the following conditions hold:
(i) 0er;
(ii) A,Belimply AUB € [;
(iii) Ael,BCc Aimply B € I.
An ideal is called non-trivial if N # I and a non-trivial ideal is called admissible if {n} € I for each
n € IN.
A non-empty family F ¢ 2N is said to be a filter if the following conditions are hold:
(i) 0¢F
(ii) A,B € Fimply ANB € F;
(iii) AeF,ACBCYimply Be€F.

Definition 2.2. [16] A non trivial ideal I3 of IN X IN X IN is said to be strongly admissible if {i} x IN X N,
IN x {i} x N and IN X IN X {i} belong to I3 for each i € IN. It is clear that a strongly admissible ideal is an
admissible ideal.
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If I = {ACNXxNxN: (Im(A) e N) (i,j,k >m(A)) = (i,j,k) ¢ A}. Then, I is a non-trivial
strongly admissible ideal and we can see that I3 is a strongly admissible ideal if and only if Ig cIs.
Let x = {guuk} be a triple sequence in a 2-normed space (X, ||.,.]|) and r be a non negative real

number. x is said to be rough I3-convergent (I;-convergent) to & with the roughness degree 7,

Ir
denoted by x = & provided that
{(m,n,k) eENXINXN:|lx—&,zl| >r+e}els
for every € > 0 and each z € X; or equivalently, if the condition

I3 —limsupllx—¢&,z|| <7

is satisfied for each z € X. Moreover, we can write x — & if and only the inequality ||x — &, z|| < 7 + €
holds for every € > 0 and each z € X and almost all (m, n, k).
A subset E ¢ IN X IN x N is said to be have I3-asymptotic density 0y, (E) if

. |E(m, n, k)|
o, (E) =I5 - m 11111200 mnk

where E(m,n,k) = {(i,j,1) e NXINXN :i<m,j<nl<k(ijl) € E}and |E(m,n,k)| denotes
number of elements of the set E(m, n, k).
A triple sequence x = {0} in a 2-normed space (X, ||., .||) is Is-statistically convergent to &, and

we write x Jomshs, &, provided that for any € > 0,0 > 0 and each z € X
{(m,n,k) e NXNXN : %{H(i,]’,l) r—&allzei<mj<nl<k]|z 5} €.

Let x = {0k} be a triple sequence in a 2-normed linear space (X, ||., .|| and r be a non-negative real
number. Then x is said to be rough I3-statistical convergent to & or I}-statistical convergent to & if
forany e > 0,0 > 0and each z € X
1
{(m,n,k) ENXNXN: —|{(ijl)ismjsnlsk: lx-&zlz e+ 5} e L.

I—st
In this case, £ is called the rough I3-statistical limit of x = {g,,,x} and we denote it by x 3—53> é.

The triple sequence 03 = 0,5 = {(ir, js,I;)} is called triple lacunary sequence if there exist three
increasing sequences of integers such that

ipv = 0y =1,—iy-1 > 0c0asr— oo,
jo = 0,y =j,— jy-1 = o0 ass — oo and
lop = 0,hy=1y—1y-1 > 00ast— oo.

Let zyow = iujolw, Muvw = Buluhy and 0,4, is determined by

Puvw = {(i/ j/ l) : Z'u—l <i< iu/ jv—l < ] < jv/ lw—l <l< lw}/

LR R
u Z'u—l Ho jv—l & lw—l

and Juow = Gufvqw-
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Throughout the study, 65 = {(iy, ju», lw)} will be taken as a triple lacunary sequence.
A triple sequence x = {9y} in a 2-normed space (X, ||.,.||) is said to be Iz-lacunary statistical
convergent or Sy, (I3)-convergent to &, if for each € > 0,0 > 0 and each z € X,

{(u,v,w) eENXNXN :

‘{(mr 1n,k) € Pupw : ||ank - €,Z| > 6}' > 5} € Is.

huvw

In this case, we write x — &(Sp,(I3)) or Sp,(I3)- lim x = &.

m,n,k— oo

3. RoucH I3-LacuNaRry StaTisTicAL CONVERGENCE OF TRIPLE SEQUENCES

In this section, we delve into the concept of rough Iz-lacunary statistical convergence within
2-normed linear spaces for triple sequences. Furthermore, we provide a definition for the rough

Iz-lacunary statistical limit set of a triple sequence and explore some of its key characteristics.

Definition 3.1. A triple sequence x = {0k} in a 2-normed space (X, ||.,.Il) and r be a non-negative real
number. Then x is said to be rough lacunary statistical convergent to & or r-lacunary statistical convergent
to & if for any € > 0 and each z € X,

lim
U,0,W0=0 Mypw

{(m,n,k) € Puvw : ”ank - §,Z| =€ —|—7’}| =0.

In this case & is called the rough lacunary statistical limit of x = {0pux} and we denote it by
Sy,
x—> &
Definition 3.2. A triple sequence x = {0y} in a 2-normed space (X, ||.,.ll) and r be a non-negative
real number. Then x is said to be rough Iz-lacunary statistical convergent to & or I}-lacunary statistical
convergent to & if forany € > 0,6 > 0 and each z € X,

{(u,v,w) eENXNXN : {(m,n,k) € Puonw * || ok — &, 2| = e+r}| > 6} €ls.

huvw

153 —St3

In this case, & is called the rough Iz-lacunary statistical limit of x = {0k} and we denote it by x —— &.

In the aforementioned definition, we designate the degree of roughness for rough I3-lacunary
statistical convergence as r. When r equals zero, we obtain the concept of I3-lacunary convergence.
However, our primary focus lies in cases where r is greater than zero. It is conceivable that

a triple sequence denoted as y = v, satisfies the conditions of being I3-lacunary statistically

convergent and meeting the requirement ||ank = Yok, Z | < rforall (m,n,k) and each z € X, yet it
does not conform to the conventional notion of I3-lacunary statistical convergence. In such cases,
statistically, x is roughly Iz-lacunary and converges to the same limit. As described earlier, the
rough I3-lacunary statistical limit of a triple sequence is not unique.

To denote the set of approximate I3-lacunary statistical limits for a triple sequence x, we use the
notation Ig,-st3-LIM. This set represents all potential approximate upper statistical bounds for

Iz-lacunary statistical convergence of a triple sequence x. If a triple sequence x is not unique, and
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Ig,-st3-LIM;, # 0, we refer to it as roughly [3-lacunary statistically convergent. In this paper, we
consistently represent a 2-normed linear space as X = (X, ||-,||), and we use the symbol x to refer
to the triple sequence denoted as g,,,;x within this space.

Theorem 3.1. Let x = {0k} be a triple sequence and v > 0. Then Ig,-st3-LIMY, < 2r. In particular if
x is rough Is-lacunary statistically convergent to &, then Ig,-st3-LIM}, = B,(&), where B,(&) = {y € X :
||y -&,z | <t} for eah z € X and so diam(Ig, — stz — LIM}.) = 2r.

Proof. Letdiam(Ig, — stz — LIM}) > 2r. Then there exist y, p € Iy, — stz — LIM, such that || y—pz
lv =]
2

|>2r

for each z € X. Now, we select € > 0 so thate < —rforeachz € X. Let

A = {(m,n,k) € Puvw : ||ank_y,Z| > T+€} and

B = {(ﬂ’l,i’l,k) € Puow - ||ank—p,2| 2 1’+€}

for each z € X. Then

1 1
|{(m,n,k) € Puvw : (M, n,k) € AUB}| < '{(m,n,k) € Puow : (M, n,k) € A}|
huvw huvw
+ 7 |{(m,1,k) € Puow = (m,m,k) € BY|
uow

and so by the property of I3-convergence

uvl%vm_m — |{(m, n,k) € Quw : (m,n,k) €A UB}|

< lim |{(m, n,k) € Quvw : (m,n,k) € A}|

wp,w—0 M0

1
4+ lim — |{(m,n,k) € Puvw : (M, n,k) € B}| =0

U, 0,000 My

Hence

1
{(u,v,w)e]Nx]NX]N:h

uow

[{(m,1,K) € Quo : (m,m,k) € AUB)| > 5} s

foreach 6 > 0 and each z € X. Let

1
M= {(u,v,w) eINXINxN: |{(m,n,k) € Puow : (m,n,k) EAUB}| > E}

huvw
clearly M € I3, so choose (19, vo, wp) € IN XIN X IN \ M. Then
L {m,1,%) € puons < (m,m,k) € AUB)| < =
hu()vo?,(}(] 2
Consequently,
1
|{(m,1,k) € Puow = (m,m,k) ¢ AUB}| > =,
huo?}ol{)g 2

thatis, {(m, n,k) € pupw : (m,n,k) ¢ AUB} # 0.
Take (mg,no,ko) € @uow such that (mg,ng, ko) ¢ AUB. Then (mg,n,ky) € A°NB° and so

||Qm0n0k0 -,z | <r+eand ||QmOn0k0 -1,z

| < r+ € for each z € X. Hence, we have

1y = p. 2] < llamonsto = v 2| + llomnots = p.2l| < 27 + 2 <[ly = p. 7]
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for each z € X. This is impossible and so diam(Ig, — st3 — LIM}) < 2r.
If Ip, — st3 — LIM}, = &, then we proceed as follows. Let € > 0 and 6 > 0 be given. Then for each
ze X

A:{(u,v,w)e]leNx]N:

{(m, n, k) € Puow - ||ank -&,z|| = 6}' > 5} € Is.

huvw

Then for (u,v,w) ¢ A we have

{(M,n,k) € Puvw * ”ank - §,Z| > e}| <9,

huvw

ie.,

{(mz nrk) € Puvw : ”ank —-&,z|| = 6}' >1-0.

huvw

Now for each y € Er(é ) we have

o = v, 2| < llomm = & 2l| + | = v, 2l| < llown = &, 2] + »

< €} for each z € X. Then for

for each z € X. Let By = {(m,n,k) € Quon : ”ank -¢,z
(m,n,k) € By we have ||ank - y,z” < r+ € for each z € X. Hence we have

Buvw - {(ﬂ’l, Tl,k) € Puvw : ||ank - y/Z” <r+ €}

for each z € X. This yields

B 1
—lh”vw' < o= [{(m,1,%) € Puono |k =y, 2| <+ el
Uuow uow
i.e.,
1
T |{(1’Vl,7’l,k) € Puow - “ank - ]/;Z| <r-+ €}| >1-0.
Thus, for all (m,n,k) ¢ A we have
1
2 |{(1’I’l,Tl,k) € Puow : ||ank -Y,z| 2 7’+€}| >1- (1 —5) = 0.
uow
Therefore

B = {(u,v,w) e NxNxN : 1 |{(m,n,k) € Puow : ||gmnk—y,z|| > r+e}| > 6} c A.

huvw
Since A € I3 we get B € I3. This shows that y € Iy, —st3 — LIM} and so Er(é) C I, —st3 — LIM;,.
ly -] -~

> for each z € X. Now, we

>rand e =

Conversely, let y € Ip, —st3 — LIMZ, ”y i
take foreachz € X
My = {(m, n,k) € Puow ||ank — y,z” > 7+ e}

and
My = {(1m,1,k) € Puro * || o — v, 2]| = €],
Then
hl |{(m,7l,k) € Puow : (m,n, k) € My UM2}|
uow
<1 (1,1, k) € Puow : (m,m,k) € Ma}| + ! |{(m,1,k) € Puow : (m,1m,k) € Mo

huvw huvw
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and by the property of I3-convergence

I;— lim |{(m, n,k) € Quow : (m,n,k) € My UM2}|

1w,0,w—00 Py

<I3—- lim {(m,1,k) € Puow : (m,m,k) € My}
W0,0= Myow
+h = lim o |{(m,1,k) € puoro < (m,1,k) € Ma}| = 0

uow

Now,let

1
M= {(u,v,w) ENXINXN : —— [{(11,1,k) € puono : (m,1,k) € My UM} 2 5}.

huvw

Clearly M € I3 and we choose (1, vg, wg) € N X IN X IN \ M. Then we have

1 1
l{(m,1,k) € Puoeo = (m,m,k) € My UMs}| < 5
huvw 2
and so
1 1
|{(m,n,k) € Puow : (M, n,k) ¢ My UM2}| >1--=_,
huvw 2 2

ie., {(m,nk): (m,nk) ¢ M;UMo,}isanonempty set. Let (g, 1o, ko) € @uow such that (mg, ng, ko) ¢
M; UM,. Then (mq,no, ko) € M] N M; and hence ||Qm0n0k0 -,z
each z € X. Hence

| <7+ e and [|ounp — & 2] <€ for

y—cf,z| <randsoy € Er(é) and so
Ig, —st3 — LIM, = B, (&). O

||y— 5le = ”@monoko —Yyz | + “@monoko - 5’Z| Sr+les ||y— &z

for each z € X, which is impossible. Consequently,

Theorem 3.2. Let x = {0k} be a triple sequence and r > 0 be a real number. Then the rough I3-lacunary

statistical limit set of the triple sequence x, i.e., the set I, — stz — LIM, is closed.

Proof. If Iy, — st3 — LIM’, = 0, then there is nothing to prove. Let us assume that I, —st3 — LIM} # 0.
Now, consider a double sequence {y,,,k} in Ip, —st3 — LIM} with lim v, = y. Choose € > 0

m,n,k— o0

and 6 > 0. Then there exists i/, such that for all m,n,k > i,/ and eachz € X

= .2] < 5.

Let mo, no, ko > ic/2. Then Yy u.k, € lo, — st3 — LIMY. Therefore, we have

A:{(u,v,w)ele]leN:

{(m,n,k) € Puvnw * ||Omnk = Ymonoho 2| = 7 + g} > 6} €ls.

huvw

Clearly M = N X IN x IN \ A is nonempty, choose (1, v, w) € M. We have

€
{(m/ n/ k) € puvw : ”ank - ymm’loko,z“ 2 r + _} < 6
Foow 2
and so
1 €
{(m/ n,k) € Puow IIank - ymonokg,z” <r+ _} >1-0.
Foow 2
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Put
€
Bivw = {(m/ n,k) € Puow ||ank - ymgngko,ZH <r-+ E}

and select (m,n,k) € Bypy. Then we have for each z € X

||ank - Yz | < ||ank - ymonoko,z” + ||y - ymongko,z” <r+e

and so for each z € X

Buow C {(m,n,k) € Yuow : ||ank —y,z| < r+e} =K
which implies that
|Buowl _ IK]|
1-0< <
huvw huvw
Therefore,

{(m,n,k) € Puvw : ||ank—y,z| > r+e}| <1-(1-96)=56

uow

and so we have

{(u,v,w) eINxNxN : |{(m,n,k) € Puow : ||@mnk—y,z| > r+e} > 6|} CcAel;.

huvw

Consequently, y € Iy, — st3 — LIM}, and so Ig, — stz — LIM is closed. m|

Theorem 3.3. Let x = {0k} be a triple sequence and v > 0 be a real number. Then the rough Iz-lacunary

statistical limit set 1, — stz — LIMY, of the triple sequence x is a convex set.

Proof. Let yo, y1 € Ip, —st3 — LIM;, and € > 0 be given. Define

A = {(m, n,k) € Puow : ||ank _]/OIZ| > 1’+€} and

Ay = {(m,n,k) € Puow - ||ank—y1,z| > 1’+€}

for each z € X. Then by Theorem 3.1, for 6 > 0 and each z € x we have

{(u,v,w) eINXN XN : '{(m,n,k) € Puow : (m,n,k) € Aq UA2}| > 6} €Is.

huvw

Now, we choose 0 < 61 <1suchthat0) <1-061 < 6 and let

A= {(u,v,w) ENXINXN : —— [((11,1,k) € puono : (1m,1,k) € Ay U Az} 2 1—61}.

huvw

Then A € I5. For all (u,v,w) ¢ A, we have
1

huvw

|{(m,n,k) € Puow : (M, n,k) € Ay UA2}| <l-0

and so

((m,1,k) € Puow = (m,m,k) & Ay UA)| > 1~ (1-61) = n.

huvw
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Therefore, {(m,n,k) € puow : (m,n,k) & A1 UAz}isanonempty set. Let us take (1, 1o, ko) € A] NAS
and p € [0,1]. Then for each z € X

| = ”/’lgmo”oko +(1- H)Qmongko - (#yo +(1- y)y1) ,Z
H ||Qm0n0k0 — Yo,z | + (1 - :u) ||Qm0710k0 — Yo,z |
< pr+e)+1A-u)(r+e)=r+e.

||0monoko —(uyo+ (=), z

IA

Let

M = {(m,n,k) € Puow * ||ank —(pyo+ (1= pw)y1) ,z| > r—i—e}

for all z € X. Then clearly A] N A5 € M. So for (u,v,w) ¢ A, we have

1
o1 < |{(m,n,k) € Puow © (m,n,k) ¢ Aq UA2}| < |{(m,n,k) € Puvw : (M, n,k) ¢ M}|
huvw huvw
and so
|{(m, n,k) € Quow : (m,n,k) € M}| <1-01<0.
huvw
Consequently,

A°CcK= {(u,v,w) eINXNxXxN : |{(m,n,k) € Puow : (m,n,k) EM}| < 6}.

uow

Since A¢ € F(I3), we have K € F(I3) and so

{(u,v,w) eINXINXN : |{(m,n,k) € Puvw : (m,n,k) EM}l > 6} €.

huvw

Therefore, Iy, — st3 — LIM, is convex. O

Theorem 3.4. A triple sequence x = {0k} is rough Iz-lacunary statistical convergent to & if and only
| < r for all

if there exists a triple sequence y = {V,ux} such that Ig, —st3 —y = & and ||ank — Yk, 2
(m,n,k) € NXIN XN and each z € X.

Proof. Let y = {yunx} be a triple sequence in X, which is [3-lacunary statistically convergent to &
and ||ank = Yok, Z | <rforall (m,n,k) € NXxN xIN and each z € X. Then for any € > 0,0 > 0 and

eachze X
A= {(u,v,w) eENXNxN : - {(m,n,k) € Puvw © ||V — &, 2| 2 e}| > 5} € .

Let (1,9,w) ¢ A. Then we have for each z € X

— H(m 1,k) € Puowo * ||V — &, 2| = e}’ <6

- — {11, K) € pusee [yt — &,2]) < €| = 10
Now, we let for each z € X

Buow = {(11,1,k) € Puvws + |[ynk — &,2]| < €.
Then, for (m,n,k) € By, we have
\|omnk = & 2| < ||@msnk = Yok 2| + [[yimnk — & 2| <7+,
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foreach z € X. So, foreach z € X

Bww C E= {(m,n,k) € Puvw ||ymnk -&,z|| < r—l—e}
|Buowl _ |El
- huvw S huvw
- 7 {(mznlk)ESOuvw:“]/mnk_gzzl<7’+€}|21—5
uovw
= [{(m1,%) € Puons |y ~ £, 2l| = 7 + e}‘ <.
uow

Thus, we have for each z € X

Q:{(u,v,w) eINXINXN :

{(m,1,k) € Puvw * ||k = &,2]| 2 r+e}| > 6} cA

uow

and since A € I3, we have Q € I3. Therefore, Ip, —st3 —y = &.
Conversely, suppose that Ig, —st3 —y = &. Then, fore > 0,6 > 0 and each z € X,

Q:{(u,v,w)e]NxINx]N:

{(mr Tl,k) € Puow : ||ymnk - EIZ” > 7’+€}| > 5} € Is.

uow

Let (u,v,w) ¢ Q. Then we have for z € X,

{(m, nrk) € Puvw : ||ymnk —CE,Z“ > T+€}| <o

huvw

and so for z € X,

{(m,n,k) € Puvw ||ymnk—€,z < r—l—e}| >1-06.

huvw

Let

Buow = {(m,n,k) € Puow ||ank - £,z| < r+e}.

Now, we define a triple sequence y = {y.x} for each z € X as follows:

3 if | — &2
Ymnk = Ok + ,,M, otherwise.
||@mnk - 5'Z”

<r;

4

Then foreach z € X

_ _ ’ if ||ank -, Z” <r;
”ymnk 2= { ”ank - E,z” —r, otherwise.

Let (1,0, w) € Byyy- Then for each z € X, we have

o if|omm— &z
||ymnk - é’Z” - { <€, ifr< ||ank - E’Z

<r

|<r+e.

and so for each z € X

Buvw CE = {(m, n,k) € Puow ||ymnk - é,z” < e}.

This implies
Buowl __IE|
huvw huvw
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for each z € X. Hence we have
|E|

uow

>1-6—= {(m,n,k) € Puow - ||ymﬂk_£’z| ZG} <9,

and so foreachz € X

{(u,v,w) eINXNXxN: ﬁ {(m,n,k) € Puvw : ||ymnk—5,z| > e}| > 6} c Q.
Since Q € I3, we have for each z € X

{(u,v,w) eINXNxXxN: hulvw {(m,n,k) € Puvw : “ymnk—é,z| > e}| > 5} € L.
Therefore, Ig, —st3 —y = &. O

The next result provides a relationship between boundedness and rough Iy,-statistical conver-

gence of triple sequences.

Theorem 3.5. Ifa triple sequence x = {0y} is bounded then there exists r > 0 such that g, — st3 — LIM, #
0.

Proof. Let x = {0k} be bounded triple sequence. There exists a positive real number M such that

||ank,z | <M, for all (m,n,k) € 9. and each z € X. Let € > 0 be given. Then for each z € X
{(ulvl w) € Quow - ||anklz| > M+ 6} = 0.
Consequently, 0 € I, —st3 — LIMX and so Iy, — st3 — LIMY # 0. m]

The converse of Theorem 3.5 is not true as shown by the following example.

Example 3.1. Consider the triple sequence x = {0y} in R defined by

mnk, if m,n and k are square;
Omnk = .
1, otherwise.

Then Ig, — stz — LIM?C = {1}. But x = {gyux} is unbounded.

Definition 3.3. A point c € X is said to be an I3-lacunary statistical cluster point of a triple sequence
X = {0muk} in X if for any € > 0 and each z € X

o, ({(m, n,k) € Puow ||ank — c,z| < e}) #0

where
(5[3 (A) = 13 — lim

U,0,W—> 00

|{(m, n,k) € Quow : (m,n,k) € A}

7

uow

if it exists. The set of Is-lacunary statistical cluster points of x is denoted by A, (I3).

Definition 3.4. A point c € X is said to be an I3-lacunary rough statistical cluster point of a triple sequence

X = {Omuk} in X for a non-negative real number r > 0 if for any € > 0 and each z € X

o1, ({(m,n,k) € Puvw * || omnk — ¢, 2|| < r+e}) #0



14 Int. ]. Anal. Appl. (2024), 22:115

where

4

(3[3 (A) = 13 — lim

U,0,Ww—900 Nyow

|{(m, n,k) € Pupw : (m,n,k) € A}
if it exists. The set of I3-lacunary rough statistical cluster points of x is denoted by Afg3 (I3).

Theorem 3.6. For any arbitrary v € Afe3 (I3) of a triple sequence x = {0y} we have ||E — v, z|| < r for all
& €lp, —st3 — LIM;, and each z € X.

Proof. Assume that there exists a point v € Afg3 (I3) and & € Iy, — st3 — LIM, such that [|€ — v, z|| > 7
Ilv—¢&zll—r
3

{(m/ n, k) € Puow : ||ank —-V,Z

foreachz € X. Lete = for each z € X. Then for each z € X,

| < e} c {(m,n,k) S - r+e}.

Since v € Afe3 (I3) we have

o1, ({(m, n,k) € Puow ||ank —v,z| < e}) #0

and so

613 ({(m,n,k) € Puow : ||ank - €/Z| > 1’+€}) #0

which contradicts that & € I, — st3 — LIM}, and consequently, [|& — v, z|| < 7. m]
Theorem 3.7. Let x = {0y} be a triple sequence in X. Then, for every r > 0, the set Afe3 (I;) is closed.

S S

Proof. If A, (I}) = 0 there is nothing to prove. Assume that A} ” (I}) # 0 and consider a sequence
S

{Ymnk) € A % (I3) such that v, — &. Let us show that

613 ({(m,n,k) € Puow : ||ank - €/Z| < 7’+€}) #0

for every € > 0 and z € X. Fix € > 0. Since y,u;x — &, there exists an (mp,no, ko) =
(mo(€),no(€),ko(e)) € N xIN x N such that

||]/mnk -¢,z | < g

for all (m,n, k) > (mg,no, ko) and every z € X. Fix po, o, so such that (po, qo,50) > (o, no, ko). Then,

we have

”yr’orqoso =&,z | < g

for every z € X. Let (p, g,5) be any point of the set

|<r~|—g}.

{(m/ 1n,k) € Puow ||ank ~ Ypo.q0807 % >

. €
Since ||quS = Ypogosor 2 | <r+ 5 we have

| < ”QP‘IS ~ Ypo.qos0r Z | + ||yp0rq050 -&,z

< r—l—E—f—E—r—i—e
2 2

”@qu —&z

and so,

(p’qls) € {(m/n/k) € Puvw : ”qus _é,Z| < 1’—|—€},
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for every z € X. Hence, we have

{(m, 1,k) € Puow ||qus - ypo,qosorz| <r+ g} - {(m, n,k) € Puow ||quS - E,z| <r+ e}. (3.1)
Since
o1, ({(m, n,k) € Puow ||quS — Ypo,gosor 2 | <r-+ g}) #0
by (3.1), we obtain
o1, ({(m,n,k) € Puvw ||qus - £,z| <r+ e}) #0,
for every z € X. Consequently, £ € Afa3 (I). o

Theorem 3.8. Let r > 0. For a triple sequence x = {0pux} in X, we have & € Afﬁ3 (I3) if and only if there

exists a sequence Yy = (Y} such that & € Afo3 (I3) and ||ank ~ Yk, Z | < r for every z € X and almost

all (m,n, k).

Proof. Necessity: Fix r and € and suppose that & € Afe3 (I3). Thus, we have 6r,(A) # 0, where

A= {(m,n,k) € Puvw ||ank—c§,z| < r+e},

for every z € X. Define

&, if||gmnk—£,z| <rand (m,n,k) € A;
Yok =4 Omnk + r%, if || gwnc — &, 2|| > r and (m,n,k) € A; (3.2)
mmn, Vi
tinnks if (Wl, n, k) ¢ A

where the sequence t = {t,,,x} is arbitrary. It is clear that

’ _ { 0, if”ank—cf,Z

”ank -&,z | —r, otherwise.

|Sr;

“ymnk - E,Z (33)

and ||ank ~ Ymnks Z | <r, forevery (m,n, k) € A and z € X. Now let us show that the inclusion

AC {(m, n,k) € Puw ||ymnk - £,z| < e} (3.4)

holds, for every z € X. If (mg, no, ko) € A, then we have

||Qmm’lok0 - 6,2 | <r+ €,

for every z € X. Hence the following two cases are possible:

(1) If ||Qm0n0k0 - E,Z” < r, then from (3.3), we have

”ymonoko -&z | =0,

that is,

(mo, no, ko) € {(m, n,k) € Quow ||ymnk —E,z| < e},

for every z € X.
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(i) If ||QmOn0k0 —¢&,z|| > r, then from (3.3), we have

||ym0n0k0 - é,z“ = ||Qm0n0k0 - é,z” —r<r+e-r=g
that is,

(mo, no, ko) € {(m, n,k) € Quow ||ymnk - cf,z” < e},
for every z € X.

Since 01, (A) # 0, by the inclusion (3.4), we have

o1, ({(m, n,k) € Puow ||ymnk -&,z|| < e}) #0

for everyz € X.

Sufficiency: Assume that & € A" (I3) and fix e > 0. Then, we have
81, ({(m,1,%) € Pueno : ||k — £, 2| < €]) # 0
for every z € X. Now, we let (p,q,s) € {(m,1,k) € puvw * |[ymnk — & 2| < €} and so, we can write
lownk = & 2 < llgmt = ot 2| + ([ = £, 2| < 7 +e,
for every z € X. Therefore, we have
(p,9,5) € {(m,1,K) € Pucws * ||omnic = &,2]| < 7 + €]

and so, for every z € X.

{(m, 1,k) € uow * |[Ymnk — &, 2|| < e} c {(m, 1,k) € uow * || — & 2|| <7+ e}

holds. From this inclusion, we have
o, ({(m,n,k) € Puvw * ||ank - é,z” <r+ e}) #0
andso & € Afg3 (). m]
Theorem gives a straightforward approach to finding the set Afe3 ;)

Theorem 3.9. Let r > 0. For a triple sequence x = {0y} in X, we have

AP = | B,

ceAS (1)
where B,(c) = {y eX: ||y - c,z” < r}for every z € X.
— S —
Proof. Letn € U B,(c). Then, there exists a point ¢ € A} (I3) such that 1 € B,(c), that is,

S,
cen, (1)

S
||17 - c,z” < rforeveryz € X. Fixe > 0. Sincec € A, % (I3), there exists a set

A(e) = {(Wl,i’l,k) € Puvw : ”ank —C,Z” < (—,‘}
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with 61,(A(e)) # 0. Hence, we have

e =2l < lomn =2l + =2 <+,

and so,

o1, ({(m, 1n,k) € Pupw : ||ank - T],Z| <r+ 6}) #0

for every (m,n, k) € A(e) and every z € X. Therefore, 11 € Afe3 (I3) and so,
Sos

A2 | Bl

S,
cen, B (I3)

. . S
For the converse inclusion, take € A} " (I5). Then, we have

6[3 ({(mr Tl,k) € Puvw : ||ank -1,z | <r-+ 6}) #0 (35)

for every € > 0 and every z € X. We must show that ) € U B,(c). Suppose that this is not
ey (1)
satisfied. Then, itis clear thatn ¢ E(c), that is, | > rforeveryc € Afg3 (I;) and every z € X.

. S . . - S
Since the set A, (I3) is closed, there exists a vector ¢ € A, (I3) such that

n-cz

||n—5,z| = min{||1]—c,z| ‘c€E Af%(lg)}.

| >r, forallce Afg3 (I3) and every z € X. Define

We can write v := ||7] —-C,z | > r, because ||7] -c,z

.= % Then, we get

X\Bg(Afs3 (I3)) 2 {y eX: ||17—y,z

|<é+7) (3.6)

for every z € X, where

Be(AS% () = {y eX: rnin{”y ez

|:ce A (13)} < é}.
By definition of Af% (I3) we can say that the set

S
{m,m, 1)+ g # Be(A3" (1)
has density zero. Then, by the inclusion (3.6), we have
N
{(m,n,k) * Opnke & Be(AL™ <I3))} 2 {(m, n,k): ||@mnk -1,z

for every z € X. Thus, from the inclusion (3.7), for every z € X we have that the set

{(m,n, ) : ||gmne — .2

| <€+ r} (3.7)

| <&+ r} has natural density zero, which contradicts to (3.5) and so,

S —
AP@y e | Bl
CEAx (13)
Therefore,
893

AR = | Bl

S
cen, B (I3)
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O

Theorem 3.10. Let x = {0k} be a triple sequence and r > 0. Then
Io, — sty — LIM', = A% (I%).

Proof. Necessity. Assume that the sequence x = {g,,,x} rough I3-lacunary statistically convergent to
&. Then, Afﬁ3 (I3) = {&}). By Theorem 3.9, we can write Afﬁ3 () = B,(£). Therefore, from Theorem
3.1, we get

S
A%

(I) = B,(&) = I, — st — LIML,.
Sufficiency. First, we will show that Iy, —st3 — LIM}, = ﬂ . To do this, let & € Ip, — stz — LIM,

S
ceA, 3 (Is)

andc € Af”3 (I3). Then, by Theorem 3.6, ||& — ¢, z|| < r, otherwise, we get

o, ({(m, n,k) € Quow ||ank - 5,z| >r+ e}) #0
fore := w for each z € X. This contradicts the fact & € Iy, — stz — LIM}, and therefore,
Tg, — st — LIM, C B,(c). (3.8)
Now, it follows by inclusion (3.8) that
lo,=sts—LIM, € ) By(c). (3.9)

S
cen, 3 (I3)

Now let y € ﬂ B,(c). Then for each nonzero z € X, we have

S,
cen, (1)

“y—c,z| <r,

forallc e Afe3 (Is), which is equivalent to
S, —
A" (I3) € Bi(y),

that is,
893

M Bilo)< {5 eX: AT (1) ¢ Er(g).} (3.10)
cenS% (1)

Now let y ¢ Iy, — stz — LIM. Then, there exists an € > 0 such that for each nonzero z € X,

o1, ({(m, n,k) € Quow ||ank - y,z| >+ e}) #0,

which implies the existence of anlz-lacunary rough statistical cluster point ¢ of the sequence
| > r+ ¢, that is Afe3 (I) ¢ B,(y) and y ¢ {5 €eX: Afe3 (I3) ¢ E(E)}. Hence,

y € I, — st3 — LIM, follows from y € {é €X: Afe3 (I3) ¢ E,(cf)} , that is,

x with ||y -,z

{5 € X: A (1) ¢ Er(g)} C I, — sty — LIML. (3.11)
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Therefore, the inclusions (3.9)-(3.11) ensure that (3.8) holds. So it follows by Theorem 3.6 that
M B@= |J B (3.12)
e, () ey (1)
The equality (3.12) is valid if and only if, either the set Afe3 (I3) is empty or it is a singleton. Since
loy=sts—LIM, = (] B(c) = By(&)
cen, 1)

we have g, — stz — LIM!, = {&}. O

4. LACUNARY STATISTICAL-CONVERGENCE FOR TRIPLE SEQUENCES VvIA IDEALS

In this section, we utilize lacunary sequences and triple sequences to introduce novel concepts
related to Wijsman rough I3-statistical convergence. Subsequently, we derive equivalent results

based on these new definitions.

Definition 4.1. Let r be a non-negative real number. We say that the triple sequence x = {0y} is Wijsman

rough I3-statistically-convergent to &, if for each € > 0,6 > 0 and for each z € X,

1
0, e]Nx]Nx]N:—I <un<ovk<w: &
{(uvw) o {m un<v w ||ank £z

|>e+1 25} eI,
In this case we write Iy-st-lim sy Opnk = &.
The set of Wijsman rough I3-statistically-convergent triple sequences will be denoted by
W3S (15) = {{@mnk) : I = st = Him yy(s)0mnk = &}

Definition 4.2. Let 63 = Oypy = { (14, 110, ki) } be a lacunary triple sequence and r be a non-negative real
number. We say that the triple sequence x = {0px} is Wijsman rough Iz-lacunary statistically convergent
to &, if for each € > 0,0 > 0, and for each z € X,

{(u,v,w) e NxXxNxN :

{(m/n/k) € Quow - ”ank - CE,Z| > r+e}| > 5} € Is.

huvw
In this case, we write we write Iy-st-lim v, s,y = & The set of Wijsman rough I3-lacunary statistically
convergent triple sequences will be denoted by

WQ3SQ(I§,) = {{ank} : I;, —st—lim Wo(Sg) — 6} ’

Definition 4.3. Let r be a non-negative real number.We say that the triple x = {0y} is Wijsman rough
Is-statistically convergent of order « to &, where o € (0, 1] if for each € > 0,6 > 0, and for each z € X,

{(u,v,w)e]NxINx]N: {mSu,nSv,kSw:”gmnk—é,z

(wrow)? | >r+ e}‘ > 6} € Is.

In this case we write I}-st-lim wa (S)Omnk = X
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The set of Wijsman rough I3-statistically convergent triple sequences of order a will be denoted
by
W5S(I}) = {{ank} 2 Iy — st = lim yya(s)Omuk = x}.
Definition 4.4. Let 03 = Oypy = {(1my, 11y, ky)} be a lacunary triple sequence and r be a non-negative real

number. We say that the triple sequence x = {0k} is Wijsman rough I3-lacunary statistically convergent
of order a to &, where a € (0,1], if for each € > 0,6 > 0, and for each z € X,

{(u,v,w) eINXNXxN: |{(u,v,w) € Puvw : ||@mnk—£,z| > e+r}| > 6} €.

1
hl)é

uow

In this case, we write we write I}-st-lim W (o) Omnk = E.

The set of Wijsman rough I3-lacunary statistically convergent triple sequences of order a will be
denoted by

ngSQ(Ig) = {{@mnk} :IL — st —lim W (S) Omnk = 5} )
Theorem 4.1. Let 0 < a < < 1. Then W5S(I3) C W§S(Ig).

Proof. Let 0 < @ < B < 1. Then for each z € X,

(uvlw)ﬁ Hm <un<vk<w: ||ank—5,2| > r+€}|
< (uvlw)“ {m <un<vk<w: ||ank—cf,z| > r+€”

and so for each 6 > 0 and each z € X,

{(u,v,w)e]NxINx]N; 1 ‘{mgu,ngv,kgw:||ank—<f,z|2r+e”26}
(uow)p
c {(u,v,w) eINXINXIN: (wow)? {mSu,n Sv,kﬁw:||gmnk—5,z| 2r+e}‘ 26}

Hence if the set on the right hand side belongs to the ideal I3 then obviously the set on the left
hand side also belongs to I3. We obtain the desired result. m]

Corollary 4.1. If a triple sequence is Wijsman rough I3-statistically-convergent of order a to & for some
a € (0,1] then it is Wijsman rough Is-statistically-convergent.

Similarly we can show that

Theorem 4.2. Let 0 < o < B < 1. Then Wy So(I3) < WgaSg(Ig) and in particular Wy, So(I3) C
We,So(I5).

Definition 4.5. Let 03 = Oypy = { (14, 11y, ki) } be a lacunary triple sequence and r be a non-negative real
number. We say that the triple sequence x = {0k} is Wijsman strongly rough Is-lacunary convergent to
&, if for each € > 0 and each z € X,

(u,0,w) e NXIN XN :

Z ||ank -&z

(M,ZJ,ZU) €Puvw

1
| >r+4+e€; €ls.
huvw
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In this case, we write we write Ig—lim Wo(Ng) = é.
The set of Wijsman strongly rough I3-lacunary-convergent triple sequences will be denoted by
Wo,No(55) = {{oma) : 15 = lim ;) = £}.

Theorem 4.3. Let O3 = 0,00y = {(11y, 11y, kyy)} be a lacunary triple sequence and r be a non-negative real

number. Then Iy-lim y, (y,) = & implies I3-st-lim 5,y = &.

Proof. Let € > 0 be given and r be a non-negative real number. Then for each z € X,

Z ||ank_érz| 2 Z ||ank—5,2|

(u/vzw) EPuow (uzvrw) EPuow
||omm—E 2| |2r+e

> (r+e) |{(u,v,w) € Puvw |ank—£,z| > r+e}|

and consequently,

1
m Z ||L0mnk - E,Z

(urvlw)EWuvw

Then, for each 6 > 0 and each z € X

| > hi '{(u,v,w) € Puow ||ank—£,z| > r+€}|
Uuow

{(u,v,w) € Puow hi |{(u, U, W) € Py ||ank - 5,Z| > r+€}‘ > 6}

uow

C{(u,v,w) € Puow : hi Z ||ank—é,z| >(r+e)dy €ls.
uv

w
(uzvzw)GWuvw

This ends the proof. O

Definition 4.6. A triple sequence x = {0y} is said to be bounded if there exists areal number M > 0 such

that ||ank,z | < M for all m,n, k € N and each z € X. We denote the space of all bounded triple sequences

by 3.

Theorem 4.4. Let O3 = 0,0y = {(11y, 1y, kyy)} be a lacunary triple sequence and r be a non-negative real
number. If x = {0pni} € £ and x = {omnk) is Wijsman rough Is-lacunary statistical-convergent to &, then

X = {Omnk} is Wijsman strongly rough I3-lacunary-convergent to &.

Proof. Suppose that x = {0y} belongs to the space £ and I-st-lim We(Sg)Omnk = €. Then, we can

assume that ||ank -¢&,z | <M, foreach z € X and all m,n,k € N. Given € > 0 and each z € X we

Y fown—&z

have

huvw (m/n/k)eﬁouvw
1 1
n Z ”ank —&z | + i Z Hank -¢,z |
e (mrn/k)epuvw (m,n,k)epm,w
||ank—£,2||21’+§ ||ank_£/zll<§
M € €
< {(m/n/k) ES{’uvw5||ank—§,Z|21’—|——} —+ —.
huvw 2 2




22 Int. ]. Anal. Appl. (2024), 22:115

Consequently, we have

(u,v,w) e N XN XN : Z ||ank—£,z|26+r
huvw
(mr”/k)epuvw
C{(uvw)e]Nx]Nx]N: ! {(mnk)egom,w:”@ k—éz|>r—|—f}'>i}el3.
U Mo 1177 e mE 21T M
Consequently, I3-lim y, (s,)Omnk = &- O

From Theorem 4.3 and Theorem 4.4, we have following Corollary.

Corollary 4.2. Let 03 = Oypyy = {(my, 11y, ky )} be a lacunary triple sequence and r be a non-negative real
number. Then we have
Wo,Se(I5) N €3, = Weo,Ng(I5) N E3,.

We will now look at how the Wijsman rough I3-statistical-convergence for triple sequence and

the Wijsman rough I3-lacunary statistical-convergence relate to one another.

Theorem 4.5. Let O3 = 0,00y = {(11y, 11y, kyy)} be a lacunary triple sequence and r be a non-negative real

number with liminf gy > 1. Then, I-st-lim yy(g)0pnk = & implies Iy-st-lim vy, (5,)Omnk = &.

Proof. Suppose that liminf g, > 1. Then, there exists a ) > 0 such that g, > 1 4 1 for sufficiently

large u, v, w, which implies

Fuvw > n .
Zyow n +1
If [3-st-lim py(5)0muk = & , then for every € > 0, for each z € X and for sufficiently large u, v, w, we
have
{m S iy, M < Qo k <y ”ank - CS,Z| >e+ T}|
Zyow
1
> = {1, 8) € P o - &12] = 1)
Ui
= k : ~&z| > .
= 0+ 1 e ’{(m,ﬂ, ) € Puvw ||ank 3 Z| e—}—r}‘
Then, for each z € X and for any 6 > 0, we get
1
{(u/vlw) € N XNXN : h {(m/n/k) € SOMU‘(,U : ||ank —é,Z| 2 €+ 1’}| 2 6}
uow
c {(ulvlw) S NXNXN N
Zuow e < ium < 9o,k < bt o= &2 2 e 41| > n+ 1} els.
So, the result. -

Theorem 4.6. Let I3 = Igin = {J : J is finite set} be a non-trivial ideal, and 03 = O, = {(1My, 11y, kzp)}
be a lacunary triple sequence with lim sup gy < oo and r be a non-negative real number. Then we have

Ig_St_hm Wo(S) @mnk = & implies Ig_St_hm W(s)@mnk = &
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Proof. If lim sup guow < 00, then without loss of generality, we can assume that there exists a K > 0
such that g, < Kfor all u,v,w € IN. Suppose that I}-st-lim Wo(Se)Omnk = & and fore > 0,6 > 0 and
for each z € X define the sets

Guw = | m, n, k) eg,)uvw.”ank—é, |>e+r}' and
{u v,w) ENXNXN: ‘{(m,n,k)egom,w:||@mnk—cf,z|2€+r}’26}
uow
Guvw

:{(u,v,w)e]leNx]N: 25}6[3.

huvw

. .. . G
and, therefore, it is a finite set. We choose integers 19, vg, wo € IN such that T < 6 for all
u>1uyg,0>70,w >wg. e
Let G = max{Guow : 1 < u < up,1 <v<0y,1 <w < wy} and p,q,y be any three integers with

My—1 < p <y, Ny—1 < g < nyand k-1 <y < ky, then we have

1
—|\m<pn<gk< k=& 2 >€+7"
o fm<pn<ak<y:|om | }
1
<— < my,n <y, k <ky: —-¢,zZ|l = '
mu—lnv—lkw—l Hm Mu, 1 i w ||ank é Zl €+ 7’}
Y PR P
My My_1ky—1 ’ L
1
oo - 1 7 4 k : - 7 2 ']
gy 0 € o= A 2 € 41
1
- 1 [Glll + G222 4+ Guovowg 4+ Guvw]
My_11My_1ky1
G 1 G(ug+1) (00+1) (wo+1) )
= ——Ugvowy + —M8M8M8M h
My-11yp-1kyp—1 T mu—lnv—lkw—l[ (u0+1)(00+1)(w0+1)(h(ug-l—l)(vg+l)(w0+1)
G
Fee ot Ty huvw]
uow
G 1 Guvw)
= ——————ugvowg + ——————— su h +--+h
mu—lnv—lkw—l 0700 mu—lnv—lkw—l (u>uo,v>v1§,w>w0 rluvw ( (uo+1) (w0 +1) (wo+1) uvw)
< G oD0w + ( My ke — mugnvokwo)
mu—lnv—lkw—l mu—lnv—lkw—l
G

< —kuovowo + 0Guvw
my—1Ny—1Kw-1

< ————UgUowy + oK.
mu—lnv—lkw—l

Since my,_1 — 0,11 — ©0,ky_1 — ©0,asp — 00,4 — o0,y — 0o, respectively, it follows that

I}-st-lim w(s)@mnk = €. This completes the proof of the theorem. ]
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Definition 4.7. A triple sequence x = {0k} is said to be Wijsman rough I3 Cesdro convergent to &, if for
every € > 0 and for each z € X,

1 U,0,W
{(u,v,w)E]NXINX]N. py— 1z‘1k 1||ank—£,z| 2€+r}613
m=1n=1k=

. ) W5C(I})
In this case, we write gy ——— &.

Definition 4.8. A triple sequence x = {Qpy} is said to be Wijsman strongly rough Iz Cesdro convergent to
&, if for every € > 0 and for each z € X,

1 U,0,W
{(u,v,w)e]NxINx]N:E 1Z‘1k 1||ank—é,z|2€+r €el;
m=1,n=1k=

. ‘ W3NC(I})
In this case, we write gy — &.
Definition 4.9. Let r be a non-negative number and p be a positive real number. A triple sequence
X = {Omnk} 1s said to be Wijsman p-strongly rough I3 Cesdro convergent to &, if for every € > 0 and for each

z € X,
u,0,w
1

{(u,v,w)eINx]NxIN:— Z ||k — &2

uow

|p >e+ r} el
m=1n=1k=1

. . W3NCy(I3)
In this case, we write gy — &.

Definition 4.10. A triple sequence x = {0k} is said to be Iz-analytic if there exists a positive real number
M such that {(m, n,k) e NXINXIN : ||ank,z | > M} € Iz for each z € X.

Theorem 4.7. Let r be a non-negative number, p be a positive real number and x = {0,,,x} be an Iz-analytic
triple sequence. If x = {0pmnk} is Wijsman rough Iz-statistical convergent to &, then {0y} is Wijsman

p-strongly rough I3- Cesdro convergent to &.

W3S(I
Proof. Suppose that {g,,,}is I3-analytic triple sequence and g,k —3—(3)—> & Then, thereisan M > 0

1
mtk < M for each z € X and all m, n,k € N. Given € > 0, we get

such that ||ank -¢&,z

1 Uu,0,Ww p i
e 2 lewe-gA™T
m=1,n=1k=1
1 u,0,w ) 1 u,o,w p
— % Z ||ank _ glz m+n-+k + M Z ||ank _ élz m+n-+k
m=1,n=1k=1 m=1,n=1k=1
||c.0mnk_‘§rz||27’+e ||(_0mnk_éfz||<r+€
4
Mm+n+k _pr
< o {(m,n,k) < (u,v,w): ||ank =&, z||m > r—l—e}
P
€mintk m +F171+k
o (m,n,k) < (u,0,w) : “ank -&,z <r-+e
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P
Mm+n+k

uow

14
< + emtntk,

P
m+n-+k > 7 + 6}

{(m/n/k> < (wo,w): ||ank—€,z

Then for any 6 > 0

1 11,0, »
- _ m+n-+k
{(u,v,w) eNXNxN:— Y lom—é.z 25}

m=1,n=1k=1

_r
c {(u,v,w) ENXNXN : ﬁ |{(m,n,k) < (u,v,w): ||ank—£,z| > r+e}| > Sk }e I5.

M

WG, (I3)
Therefore, gy — &. O
Theorem 4.8. Let v be a non-negative number, p be a positive real number and x = {0px} be a triple
sequence. If {0k} is Wijsman p-strongly rough Iz Cesdro convergent to &, then {0y} is Wijsman rough

I5-statistical convergent to &.
Cp(13) .
Proof. Suppose that g,,,;x —— & and given € > 0. Then we have

u,0,w u,0,w

Z ||ank_£rz|p 2 Z ||ank_ézz

m=1,n=1k=1 m=1,n=1k=1
||ank—5,2”p27‘+€

|P

> e[{(m,m,K) < (,0,0) : o = &,7]| > 7+

for each z € X and hence
1
(wwow)er Z ”ank -¢&,z

m=1,n=1k=1

u,0,w 1
P2 () < o) o~ .2

|Zr—|—€}|.

Consequently, for each 6 > 0 we have

1
{(u,v,w) e NXINxN: py |{(m,n,k) < (u,v,w): ||ank—5,z

|Zr—|—€}|26}

uow

1 u,0,w
g{(u,v,w)e]leNx]N:— Z ||ank—§,z|p2(r+€)p5}613
m=1,n=1k=1

W3S(1)
for each z € X and so gyx — &. m|

5. ConcLusioN AND FuTurRe WoRrk

In this paper, we have introduced the concept of the set of rough Iz-lacunary limit points
for triple sequences in 2-normed spaces. We have established statistical convergence criteria
associated with this set and introduced the concept of rough I3-lacunary statistical convergence
for triple sequences. Furthermore, we have demonstrated that this set of rough Iz-lacunary limit
points exhibits both convexity and closure within the context of a 2-normed space. We have also
investigated the relationships between a sequence’s rough I3-lacunary statistical cluster points and

its rough I3-lacunary statistical limit points in the same 2-normed space.
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Building upon the framework of triple sequence spaces, we have introduced the notion of
Wijsman I3-Cesdro summability for triple sequences and explored the connections between Wijs-
man strongly I3-Cesdro summability and Wijsman statistical I3-Cesdro summability. Additionally,
we have introduced the concepts of Wijsman rough strongly p-lacunary summability of order «
and Wijsman rough lacunary statistical convergence of order a for triple sequences. These novel
concepts have been thoroughly examined to understand their properties, and we have explored
potential relationships among them. Furthermore, we have investigated how these newly intro-

duced concepts relate to existing notions in the literature.
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