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BEST PROXIMITY POINTS FOR A NEW CLASS OF GENERALIZED
PROXIMAL MAPPINGS

TAYYAB KAMRAN!, MUHAMMAD USMAN ALI? MIHAI POSTOLACHE?*%*,
ADRIAN GHIURA* AND MISBAH FARHEEN!

ABSTRACT. The best proximity points are usually used to find the optimal approximate solution
of the operator equation Tt = x, when T has no fixed point. In this paper, we prove some best
proximity point theorems for nonself multivalued operators, following the foot steps of Basha and
Shahzad [Best proximity point theorems for generalized proximal contractions, Fixed Point Theory
Appl., 2012, 2012:42].

1. INTRODUCTION

Fixed point theory have an important role in many branches of mathematics such as differential and
integral equations, optimization and variational analysis. This theory mainly concerns with the fixed
point equation Tx = z, where T: A — B is some nonlinear operator. The solution of this equation is
called a fixed point of the operator T. It is not necessary that the equation has a solution for every
nonlinear operator T. For example this one has no solution when AN B = (. In this case we may
find a point z € A which is closest to T'x, that is, the distance between T'x and x is least as compare
to other elements of A. Such a point is called the best proximity point of T. The notion of best
proximity point was initiated by Fan [1] for normed spaces. Eldred and Veeramani [2] generalized
this notion in the context of metric spaces. In literature there are many important best proximity
point theorems in different settings: Jleli et al. and Ali et al. [3,4], for a-1)-proximal mappings; Akbar
and Gabeleh [5,6], Derafshpour et al. [7], Di Bari et al. [8], Rezapour et al. [9], Vetro [10], for cyclic
mappings; Alghamdi et al. [11] for mappings in geodesic metric spaces; Al-Thagafi and Shahzad [12],
for Kakutani multimaps; Markin and Shahzad [13], for relatively u-continuous mappings; Nashine et
al. [14], for rational proximal contractions; Akbar and Gabeleh [15], for multivalued non-self mappings;
Choudhury et al. [16] for best proximity point and coupled best proximity point in partially ordered
metric spaces; Shatanawi and Pitea [17], for best proximity points and best proximity coupled points
in complete metric spaces with (P)-property; Jamali and Vaespour [18], for best proximity point for
nonlinear contractions in Menger probabilistic metric spaces; Bejenaru and Pitea [19], for fixed point
and best proximity point theorems in partial metric spaces.

Motivated and inspired by the research introduced above, in this paper we introduce our best
proximity point theorems for nonself multivalued operators, following the foot steps method of Basha
and Shahzad [20].

2. PREVIOUS RESULTS

Now, we recollect some basic notions, definitions and results which we require subsequently. Let
(X,d) be a metric space. For A, B C X, dist(4,B) = inf{d(a,b) : a € A, b € B}, d(z,B) =
inf{d(x,b) : b€ B}, Ag ={a € A: d(a,b) = dist(4, B) for some b € B}, By = {b € B: d(a,b) =
dist(A, B) for some a € A}, while CB(B) is the set of all nonempty closed and bounded subsets of B.

A point z* € X is said to be a best proximity point of T: A — CB(B) if d(z*, Tz*) = dist(A4, B).

The set B is said to be approximatively compact with respect to the set A, if each {v,} in B with
d(x,v,) — d(z, B) for some z in A, has a convergent subsequence [20].
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A class of all functions F': (0,00) — R satisfying the conditions:

(F1) F is strictly increasing, that is, for each a;,as € (0,00) with a; < a2, we have F'(a1) < F(az),

(Fy) For each sequence {0,} of positive real numbers we have lim, ,,, 0, = 0 if and only if
limy, 00 F(0,) = —o0,

(F3) For each sequence {0, } of positive real numbers with lim, ., 0, = 0, there exists k € (0,1)
such that lim,, o, 0,5 F(0,) = 0,
is called class §.

A contraction involving a function F' € § is called an F-contraction. This class was introduced by
Wardowski in [21]. In time, the functions from this class were used by various authors to generalize
their contractive conditions: Cosentino and Vetro [22]; Minak et al. [23]; Sgroi and Vetro [24]; Paesano
and Vetro [25]; Piri and Kumam [26]; Acar et al. [27]; Batra and Vashistha [28].

Recently, Basha and Shahzad [20] proved the following best proximity point theorem:

Theorem 2.1. Let A and B be nonempty closed subsets of a complete metric space (X,d). Assume
that Ag is nonempty and T: A — B is a mapping such that for each x1, T, u1,us € A with d(uy, Tx1) =
dist(A, B) = d(ug, Tx2), we have

d(uy,ug) < a1d(x1, T2) + azd(z1,ur) + azd(z2, uz) + asfd(z1, uz) + d(w2,u1)] (2.1)

where ay,as,as,a4 > 0 satisfying a1 + as + ag + 2a4 < 1. Further assume that the following conditions
hold:

(i) T(Ao) is contained in By;

(i) B is approzimatively compact with respect to A.

Then T has a best proximity point.

In this paper we introduce some new F' type proximal contractions and prove some best proximity
point theorems for such contractions. Our results generalize some existing best proximity point results.
In particular Theorem 2.1 becomes a special case of one of our results (Theorem 3.1).

3. MAIN RESULTS

We begin this section with the following definition.

Definition 3.1. Let A and B be two nonempty subsets of a metric space (X,d). A mapping T: A —
CB(B) is called ap-proximal contraction of Hardy Rogers type if there exist two functions a: Ax A —
[0,00), F' € § and a constant 7 > 0 such that for each x1,za,u1,us € A and v1 € Txy, v2 € Tz with
a(x1,22) > 1 and d(uyg,v1) = dist(A, B) = d(uz,v2), we have

a(uy,uz) > 1 and 7+ F(d(u1,us)) < F(N(z1,22)) (3.1)
whenever min{d(uy, uz2), N(z1,22)} > 0, where
N(z1,22) = ard(x1,x2) + agd(x1,u1) + asd(x2,us) + asld(x1, u2) + d(z2, u1)]
with a1, a9, as,aq > 0 satisfying a; + ag + as + 2a4 = 1 and a3 # 1.

Remark 3.1. By taking F(z) = lnx for each x € (0,00), one can see that (3.1) reduces to (2.1).
Therefore, (3.1) is a proper generalization/extension of (2.1).

Theorem 3.1. Let A and B be nonempty closed subsets of a complete metric space (X,d). Assume
that Ao is nonempty and T: A — CB(B) is an ap-prozimal contraction of Hardy Rogers type and
satisfying the following conditions:

(i) for each x € Ay, we have Tax C By;

(i) there exist x1,x2 € Ag and v1 € Txy such that o1, 22) > 1 and d(x2,v1) = dist(A, B);

(iii) T is continuous, or,

for any sequence {x,} C A such that x,, — x as n — 0o and a(zp,ZTn11) > 1 for each n € N, we
have oy, x) > 1 for each n € N;

(iv) B is approximatively compact with respect to A.

Then T has a best prorimity point.
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Proof. By hypothesis (ii), we have x1,z9 € Ag and vy € Tx; for which
a(xy1,22) > 1 and d(ze,v1) = dist(A, B).
As vy € Tz C By, there is x3 € Ay satisfying
d(x3,v2) = dist(A, B).

From (3.1), we get a(xs,z3) > 1 and

T+ F(d(za,23)) < F(a1d(z1,z2) 4 ad(x1, x2) + azd(xa, x3) + ag[d(x1, x3) + d(x2,x2)])
< F(apd(zy,x2) + a2d(x1, x2) + azd(xa, x3) + agld(x1, x2) + d(x2, 23)])
F((a1 + a2 + aq)d(z1, 22) + (a3 + ag)d(x2, x3)). (3.2)
As F is strictly increasing, from (3.2), we get

d(l‘g, 1‘3) < (a1 + ag + a4)d(x1, .TQ) + (a3 + @4)d($2, .Tg).

That is,
(1 —as — aq)d(za,23) < (a1 + ag + aq)d(x1, x2).
As a1 + as 4+ az + 2a4 = 1, the above inequality implies that
d(xg,x3) < d(x1,22).
Thus by (3.2), we have
T+ F(d(z2,23)) < F(d(x1,2)). (3.3)
From above we have x4, 23 € Ay and vy € T'zs satisfying
a(xa,23) > 1 and d(x3,vs) = dist(A, B).
As vg € Txz C By, there is x4 € Ag such that
d(z4,v3) = dist(A, B).
From (3.1), we get a(x3,z4) > 1 and
T+ F(d(z3,24)) < F(aird(x2,x3) + azd(r2,x3) + azd(x3, x4) + a4][d(z2, x4) + d(z3,23)])
< F(ard(za,x3) + agd(x2, x3) + azd(xs3, x4) + agld(x2, x3) + d(x3,24)])
F((a1 + a2 + aq4)d(z2, x3) + (as + aq)d(zs, z4)).

After simplification we get

T+ F(d(x3,24)) < F(d(x2,x3)). (3.4)
From (3.4) and (3.3), we obtain

F(d(zs,24)) < F(d(x1,22)) — 27.

Continuing the same process we get sequences {z,} in Ay and {v,} in By such that v, € Tx,,
Ty, Tpy1) > 1, d(Tpt1,v,) = dist(A, B) and

F(d(zyn,Tnt1)) < F(d(z1,22)) — nt for each n € N\ {1}. (3.5)

Letting n — oo in (3.5), we get lim, o0 F(d(2n,Znt1)) = —oo. Thus, by property (F:), we have
lim,, oo d(%p, Tpy1) = 0. Let d,, = d(xy,, zpy1) for each n € N. From (F3) there exists k € (0,1) such
that

lim d*F(d,) = 0.

n—oo
From (3.5) we have
d*F(d,) — d"F(dy) < —dfnr <0 for each n € N. (3.6)
Letting n — oo in (3.6), we get

lim nd® = 0.
n—oo

This implies that there exists n1 € N such that nd’fL < 1 for each n > ny. Thus, we have

dy < for each n > n;. (3.7)

ni/k’
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To prove that {z,} is a Cauchy sequence in A, consider m,n € N with m > n > n;. By using the
triangular inequality and (3.7), we have

d(xna xm) S d(‘rna xn+l) + d(xn+la xn+2) + -+ d(xm—la xm)
m—1 0o 00

1
S A<y d <Y o

Since Y2, 11% is convergent series, we get limy, o d(Zn, ) = 0, which implies that {z,} is a Cauchy
sequence in A. Since A is closed subset of a complete metric space, there exists x* in A such that
Tp — x* as n — 00. As d(xpt1,vn) = dist(A4, B), we have lim,,_,, d(z*,v,) = dist(A, B). As B is
approximatively compact with respect to A, we get a subsequence {vy, } of {v,} with v,, € Tx,, that
converges to v*. Thus,

d(z*,v*) = klin;o d(xp,,,Vn,, ) = dist(A, B).

By hypothesis (iii), when T is continuous, we get v* € Ta*. Hence dist(A, B) < d(z*,Ta*) <
d(z*,v*) = dist(A4, B). This implies that dist(4, B) = d(z*,Tz*). Now we prove the theorem for
second assumption of hypothesis (iii), that is, a(z,,2*) > 1 for each n € N. Since 2* € Ay, then
Tz* C By. This implies that for 2* € Tx*, we have w* € Ag such that d(w*, 2*) = dist(A, B). Further
note that d(z,41,v,) = dist(4, B).

We claim that d(z*,w*) = 0.

Suppose on contrary that d(z*,w*) # 0 Now from (3.1), we get

d(Tpt1, w") < ard(zp, ) + asd(Tp, Tpnt1) + azd(z”, w*) + ag[d(x,, w*) + d(z*, Tpy1)].
Letting n — oo, we get
d(z*,w*) < (ag + aq)d(z”,w"),
which is only possible when d(z*,w*) = 0. Thus we get
dist(A4, B) < d(z*,Tx*) < d(z*, z*) = dist(A, B),

and this completes the proof. O

Example 3.1. Let X = R x R be endowed with a metric d((z1,x2), (y1,¥2)) = |x1 — y1| + |22 — y2|
for each z,y € X. Take A = {(0,2) : =1 <z <1} and B={(1,z) : =1 <z < 1}. Define

T: A CB(B), T(0,z)= {(1 Igl)} ifz>0
{(1,2),(1,2?)} otherwise,

and
1if z,y €[0,1]

a: Ax A—1[0,00), a(0,7),(0,y)) = {0 otherwise

of Hardy Rogers type with ag and as = a3 = a4 = 0. For each z € Ay, we have Tz C By.
Also for 1 = (0,3) € Ag and vy = (1,3) € Tz, we have x5 = (0,2) such that a(zy,z2) = 1 and
d(xq,v1) = dist(A4, B). Moreover, for any sequence {z,} C A such that z, — x as n — oo and
a(ZTp,Tpy1) = 1 for each n € N, we have a(z,,r) = 1 for each n € N. Further note that B is

approximatively compact with respect to A, therefore, by Theorem 3.1, T has a best proximity point.

Take F(z) = Inz for each z € (0,00) and 7 = . It is easy to see that 7' is ap-proximal contraction
=1

Remark 3.2. Note that Theorem 2.1 is not applicable in the above example. Therefore, our theorem
properly generalizes/extends Theorem 2.1.

Definition 3.2. Let A and B be two nonempty subsets of a metric space (X,d). A mapping T: A —
CB(B) is called ap-proximal contraction of Ciric type if there exist two functions a: A x A — [0, 00),
continuous F' in § and a constant 7 > 0 such that for each xq,x2,u1,us € A and v € Tx1, vo € Txo
with a(x1,22) > 1 and d(uy,v1) = dist(A, B) = d(ug, v2), we have

a(ur,ug) > 1 and 7+ F(d(u1,u2)) < F(M(z1,22)) (3.8)
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whenever min{d(u1,uz), M (21, z2)} > 0, where

d(x1,us) + d(ze,ur) }
5 .
Theorem 3.2. Let A and B be nonempty closed subsets of a complete metric space (X,d). Assume
that Ag is nonempty and T: A — CB(B) is an ap-prozimal contraction of Ciric type satisfying the
following conditions:

(i) for each x € Ay, we have Tx C By;

(ii) there exist k1,29 € Ay and v1 € Ty such that a(x1,22) > 1 and d(x2,v1) = dist(A, B);

(i) T is continuous, or,

for any sequence {x,} C A such that z, — x as n — 0o and a(Tp,Tnt1) > 1 for each n € N, we
have oy, x) > 1 for each n € N;

(iv) B is approximatively compact with respect to A.

Then T has a best proximity point.

M (zq,22) = max {d(xl, x9),d(x1,u1), d(za, us),

Proof. By hypothesis (ii), we have x1,z2 € Ag and vy € Tx; for which
a(zy,22) > 1 and d(ze,v1) = dist(A, B).
As vy € Tz C By, there is x3 € Ay satisfying
d(zs,ve) = dist(A4, B).
From (3.8), we get a(xo,z3) > 1 and

T+ F(d(zg,73)) < F(max {d(ml, x2),d(x1, z2), d(x2, 73), d(z1, 73) —; d(x3,2) })
= F(max{d(w1, 22), d(w2,23)})
= F(d(z1,z2)), (3.9)
otherwise we have a contradiction. From above we have zo, 3 € Ag and vy € T'zy satisfying
a(za,3) > 1 and d(zs,ve) = dist(A, B).
As vy € Txsz C By, there is x4 € Ag such that
d(zy,v3) = dist(A, B).
From (3.8), we get a(x3,24) > 1 and

d(zg,x4) + d(x3,23) })

T+ F(d(z3,24)) < F(max{d(xg,xg),d(xg,:rg),d(xg,:c4), 5

= F(max{d(xg,xg),d(mg,m)})
= F(d(l‘g, {)33)), (310)
otherwise we have a contradiction. From (3.9) and (3.10), we have
F(d(x3,x4)) < F(d(x1,22)) — 27.
Continuing the same process we get sequences {x,} in Ag and {v,} in By such that v, € Tz,,
oy, Tpy1) > 1, d(xpe1,vy,) = dist(A4, B) and
F(d(zn,nt1)) < F(d(x1,22)) —n1 for each n € N — {1}.
Working on the same lines as the proof of Theorem 3.1 is done.
We prove that {z,} is a Cauchy sequence in A.
Since A is closed subset of a complete metric space, there exists * in A such that x, — z* as
n — 0o. As d(xpi1,v,) = dist(A4, B). Thus, we have lim,_, . d(z*,v,) = dist(4, B). Since B is
approximatively compact with respect to A, we get a subsequence {vy, } of {v,} with v,, € Tx,, that

converges to v*. Thus,
d(z*,v*) = klim (T 415V, ) = dist(A, B).
—00

By hypothesis (iii), when T is continuous, we get v* € Ta*. Hence dist(A, B) < d(z*,Ta*) <
d(z*,v*) = dist(A, B). Now assume that we have a(zy,z*) > 1 for each n € N. Since z* € Ap, then
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Tz* C By. This implies that for z* € Tx*, we have w* € Ag such that d(w*, z*) = dist(A, B). Further
note that d(z,41,v,) = dist(4, B).

We claim that d(z*, w*) = 0.

On contrary assume that d(z*,w*) # 0. Now, from (3.8), we get

d n»y * d n b *
T+ Fd(zpg1,w™)) <F(max {d(mn,x*),d(xn,xn+1),d(x*,w*), (@, w )+2 (Tn1, @ ))
Letting n — oo, we obtain
7+ F(d(z",w")) < F(d(z*,w")),

*
which is not possible. Hence, we have d(z*, w*) = 0. Thus we get

0.
dist(A, B) < d(z*,Tz*) < d(z*, z*) = dist(A, B),
and this completes the proof. O

Example 3.2. Let X = R x R be endowed with a metric d((z1,x2), (y1,y2)) = |21 — y1| + |22 — y2|
for each z,y € X. Take A = {(0,2) : =1 <2z <1} and B={(1,z) : =1 < 2z < 1}. Define

T: A— CB(B), T(0,z)= {J{(E?E))’((lLEQ))}}iZtZleV\(I)iSG

and
1if 2,y €10,1]
0 otherwise.

a: Ax A—[0,00) «((0,2),(0,y)) = {

Take F(z) = Inz for each z € (0,00) and 7 = 3. It is easy to see that T is ap-proximal contraction
of Ciric type. For each z € Ay, we have Tax C By. Also for 27 = (0, %) € Ap and v; = (1, %) € Txq,
we have zo = (0, ) such that a(zy,z2) = 1 and d(22,v;) = dist(A, B). Moreover, for any sequence
{z,} C A such that z,, = « as n — oo and «a(zy,z,+1) = 1 for each n € N, we have a(z,,z) = 1
for each n € N. Further, note that B is approximatively compact with respect to A. Therefore, by
Theorem 3.2, T' has a best proximity point.

4. CONSEQUENCES

By taking a(z,y) = 1 for each z,y € A, the following two theorems immediately follow from our
results.

Theorem 4.1. Let A and B be nonempty closed subsets of a complete metric space (X,d). Assume
that Ag is nonempty and T: A — CB(B) is a mapping for which there exist a function F € § and
a constant 7 > 0 such that for each x1,xa,u1,us € A and vy € Txq, vy € Tay with d(ui,vy) =
dist(A4, B) = d(us, v2), we have

T+ F(d(u1,uz2)) < F(N(x1,22))
whenever min{d(u1,uz2), N(z1,22)} > 0, where
N(z1,72) = ard(z1,T2) + azd(z1,u1) + azd(w2, u2) + as[d(z1, u2) + d(z2, u1)]

with a1, as,as,aq > 0 satisfying a1 + as + as + 2a4 = 1 and a3 # 1. Further assume that the following
conditions hold:

(i) for each x € Ay, we have Tz C By;

(i) B is approzimatively compact with respect to A.

Then T has a best proximity point.

Theorem 4.2. Let A and B be nonempty closed subsets of a complete metric space (X,d). Assume
that Ag is nonempty and T: A — CB(B) is a mapping for which there exist a continuous function
F € § and a constant 7 > 0 such that for each x1,x2,u1,us € A and vi € Txy, vo € Txy with
d(uy,v1) = dist(A, B) = d(us,v2), we have

7+ F(d(u1,u2)) < F(M(21,22))
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whenever min{d(uy,uz), M (x1,22)} > 0, where

d(z1,u2) + d(z2,u
M((Ehx2>:maX{d(xlaxZ)ﬂd(xlaul)vd(x27u2)7 ( ! 2) ( 2 1)}

2
Further assume that the following conditions hold:

(i) for each x € Ay, we have Tax C By;

(i) B is approzimatively compact with respect to A.

Then T has a best proximity point.

When we take X = A = B, we get the following fixed point theorems from our results:

Theorem 4.3. Let (X,d) be a complete metric space. Assume T: X — CB(X) is a mapping for
which there are two functions a: A x A — [0,00), F € § and a constant 7 > 0 such that for each
z1,22 € X and uy € Txq, ug € Txo with ax1,22) > 1, we have

a(u,ug) > 1 and 7+ F(d(u1,u2)) < F(N(x1,22))
whenever min{d(u1,uz), N(x1,22)} > 0, where
N(l‘l, .132) = ald(xl, .IQ) + agd(l‘1, U1) + a3d($2, UQ) + a4[d(x1, UQ) + d($2, U1)]

with ay, as, az, ay > 0 satisfying a1 +as+as+2aq4 =1 and az # 1. Further assume that T is continuous,
or, for any sequence {x,} C X such that x,, — x as n — 00 and a(Tp, Tpt1) > 1 for each n € N, we
have oy, x) > 1 for each n € N. Then T has a fized point.

Theorem 4.4. Let (X, d) be a complete metric space. AssumeT: X — CB(X) is a mapping for which
there is a: A x A — [0,00), continuous function, F in § and T > 0 such that for each x1,22 € X and
uy € Txy, ug € Txg with a(xy,x2) > 1, we have

a(ul,u2) Z 1 and T+F(d(U17UQ)) S F(M(;z:l,:cg))

whenever min{d(u1,uz), M (x1,x2)} > 0, where

d(z1,u2) + d(z2,u
M($17$2):max{d(xl,:vg),d(xl,ul),d(xg,ug), (1, up) + d(2 1)}_

2
Further assume that T is continuous, or, for any sequence {x,} C X such that x,, — x asn — oo and
oy, Tpe1) > 1 for each n € N, we have a(x,,x) > 1 for each n € N. Then T has a fized point.
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