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OSCILLATION CRITERIA FOR SECOND-ORDER NONLINEAR FUNCTIONAL
DYNAMIC EQUATIONS WITH DAMPING ON TIME SCALES

EMINE TUGLA AND FATMA SERAP TOPAL*

ABSTRACT. In this paper, we study oscillatory behavior of second-order dynamic equations with
damping under some assumptions on time scales. New theorems extend and improve the results in
the literature. Illustrative examples are given.

1. INTRODUCTION

During the past decades, the questions regarding the study of oscillatory properties of differential
equations with damping or distributed deviating arguments have become an important area of research
due to the fact that such equations arise in many real life problems.

In 1988, Hilger introduced the theory of time scales in his Ph.D. thesis [1] in order to unify continuous
and discrete analysis; see also [4]. Preliminaries about time scale calculus can be found in [2, 3] and
omitted here.

There has been much research achievement about the oscillation of dynamic equations on time scales
in the last few years; see the papers [5-8, 10,11, 13-16, 18-20] and the references therein.

In [9], Chen et al. investigated the oscillation of a second-order nonlinear dynamic equation with
positive and negative coefficients of the form

(r(t)z (1) + p(t) f(z(€(1) — a(t) f(2(8(t))) = 0.

n [17], Senel concerned with the oscillatory behavior of all solutions of nonlinear second order
damped dynamic equation

(r(£) U (@ (£)> + p(H) (x> (1) + q() (@7 (1)) = 0.

In [12], Erbe et al. studied the oscillatory behavior of the solutions of the second order nonlinear
functional dynamic equation

n

(a()(@®(£))* + Y pi(t)®a, ((9:(t))) = O,
0

i=
on an arbitrary time scale T.

In this study, we are concerned with the oscillation of solutions of second order dynamic equations
with damping terms of the following form

(r(t)g(x(t), =2 ()2 +p(t)g(x(t), 22 (1) +a1(t) f1(2(11(1))) +a2(t) f2(x(72(1))) = 0 (1.1)
on a time scale T such that inf T = ¢y and sup T = co.

This paper is organized as follows. In this section we give some assumptions and lemmas that we
need through our work. In Section 2, we establish some new sufficient conditions for oscillation of
(1.1). Finally, in Section 3, we present some examples to illustrate our results.

Now, we mention some definitions and lemmas from calculus on time scales which can be found in
[2-3].

Lemma 1.1. Assume that g : T — R is strictly increasing and that T := g(T) = {g(t) : t € T} is a
time scale. If f : T — R is an rd-continuous functions, g is differentiable with rd-continuous derivative,
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b 9(b) )
| gt 0ne= [ (rog s
a 9(a)

s the inverse function of g and A denotes the derivative on T.

and a,b €T, then

where g1

Lemma 1.2. FEvery rd-continuous function has an antiderivative. In particular if to € T, then F
defined by

t
) :/ f(O)AT for teT
to
s an antiderivative of f.
Lemma 1.3. Assume that f : T — R is strictly increasing and that T:=f(T)={f(t):t €T} isa
time scale. Let g : T — R. If f& (t) and g*(f(t)) exist for t € T, then
(go ) =(g% o N)F2,
where A denotes the derivative on T.

Definition 1.1. A4 function p: T — R is said to be regressive provided 1+ u(t)p(t) # 0 for all t € T",
where p(t) = o(t) —t. The set of all regressive rd-continuous functions p: T — R is denoted by R.

Let p € R for all ¢t € T. The exponential function on T is defined by

p(t,s) = exp ( / t Cutr) (p(r))m>

where () is the cylinder transformation given by

5 Log(1+ p(r)p(r)), if u(r) > 0;
Guoor) = { 77 e
p(r), if p(r) = 0.
The exponential function y(t) = e,(t,s) is the solution to the initial value problem y* = p(t)y,

y(s) = 1. Other properties of the exponential function are given in the following lemma [3, Theorem
1.39].

Lemma 1.4. Let p,q € R. Then
i. eo(t,s) =1 and ey(t,t) = 1;

it ey(o(t),) = (L+ u(O)p (t)ey(t, )

" t7 — (t s) where, Op(t) = %’.
iv. ep(t,s) = ep(s,t) = ecp(s,t);

o, enltss)ep(oor) = eplt

vi. ep(t,

;9) q(t,s) = epaq(t, s);
-.oep(t,s) .
Vi qut 9 epoq(t, s);

A
;- _ __p(®)

Vi, (ep(.7s)) =l

Throughout this paper we assume that the followings:
Cl) to € T and [to,OO)']r = {t eT:t> to},
Cs) r € Cra([to, o0)T, (0,00)) and ft T(lt) At =
C3) p,q1,q2 € Cra([to, 00)r, [0,00))
Cy) 11,72 € Crg(T,T), tlim T1(t) = 1klim T9(t) = 00, T has inverse function 7, ' € Cpq(T,T), v:=

—00 —00

75 Yor € Cpg(T, T), = Cra([to,o0)T, (0,00)), 71(t),v(t) <t for t € [to,00)T, T1([to,00)T) =
[T1(t0), 00)r, v([to, 00)r) = [v(t0), 00)T, Where T1([to, 00)1) = {71 (?) : t € [to,00)r} and v([to, o)1)
{v(t) : t € [to,00)T},
(Cs) fi, f2 € C(R,R), there exist positive constants Ly, Lo, M such that % >L,0< %
Ly and | fa(u) |< M for w# 0and —a® g, q2(v(t))Lav®(t) > 0 for t € [tg,00)T,

€—2(o(t),t0)

(Cs) g € C(R x R,R), there exist positive constants Lz such that w < L3 and wvg(u,v) >

(
(
(
(

IN
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0 for v # 0,
o0 1 S
(Cr) / {() / o (u)Au} As < oo for every sufficiently large t € T,
t r v(s)
(Cs) — % is positively regressive, which means 1 — u(t)fgg > 0.
The following lemma has an important role to prove our main results.

Lemma 1.5. Assume that (C1)— (C7) hold. Furthermore, suppose that x is a positive solution of (1.1)

A A
on [tg,o0)t, then <r(t)ge(a:(t),x (t))> <0 and z2(t) > 0 on [t, 00)T.
—L2(t,t0)

Proof. Easily we get

(r(t)g(x(t),xA(t)))A (r(t)g(w(t),xA(t)))Aefga,to) —(e—2(t40) () g(z(t), z2(t))
€_2(t,t9) 2(t,t0) =2 (o (t),t0)
(r(t)g(z(t), 2 (1)) + p(t)g(z(t), 22 (1))
€2 (o(t) t0)
—q1(t) fr(z(m1 (1)) — ¢2(t) f2(2(72(1)))
€—2(c

L(a(t):to)

< 0.

r(t)g(xz(t), = (t))
€—2(t,t0)

We claim that 2 () > 0 on [tg, 00)T.

This implies that

is decreasing.

t ty), 22 (t
If not, then there is ¢ > ¢; such that r(t)g(x(t), 7 (1)) < r(t)g(z(t), 27 (t)) :=a < 0. From (Cj),
€—2(t,t0) €—2(t1,t0)
we get z2(t) < Lig 75((;)’%) . Integrating from ¢; to t and using decreasing of €_2( 1), We have

ae_z 4, t,) /t 1
x(t) —x(t) < ———2 | ——As
( ) ( 1) = L3 " T‘(S)

So x(t) < —oo. This implies that x(¢) is eventually negative which is a contradiction.
Hence, 2 (t) > 0 on [to, 00)T. O
2. MAIN RESULTS

In this section, we’ll obtain some new oscillation criteria of second-order dynamic equation (1.1)
with damping by using the generalized Riccati transformation and the inequality technique.

Theorem 2.1. Assume that (C1) — (Cs) hold. Furthermore, suppose that there exists a positive
function a € Crq([to, 00)1, R) such that for every sufficiently large T,

t a®(=s)2(r(r(s
imsup [ ([M — 4o (0(s) L (8) | afs) — CEC D )))LS)AS:OO, 1)

t—oo JT —2(5(s),to) da(s)Tf ()

where a3 (s) = maz{a®(s),0}. Then every solution of (1.1) is oscillatory.

Proof. Assume that z is a nonoscillatory solution of (1.1). Without loss of generality, we may assume
x is an eventually positive solution of (1.1). That is, there exists t; € T for ¢t > ¢; and z(t) > 0. We
defined the function z by

tg(z(s), 22(s o s
z(t) = / g(()’))As—l—/t T(ls)/()QQ(U)fQ(LC(TQ(U)))A’U,AS

(\Y4
:\ﬁ
=N
8
—
&
8
>
S Tl s
=
>

Vv
o
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Thus, we get
® = <~/t @—ﬂmo) A) " </t r(s )/v<s> el S8 A)
_ gl®,2t@®) 1 u
B e—B(t to) r(t) / A
and
T X .’L’A t
A = 10l (t), ®) / 2(u) fo((2(u))) Au
€—2(t,to) v(t)
r x(t), 22 ¢ v(®)
_ r®)gle(t), 22(1)) 7/ 4o (1) fa (7 )))Au+/ (u) fo(w(r2(u))) Au
€—2(t,to) v(t1) v(t)

Making substitution s = v(u), we have

t v(t) 5
/t 42(0(w)) fol(my ()0 () Au - = / L BOREEETE))A

o(t) _
/ q2(s) f2(x(12(s)))As for t € [t1,00)T. (2.2)
v(t1)

According to condition v([to, 00)1) = [v(t0), 00)r in (C4), we get that the derivative A on T is equal
to the derivative A on T := v([tg, 00)T) in (2.2). Hence, we conclude

v(t)

/t Q2(v(u))f2(x(71(U)))UA(U)AU = /(t )Q2(3)f2(x(72(5)))A5 for t € [t1,00)T.

Thus, for ¢ € [t1,00)T, we get

T X QfA t t
A = 0.2 ) [ wnem@)det [ ab@)hem ) e
(t1) t1

€—2(t,t0)

A A
(rOEA @)D = (’"“)g(””“)’x “”) ~ () fala(ma(8))) + @2 (0(8)) fala(r (£))0 ()

= st ;Z(t)))AZE((ZZe;15;::; OO o) ettt
Fa(0(0) Fale(m (1)02 (1)

- glhe A(e))P)( (®), to()) daia — qa2(t) fa(z(72(2)))
Fa(0(0) o a(ma (1)) (1)

_ —a@hEm e“))() OB — (0 4telre)

+a2(0(t)) fa (1 (1))0™ (1)

—q1(t) Lyz(T1(t))
6_§(a(t),t0)
= O ) L )| e (1)

E=L(a(t).to)

= —Q)z(r(t)) <0,

t)L
_a®L @2(v(t)) Lav® (t).
€—2(o(t),to)

IN

+q2(v(t)) Loz (ma(£)) 0™ (¢)

where Q(t) =
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Thus, there exists to € [t;,00) such that r(t)z”(t) strictly decreasing on [t, c0) and either even-
tually positive or eventually negative. Since 7(t) > 0 for ¢ € [tg, c0)T, 22 (t) is also either eventually
positive or eventually negative.

We claim
22(t) >0 for t € [ty,00)T. (2.3)
Assume that (2.3) does not hold, then there exists t¢ € [t2,00)1 such that z2(tg) < 0. Since
r(t)22(t) is strictly decreasing on [ta,00)r, it is clear that 7(t)22(t) < 7(te)z®(te) = —c < 0 for

t € [te,00)r. Thus, we obtain 22(t) < —c% for t € [t¢,00)r. By integrating both sides of the last

inequality from ¢¢ to t, we get
t
1
2(t) - 2(te) < —c/ L A(s) for tefte,00)r
te r(s)
Noticing (C2), we have 75lim z(t) = —oo. This contradicts z(t) > 0. Therefore, (2.3) holds. Thus, we
e el

have z2(t) > 0 on [t2, 00)T.

Define the function w by generalized Riccati substitution
r(t)=>(1)
z(ri(t)
There exist t3 € [ta, 00)7 such that w(t) > 0 for ¢ € [t3,00)T.

Easily, we get

w(t) := aft

A
wd = (rzA)Aia +(rzA)"< a )
TOoT| roT
= (rz%)? + (rz2)° of __ _lzon)ta
ToT| (xom)? xom(rom)®
< (TZA)A @ A (rz2)° _ (rz2)7 (zom)®
roT Jr(3307'1)‘7 (xom)? xzom
AA O AW w? (xoT)?
= _|_ R -~ @7
(TZ ) T oTy a+a0 aa" T oTy
where a(s) = maz{a®(s),0}.
Thus, we have
o w® (1’ o Tl)A

w
wAngomLaﬁ—fa
a’ a’ xoT

From the chain rule, we know that

(xo T1)A = (xA o 7'1)7'1A.

According to condition 71 ([tg,00)r) = [11(t0),00)r in (Cy), we get that the derivative A on T is
equal to the derivative A on T := 7 ([tg, c0)T). So, we have

A A

w? w? (x°= o T)T

wAS—Qa—Faﬁ——a—g.
[o%d o TroTy

Also

A — L t u T(T2\U u
), 20) ~ 5 | ) pm)a

N
>
—~
~~
~—
I

< g(x(t),z2(1))
< L3xA (t )
implies that
A
A z2 (1)
_ ) < —
ROEEE
and so
w? (zA oT1) TlA
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Since 71 (t) <t < o(t) and r(t)z2(t) is strictly decreasing on [t2, 00)T, We get

(ro Tl)(ZA oT1) > (rzA)"
and
Ao
A > (r=2) .
(22 0m) > (rom)
Thus, we get
a w (rz®)

o

A AW
w® < —Qa+af—-———
s @ ta® Lza° (rom)zom

o

o 2 o
~Qa+adl - 2 (W) een) T (2.0

a° L3\ a° xoT roT

From (C4) we see that 7 (t) is strictly increasing on [tg, 00). Since t < o(t), we have 7 () < 77 (¢).
Since z2(t) > 0, we get x o 7(t) < x o 7{(t). Hence, from (2.4) there exist a sufficiently large
ty € [t3,00)T such that

g

N AW a (w\? T
w= < Qa+a+oﬂL3(a0) o
_ (rom)Ls w” atP r+ (a®)?(rom)Ls
B ath a’ \| (rom)Ls datP
A 0]
< —Qa Lo ns (25)
1
Integrating both sides of the last inequality from ¢4 to ¢, we get
' (0 (5))*(r(11(5))) Ls
w(t)=u(t) < = [ |@@a(s) - LRI A,
Since w(t) > 0 for t € [t3,00)r we have
t A 2 L
[ [@@asn - LTI A < e - () < wies)
and
lim s /t {(Q(s)a(s)) B (aﬁ(S))Z(r(n(s)))Ls]As < w(ty) < oo
o, da(s)rf(s) S
which is a contradiction to (2.1). The proof is completed. O

Theorem 2.2. Assume that (C1) — (Cs) hold. Let H be an rd-continuous function defined as follows:
H:Dy={(t,s):t>s>tg,t,sE [tg,0)r} = R,
such that
H(t,t) =0, for t>to,
H(t,s) >0, for t>s>tg,

and H has a nonpositive rd-continuous delta partial derivative H SA with respect to the second variable
and

. 1 ' (0 (=5)*(r(r1(s) L
h?isong(t,T)/T H(t,s) <Q(s)a(s) -t Ta(s)2(s) B)As =00

for every sufficiently large T, where Q(t) = —2ME 00 (y(£)) Lov® () and o (s) = maz{a®(s), 0},

€—B(a(t),tg)

(2.6)

then all solutions of (1.1) are oscillatory.
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Proof. Assume that z is a nonoscillatory solution of (1.1). Without loss of generality, we may assume
x is an eventually positive solution of (1.1). Proceeding as in the proof of the Theorem 2.1, we get

A (@)?(t)(r o m1(t))Ls
Multiplying by H(t, s) and then integrating from ¢4 to ¢, we obtain
t t A2 o
H(t, sywP(s)As < | H(t,s) ( _ Qs)afs) + LB O ATI(S))LB)AS.
ty tq 40[(5)7'1 (S)
Since
t t
H(t, s)w™(s)As = H(t, s)w(s) 5=, — [ H(t,s)w’(s)As,
tyq ty
we get

t

CH(tyw(ts) < [ H(ts) ( —Qs)als) +

2

@20 nE)Ls )
Ja(s) 72 (s) )A |

Thus, we have

t OKA 2 S)I(roTi\S
/ H(t,s>(c2<s>a<s>—( ) (o)lr o () ))L3)AssH<t,t4>w(t4>

do(s)T (s
and so
1 ' (a)*(s)(r 0 7 (s))Ls
H(t, S S As <w(ty) <
e J, 109 (Qet - SR as < wtt) <0
which contradicts with (2.6). This completes the proof. O

Theorem 2.3. Assume that (Cy) — (Cs) hold. Let H be an rd-continuous function defined as follows:
H:Dr={(t,s):t>s>tyt,s € [ty,00)r} = R,
such that
H(t,t) =0, for t>to,
H(t,s) >0, for t>s>tg,

and H has an rd-continuous A—partial derivative HSA on Dt with respect to the second variable.
Let h : Dy — R be an rd-continuous function satisfying

Ap s . aﬁ(s) _ h(t,s)
Hs (t’ )+H(t’ )ag(s) - 050(8)

H(ta S)a (ta S) € DT

and

sy s [ (#9(ats) - HEPEEII ) ac — oo @1

for every sufficiently large T, where Q(t) = % —q2(v(t)) Lav®(t) and o (s) = maz{a®(s),0},
—R(o(t),to

then all the solutions of (1.1) are oscillatory.

Proof. Assume that z is a nonoscillatory solution of (1.1). Without loss of generality, we may assume
x is an eventually positive solution of (1.1). Proceeding as in the proof of the Theorem 2.1, we have
(2.5). Multiplying (2.5) by H(t,s) and then integrating from ¢4 to t, we obtain

/t:H(t,s)Q(s)a(s)As < H(t s As+/ Ht

tg

el
, )<aﬂ<s>>2<ron><s>L3[ (&) as.

Thus, using
¢
/H(t,s)wA(s)As = [H(t,s) 5=, /HA (t, s)w?(s)As,

ty



OSCILLATION FOR NONLINEAR FUNCTIONAL DYNAMIC EQUATIONS 49

we have

af(s)
a“(s)

w (s)

AN
T
=
~
N
S~—
g
—~
~
N
N—
+
N
2
N
>
—
&
T
=
N—
g
Q
—~
»
N—

ta

[hlts) [er()Pron)($)Ls [ o a1
| \/ als)(s) \/H“’ wmrrenen W) 8

IN

As.

s | P

So, we get

o t 5)Q(s)a(s) — [(t, 5)]*(r o 71)(s) L3 s<w 00
ey [ (e 9aae - PELEEp O A < ) < o,

which is a contradiction to (2.7). The proof is completed. O

3. EXAMPLES

Example 3.1. Let T = R. Consider the equation

1 2/ (t) N4 () 1 1 PR 10 2(t? —3)
) s 4 p(t5 —3)(x(t5 =3P ) e =
(t2+sin2(x(t))> O sty e 3 =T )+ g
fort>ty:=4
1 1
Here T(t) = %,p(t) = tgan(t) = t%aQ2(t) = tliqa’rl(t) =15 — 357—2 t) = t2 - 33 g(x(t),x'(t)) =
Tty filw) = u(u? +4) and fo(u) = g7, L = w44 > 4= Ly and £ = Sy <

Ly for u#0, | fo(u) |< 3 =M, L2OQZ0) < 4= 1y,

Thus, we obtain Lodt = tdt = oo, v(t) = t10 < ¢ for t € 4,00 andl—,utp(t) =1>
to r(t) to
0 for te4,00).

Also, we get
4 4
t)L 4et=D 1 4tet=13 1
% — g2 (v(t))Lov' () = —— 3 =3 >0 for te[4,00)
€2 (a(t),t0) t ! !
and

) o) g2(u)du|ds = t s . ﬁdu ds = t st < oo for te€[4,00).

Hence, we have

[ ([F28 — puapiaro]aco - DO,

T 6,%(0(8)’%) 40&(8)7’1A(S)

4 2 1 1
® (4sels=0)3 1 3s L 32
= 3 s° — 31 ds
T s 483 —=
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o0 4 1
:/ (486(3_4)3 -1 — b T )ds
T 8(s5 — 3s5)

4

® /32(s% — 358 )es=H3 _8(s3 — 355) —

:/ ( (s5 —3s3)e : 8(s5 — 3s5) 15>ds:oo.
T 8(s% — 3s7)

Therefore, according to Theorem 2.1, every solution of (3.1) is oscillatory on [4,00).

Example 3.2. Let T = 2. Consider the equation

A
1 Pl b gt 1 x(2)
ta® (¢ —zP(t — (=) (2?(= 2 — = 2
(1220) + ot 0+ TR +2) + gy s =0 (32
fO?"t € [to,OO)T7t >ty =2
H@T@, ’I"(t) = ta p<t) = t%’ (h(t) = %7 q2(t) = #? Tl(t) = % < t7 TQ(t) = 2t7 g(m(t> A(ﬂ)
2(0), filw) = u(u? +2) and folu) = g, P =P 22 2= Ly and B = Gl < d s
Ly for u#0, | fo(w)|< 5 :=M, 050 =1, Ly=1.
Therefore, we obtain fc:)o 7_(1t) At = [[FIAt =00, o(t) =1L <t,02(t) =1 for t€[2,00)r and
L= p(H)BR =1tk =1-%>0 for t€[200)r.
Also, we get
t)L |
6611(# — qg(v(t))LgvA(t) > q1(t) Ly — QQ(U(t>)L2UA(t) = >0 for t€2,00)r
= (o (t),t0)
and

S 1 /‘S o rq s 1 o1 /_1 s
—_ q2(u AU]ASZ/ [/ Au]As:/ [()
/t |:7”(S) v(s) ) ¢ S F 2u? ¢ S u
Hence we have

(2928 gyuopzarc ] ato - (aﬂs))?(r(Tl(s)))Lg) N

T —2(0(s),to) da(s)T(s)

o0 3 2_1 s
-J ([

0 /3 2
:/ <5 +s 1—1)As=oo.

>3
Au] As = / —As < oo
. S

s
4

T S 4
Thus, according to Theorem 2.1, every solution of (3.2) is oscillatory on [2,00).
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