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INT-SOFT INTERIOR HYPERIDEALS OF ORDERED SEMIHYPERGROUPS

ASGHAR KHAN!*, MUHAMMAD FAROOQ! AND BIJAN DAVVAZ?

ABSTRACT. The main theme of this paper is to study ordered semihypergroups in the context of
int-soft interior hyperideals. In this paper, the notion of int-soft interior hyperideals are studied and
their related properties are discussed. We present characterizations of interior hyperideals in terms
of int-soft interior hyperideals. The concepts of int-soft hyperideals and int-soft interior hyperideals
coincide in a regular as well as in intra-regular ordered semihypergroups. We prove that every int-soft
hyperideal is an int-soft interior hyperideal but the converse is not true which is shown with help
of an example. Furthermore we characterize simple ordered semihypergroups by means of int-soft
hyperideals and int-soft interior hyperideals.

1. INTRODUCTION

The real world is inherently uncertain, imprecise, and vague. Various problems in system identifi-
cation involve characteristics which are essentially nonprobabilistic in nature [19]. In response to this
situation, Zadeh [20], introduced fuzzy set theory as an alternative to probability theory. Uncertainty
is an attribute of information. In order to suggest a more general framework, the approach to un-
certainty is outlined by Zadeh [21]. To solve a complicated problem in economics, engineering, and
environment, we cannot successfully use classical methods because of various uncertainties typical for
those problems. There are three theories: theory of probability, theory of fuzzy sets, and the interval
mathematics which we can consider as mathematical tools for dealing with uncertainties. But all these
theories have their own difficulties. Uncertainties cannot be handled using traditional mathematical
tools but may be dealt with using a wide range of existing theories such as probability theory, theory
of intuitionistic fuzzy sets, theory of vague sets, theory of interval mathematics, and theory of rough
sets. However, all of these theories have their own difficulties which are pointed out in [6]. Maji et
al. [22] and Molodtsov [6], suggested that one reason for these difficulties may be due to the inadequacy
of the parametrization tool of the theory. To overcome these difficulties, Molodtsov [6], introduced
the concept of soft set as a new mathematical tool for dealing with uncertainties that is free from
the difficulties that have troubled the usual theoretical approaches. Molodtsov pointed out several
directions for the applications of soft sets. Worldwide, there has been a rapid growth in interest in soft
set theory and its applications in recent years see [1-5,9,10,16]. The concept of hyperstructure was
first introduced by Marty [7], at the 8" Congress of Scandinavian Mathematicians in 1934, when he
defined hypergroups and started to analyze its properties. Now, the theory of algebraic hyperstruc-
tures has become a well-established branch in algebraic theory and it has extensive applications in
many branches of mathematics and applied science. Later on, people have developed the semihyper-
groups, which are the simplest algebraic hyperstructures having closure and associative properties. A
comprehensive review of the theory of hyperstructures can be found in [11-15,17]. In this paper, we
study the concept of int-soft interior hyperideals in ordered semihypergroups and present some related
examples of this concept. We show that int-soft hyperideals and int-soft interior hyperideals coincide in
regular ordered semihypergroups and intra-regular ordered semihypergroups. We characterize ordered
semihypergroups in terms of int-soft hyperideals and int-soft interior hyperideals. Simple ordered
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semihypergroups are characterized by using the notions of int-soft hyperideals and int-soft interior
hyperideals.

2. PRELIMINARIES

2.1. Basic results on ordered semihypergroups. A hypergroupoid is a nonempty set S equipped
with a hyperoperation o, that is a map o : S x S — P*(5), where P*(S) denotes the set of all
nonempty subsets of S (see [7]). We shall denote by z o y, the hyperproduct of elements x,y of S. A
hypergroupoid (S, o) is called a semihypergroup if (xoy)oz=zo0(yoz) for all z,y,z € S. Let A, B

be the nonempty subsets of S. Then the hyperproduct of A and B is defined as AcB= |J aob.
acA,beB

We shall write A o x instead of Ao {z} and x o A for {z} o A.

Definition 2.1. (see [11]). An algebraic hyperstructure (.9, 0, <) is called an ordered semihypergroup
(also called po-semihypergroup) if (5, o) is a semihypergroup and (5, <) is a partially ordered set such
that the monotone condition holds as follows:

a < b implies that roa < zoband aox < box for all z,a,b € S, where, if A, B € P*(S) then we
say that A < B if for every a € A there exists b € B such that a <b. If A = {a} then we write a < B
instead of {a} < B.

Definition 2.2. (see [13]). A nonempty subset A of an ordered semihypergroup (5,0, <) is called a
subsemihypergroup of S if for all z,y € A, implies that x oy C A.

Equivalently A nonempty subset A of an ordered semihypergroup (S, o, <) is called a subsemihyper-
group of S if Ao A C A.

Definition 2.3. (see [11]). Let (5,0, <) be an ordered semihypergroup and A be a nonempty subset
of S. Then A is called a left (resp., right) hyperideal of S if:

(1) So A C A (resp., Ao S C A).

(2) Ifac Aand S>b<athenbe A

If A is both a right hyperideal and a left hyperideal of S, then it is called a hyperideal
(or two-sided hyperideal) of S.

Definition 2.4. (see [18]) Let (S, 0, <) be an ordered semihypergroup. A subsemihypergroup A of S
is called an interior hyperideal of S if:

(1) SoAoS C A.

(2)Ifac Aand S>b<athenbe A

For A C S, we denote (A] = {t € S|t < h for some h € A}.

Lemma 2.1. (see [11]). Let (S,0,<) be an ordered semihypergroup and A, B are the nonempty
subsets of S. Then the following statements hold:

(1) AC (4]

(2) A C B implies that (A] C (B].

(3) (A]o (B] C (A0 B].

(4) ((A] o (B] = (A0 B].

(5) ((A]] = (4].

Definition 2.5. (see [18]). An ordered semihypergroup (5,0, <) is called regular if for each a € S
there exists x € S such that a < agozoa.

Definition 2.6. (see [18]). An ordered semihypergroup (5,0, <) is called intra-regular if for each
a € S there exist z,y € S such that a < xoaoaoy.

2.2. Basic concepts of soft sets. In what follows, we take £ = S as the set of parameters, which is
an ordered semihypergroup, unless otherwise specified. From now on, U is an initial universe set, F is
a set of parameters, P(U) is the power set of U and A, B,C... C E.

Definition 2.7. (see [6]). A soft set fa over U is defined as fa : B — P(U) such that fa(z) =0 if
x ¢ A. Hence f4 is also called an approximation function. A soft set f4 over U can be represented by
the set of ordered pairs fa = {(z, fa(z))|x € E, fa(x) € P(U)}. It is clear from Definition 2.7, that
a soft set is a parameterized family of subsets of U. Note that the set of all soft sets over U will be
denoted by S(U).

Definition 2.8. (see [6])

(i) Let fa, fg € S(U). Then f4 is called a soft subset of fg, denoted by fa C fg if fa(z) C fg(z)
for all z € E. Two soft sets f4 and fp are said to be equal soft sets if f4 C fp and fgp C fa and is
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denoted by f4 = fB.

(ii) Let fa, fg € S(U). Then the soft union of f4 and fp, denoted by fa U fg = faus, is defined by
(faU fB)(z) = fa(z)U fp(x) for all x € E.

(iii) Let fa, fp € S(U). Then the soft intersection of f4 and fp, denoted by faNfp = fanp, is defined
by (fanN fB) () = fa(z)N fp(zx) for all z € E. For x € S, we define

Ay ={(y,2) € Sx S|z <yoz}

Definition 2.9. (see [8]). Let f4 and gp be two soft sets of an ordered semihypergroup S over U.
Then, the int-soft product, denoted by fa*gpg, is defined by

~ ~ U  {faly)ngs(2)}, if Ay #0,
faxge : S — P(U),x — (fa*gp) () =< (v.2)€A:
0, if A, =0,

for all x € S.

Definition 2.10. (see [8]). For a nonempty subset A of S the characteristic soft set is defined to be
the soft set S4 of A over U in which S4 is given as follows

U, if xeA

Sa:§r— PU). z— 0, otherwise
For an ordered semihypergroup S, the soft set ”Sg ”

Ss: S8 — P(U),z— Ss(z) =U forall z € S.

of S over U is defined as follows:

The soft set ”Ss” of an ordered semihypergroup S over U is called the whole soft set of S over U.
Definition 2.11. (see [8]). Let f4 be a soft set of an ordered semihypergroup S over U a subset &
such that 6 € P (U). The d-inclusive set of f4 is denoted by e (f4,d) and defined to be the set

ea(fa,0) ={z €S| fa(zx) 26}.

Definition 2.12. (see [8]). A soft set fa of an ordered semihypergroup S over U is called an int-soft
subsemihypergroup of S over U if:

(Ve,y€5) (N fala) 2 fa(z) N faly).

acxoy
Definition 2.13. (see [8]). Let fa be a soft set of an ordered semihypergroup S over U. Then fy4 is
called an int-soft left (resp., right) hyperideal of S over U if it satisfies the following conditions:

(1) (Ve,yeS) (1 fale) 2 faly) (resp, N fale) 2 fA(I))-

aEcxroy aE€roy
(2) (Vo,y € S) v <y == fa(z) 2 fa(y).
A soft set fa over U is called an int-soft hyperideal (or int-soft two-sided hyperideal) of S over U if it
is both an int-soft left hyperideal and an int-soft right hyperideal of S over U.
Definition 2.14. An int-soft subsemihypergroup fa of an ordered semihypergroup S over U is called
an int-soft interior hyperideal of S over U if it satisfies the following conditions:

(1) (Vz,y,aeS) (1 fala) 2 fala).

acxoaoy
(2) (Va,y € S) x <y = fa(z) 2 fa(y).
Example 2.1. Let (S, 0,<) be an ordered semihypergroup where the hyperoperation and the order
relation are defined by:
a b c d
{a} | {a} [ {a} |{a}
{a} [{o} [{a} | {a}
{a} | {a} | {a} |{a,b}
a[{a} [{a} | {5} | {a,b,c}

S:: {(a7 a)’ (b7 b)’ (C7 C)? (d’ d)7 (a” b)? (a" C)7 (a’ d)’ (b7 d)’ (67 d)}'

Suppose U = {p,q,7,s} and A = {a,b,c}. Let us define fa (a) = {p,q,r,s}, fa(b) = {p}, fa(c) =
{p,q,7} and f4 (d) = (. Then f4 is an int-soft interior hyperideal of S over U.

QS |o
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Example 2.2. Let (5,0, <) be an ordered semihypergroup where the hyperoperation and the order
relation are defined by:
a b c d e
{a,b} | {a,b} | {a,b} | {a,b} | {a,b}
{a,b} | {a,b} | {a,b} | {a,b} | {a,b}
{a,b} | {a,b} | {c} |{c} |{e}
{a,0} | {a,b} | {c} |{d} |{e}
{a,b} | {a,0} [{c} |{c} |{e}

<= {(a7 a’)7 (b7 b)? (07 C)7 (d, d)v (67 e) ’ (a7 C), (a7 d)7 (a> 6) ) (b7 C) ’ (b7 d)? (b, 6) ’ (Cv d)? (C, 6)}
Let U = {1,2,3,4} and A = {a,b,c,e}. Let us define fa(a) = {1,2,3,4}, fa(b) = {1,2,3,4},
fa(c)=1{3,4}, fa(d) =0 and f4 (e) = {3,4}. Then f, is an int-soft interior hyperideal of S over U.
Proposition 2.1. Let (S,0,<) be an ordered semihypergroup and A be a nonempty subset of S.
Then A is an interior hyperideal of S if and only if the characteristic function S4 is an int-soft interior
hyperideal of S over U.
Proof. Suppose that A is an interior hyperideal of S. Let x,y and a be any elements of S. If a € A,
then Sy (a) = U. Since A is an interior hyperideal of S, we have a € xoaoy C So Ao S C A we have
Sa(a)=U.Thus (| Sa(a)=U=84(a).Ifa¢ Athen Sy (a)=10. Since S4(a) 20 =S84 (a).

acxoaoy

Thus (| Sa(a)28s(a).Let z,ye Swithe <y Ifye¢ Athen Sy(y) =0 andso Sy (z) 20 =

aexroaoy
Sa(y). Ify € Athen Sy (y) =U. Since < y and A is an interior hyperideal of S, we have z € A and
thus S4 (x) =U = S4 (y) . Since A is an interior hyperideal of S. Therefore A is a subsemihypergroup
of S. Let z,y € S. Then we have, [\ Sa(a) D Sa(x)NS4 (y) for every a € zoy. Indeed: If zoy ¢ A,

SR ESHESR RS IS o)

then there exists & € z oy suchoﬁlg:tya ¢ A, and we have () Sa(a) = 0. Besides that zoy € A

implies that z ¢ Aory ¢ A. Then Sy (z) =0 or Sy (y) =0 gﬁ(ﬁo}ylence N Sala)=8a(x)NSA(y).

Let z oy C A. Then Sy («) = U for any o € xz o y. It implies that ?]EIO?S’A (o) = U. Since we have

Sa(z) CU for any x € A. Thus €ﬂ Sa(@) DSa(x)NSa(y). T}(lleerz;gre S4 is an int-soft interior
aEzoy

hyperideal of S over U.
Conversely, let § # A C S such that S4 is an int-soft interior hyperideal of S over U. We claim that
Ao A C A. To prove the claim, let 2,y € A. By hypothesis, (| Sa(a) 2 Sa(x)NS4(y) =U which

agcxoy
implies that S (o) D U for any o € x o y. On the other hand S () C U for all z € S. Thus for any
a € xoy, Sa(a) =U implies that « € A. Tt thus follows that Ao A C A. Let o € So Ao S, then there
exist x,y € S and a € A such that « € xoaoy. Since (| Sa(a) 2 S4a(a), and a € A we have

acxroaoy

S (a) = U. Hence for each @ € So Ao S, we have S4 (o) =U, and so a € A. Thus So Ao S C A. Let
x € S and y € A be such that < y. Then S4(x) 2 S4(y) = U, and thus « € A. Therefore A is an
interior hyperideal of S.

Proposition 2.2. Let (5,0, <) be an ordered semihypergroup and f4 be an int-soft hyperideal of S
over U. Then f4 is an int-soft interior hyperideal of S over U.

Proof. Let z,a,y € S. Since f4 is an int-soft hyperideal of S over U. Then for any o € z oa oy, we

have () fa(a) = ﬂﬁfA(a)QfA(ﬂ)Qﬁm fa(B) 2 fa(a). Thus () fa(a) 2 fa(a).

aExoaoy agxo caoy aExoaoy
Beaoy
Therefore f4 is an int-soft interior hyperideal of S over U. The converse of Proposition 2.2, is not true

in general. We can illustrate it by the following example.

Example 2.3. Let (S, 0,<) be an ordered semihypergroup where the hyperoperation and the order
relation are defined by:

a b c d
{a} [{a} [ {a} | {a}
{a} | {a} | {a} |{a}
{a} [ {a} | {a.b] | {a,0]
{a} | {a} | {a,b} | {a}

QO[S0
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<:={(a,a),(b,b),(c,c),(d,d), (a,b),(a,c),(a,d), (d,b), (d, c)}.
Suppose U = {p,q,r} and A = {a,b,d}. Let us define f4 (a) = {p,q,7}, fa () = {p}, fa(c) =0
and fa(d) = {p,r}. Then f4 is an int-soft interior hyperideal of S over U. This is not an int-soft left
hyperideal as p{ N faa)n fa(b) ={p} 2 {p.,r}=fa(d).
accod=1a,

Proposition 2.3. Let (S,0,<) be a regular ordered semihypergroup and f4 is an int-soft interior
hyperideal of S over U. Then f, is an int-soft hyperideal of S over U.

Proof. Let x,y € S. Since f4 is an int-soft interior hyperideal of S over U. Then (] fa (a) 2 fa ().

aczroy
Indeed: Since S is regular and x € S, then there exists z € S such that + < x o z o . Then
we have z oy < (zozoz)oy = (zoz)o (roy). So there exist « € zoy, v € z oz and

B € voxoy such that @ < . Since f4 is an int-soft interior hyperideal of S over U, we have
fal@) 2 faB)2 () fa(B) 2 fa(z). Thus () fa(a) 2 fa(x). Therefore fu is an int-soft

BEvozoy acxoy
right hyperideal of S over U. In a similar way we prove that f4 is an int-soft left hyperideal of S over
U.
By Propositions 2.2 and 2.3 we have the following:
Theorem 2.1. In regular ordered semihypergroups the concepts of int-soft hyperideals and int-soft
interior hyperideals coincide.
Proposition 2.4. Let (S,0,<) be an intra-regular ordered semihypergroup and f4 is an int-soft
interior hyperideal of S over U. Then f4 is an int-soft hyperideal of S over U.
Proof. Let a,b € S. Then [\ fa(u) 2 fa(a). Indeed: Since S is intra-regular and a € S, there

u€aob

exist x,y € S such that a < xoaoaoy. Then aob < (xoaoaoy)ob=zoao(aoyob). So there
exist u € aob, v €aoyoband a € xoaow such that u < a. Since f4 is an int-soft interior hyperideal
of S over U, we have fa (u) D fa(a) 2 ) fa(a) D fa(a). Thus () fa(u)D fa(a). Hence fa

aExoaov uEaob

is an int-soft right hyperideal of S over U. Similarly we can prove that f4 is an int-soft left hyperideal
of S over U. Therefore f4 is an int-soft hyperideal of S over U.
By Propositions 2.2 and 2.4 we have the following:
Theorem 2.2. In intra-regular ordered semihypergroups the concepts of int-soft hyperideals and int-
soft interior hyperideals coincide.
Theorem 2.3. Let f4 be a soft set of an ordered semihypergroup S over U and 6 € P (U). Then fa
is an int-soft interior hyperideal of S over U if and only if each nonempty d-inclusive set e4(f4,9) is
an interior hyperideal of S.
Proof. Assume that f4 is an int-soft interior hyperideal of S over U. Let § € P (U) such that
ea(fa,0) # 0. Let 2,y € ea(fa,d). Then fu(z) 2 § and fa(y) 2 4. By hypothesis, we have

N fala) 2 fa(@)Nfaly) 2 N = 4. Thus for any a € x oy, we have f4 (a) D 4, implies
acxroy
that o € ea(fa,9). It follows that zoy C ea(fa,d). Hence es(fa,d) is a subsemihypergroup of S. Let
y € ea(fa,0) and x,z € S. Then f4 (y) 2 0. Since f4 is an int-soft interior hyperideal of S over U.
Thus [\ fa(w) 2D fa(y) 2 6. Hence fa (w) D 6§ for any w € z oy o z implies that w € ea(fa,0).

wWETOYoz
Thus Soea(fa,6)0S Cea(fa,d). Let x € ea(fa,d) andy € S withy <x. Then 6 C fa(z) C fa(y),
we get y € ea(fa,d). Therefore ea(fa,d) is an interior hyperideal of S.
Conversely, suppose that e4(fa,d) # 0 is an interior hyperideal of S. If (| fa (@) C fa(z)Nfa(y)

acxroy

for some z,y € S, then there exists § € P (U) such that () fa(a) C 6 C fa(z)N fa(y), which

aEcroy
implies that z,y € ea(fa,d) and zoy Z ea(fa,d). It contradicts the fact that es(fa,d) is an interior
hyperideal of S. Consequently, () fa(a) 2 fa(x)N fa(y) for all z,y € S. Next we show that

acxoy

N fa(a) 2 fa(a) for all z,a,y € S. Choose fa (a) =6, then a € e4s(fa,d). Since es(fa,0) is an

aEcxroaoy
interior hyperideal of S, we get x oaoy C es(fa,d). Then for every o € zoa oy, we have f4 (o) D0
and so fa(a) =0 C () fa(a).Let z,y € S such that x < y. If fa(y) = then y € ea(fa,0).

acxroaoy
Since e4(fa,0) is an interior hyperideal of S, we get © € ea(fa,d). So fa(x) 2 6 = fa(y). Therefore
fa is an int-soft interior hyperideal of S over U.
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Example 2.4. Let (5,0, <) be an ordered semihypergroup where the hyperoperation and the order
relation are defined by:

a b c d
{a} | {a} | {a} |{a}
{a} | {a} | {a,d} | {a}
{a} | {a} | {a} |{a}
{a} | {a} [{a} |{a}

<:={(a,a),(b,b),(c,c),(d,d),(a,d)}.
Then the interior hyperideals of S are {a}, {a,b}, {a,c}, {a,d}, {a,b,d}, {a,c,d} and S. Suppose

U ={ei, ez, e3,ea} and A = {a,b,d} . Let us define f4 (a) = {e1,e2,e5,ea}, fa (b) ={e1,e5}, fa(c) =
0 and fa (d) = {e1,e4}. Then

QIO | o0

{a,b,d} ifo={er}
{a} if 6 = {es}
{a,b} if 6 = {e3}
{a,d}  if § = {e4q}
{a} 1f5= {61,62}
{a,b} if 6 ={e1,e3}
{a,d} if 6 ={e, ea}
ea(fa,d) = {a} if 6 = {es, e3}
{a} if (5 = {62, 84}
{a} if (5 = {63, 64}
{a} if0={e1,ea,e3}
{a} if0={e1,ea,e4}
{a} ifd={e1,e3,e4}
{a} if § = {62,63,64}
{a} ifo=U

So by Theorem 2.3, f4 is an int-soft interior hyperideal of S over U.

Theorem 2.4. Let {fa, |i € I} be a family of int-soft interior hyperideals of an ordered semi-
hypergroup S over U. Then fa = () fa, is an int-soft interior hyperideal of S over U where

iel
(fa) @)= 0 (@),
il icl

Proof. Let x,y € S. Then, since each fa, (i € I) is an int-soft interior hyperideals of S over U,
so () fa, (@) 2 fa, (x)N fa, (y). Thus for any o € z oy, fa, (@) D fa, (x) N fa, (y), and we have

acxoy

fat = (N2 ) @ = Qa0 2 0 (a0 a6 = (a0 (0 G 0) =

i€l el icl icl iel

(n fAi) L (m fAi) (4) = £ (@) N fa(y), which implies that () fa(a) 2 fa(@) N fa(y)-

i€l i€l aExoy
Let a,z,y € S and [ fa,(8) 2 fa,(a). Thus for any f € zoaovy, fa,(8) 2 fa,(a).

BExoaoy

Then fa (8) — (m fAi) B = N UaB) 2 N fa (@) = (n fAi) (a) = fala). Thus

iel iel iel iel
N\ fa(B8) 2 fa(a). Furthermore, if x <y, then fa (z) 2 fa (y). Indeed: Since every fa, (i € I)
BExoaoy

is an int-soft interior hyperideal of S over U, it can be obtained that fa, (x) D fa, (y) for all i € I.

Thus fa (o) = () fa ) @) = 0 (@) 2 ) (a0 = () ) = £a ). Ths Fo s am
ic ic ic ie

int-soft interior hyperideals of S over U.

Lemma 2.2. Let S be an ordered semihypergroup and f4 is a soft set of S over U. If f4 is an int-soft

subsemihypergroup of S over U such that

U

z < Yy = fA(x) 2 fA(y)a Vx,y S Sv
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then fa*faCfa. Conversely if fa*xfaCfa, then f4 is an int-soft subsemihypergroup of S over U.

Proof. Let z € S. If A, = 0, then (faxfa)(z) =0 C fa(zx). If A, # 0, then (b,c) € A, such that
x < boc. This means that there exists o € bo ¢ such that x < a.

(faxfa) (x)

U {(fa®nra(e)

(be)eA,

U fa(@

(b,c)eA,

U fa@

(b,e)eA,

= fa(z).

N

N

Thus fa*xfa C fa.
Conversely, if fa*fa C fa, then for all z,y € S and o € z o yy. We have

fa(a) (fa*fa) ()

U {fa@nra)}

(z,y)€A
2 {fa(@)nfaly)}
fale) 2 {fa(@)Nfa(y)}.

Hence () fa(a)2{fa(x)N fa(y)}. Thus f4 is an int-soft subsemihypergroup of S over U.

aEcxroy
Theorem 2.5. Let (5,0, <) be an ordered semihypergroup and f4 be a soft set of S over U. Then f4
is an int-soft interior hyperideal of S over U if and only if fa*xf4 C f4 and Ss*f4*Ss C fa.
Proof. Let f4 be an int-soft interior hyperideal of S over U. Then (Ss*fs*Ss) (a) C fa(a) for
all a € S. Indeed: If (Ss*fa*Ss) (a) = 0, clearly, (Ss*fa*Ss) (a) C fa(a). Let (Ss*fa*Ss) (a) # 0.
Then we can prove that (Ss*fa*Ss) (a) C fa (a). In fact, let (z,y) € A, and (p,q) € Ay, ie,a < xzoy
and x < pogq. Then a < pogqoy, and there exists u € po qgoy such that a < u. Since f4 is an int-soft

interior hyperideal of S over U. Then fa (a) D fa(u)2 () fa(u) 2 fa(q). Thus
uEpoqoy

(SsfaxSs)(a) = [ {(Ss¥fa)(@)NSs ()}

(z,y)€Aq

= U {(Ssifa)(@)nU}

("Evy)eAa

= U (Ssifa) (@)

(z,9)€Aq

- U { U (Ss(p)ﬂfA(Q))}

(z,y)€Aa \ (p,9)€EAL

- U { U <UmfA<q>>}

(z,y)€Aa \ (P,9)EAL

= U U (@

(z,y)€AL (P,9)EA

fala).

N

Thus SS;fAISS Q fA-
Conversely, for any z,y,z € S, let @ € x oy o z. Then, there exists u € x oy C (x oy] such that
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a€uozC (uoz|, and we have (z,y) € Ay, (u,2) € A,. Since Ss*fa*Ss C fa, we have
fale) 2 (Ss*faxSs) (@)
= U USs#fa}(p)nSs(a)]

(p,9)EAG
{(Ss*fa)
{(Ss*fa)
= (Ss*fa)(
= U [
(s,t)EA,
2 {Ss(x)Nfa(y)}
= {Unfay)}
fa(y).

It thus follows that [ fa (@) 2 fa (y). The rest of the proof is a consequence of the Lemma 2.2.

aEcxroyoz

V)

(u) N Ss (2)}
(u) MU}

u)

Ss(s) N fa(t)]

3. CHARACTERIZATIONS OF SIMPLE ORDERED SEMIHYPERGROUPS IN TERMS OF INT-SOFT
HYPERIDEALS AND INT-SOFT INTERIOR HYPERIDEALS

Definition 3.1. (see [18]). An ordered semihypergroup (S,o,<) is called simple if it has no a
proper hyperideal.
Lemma 3.1. (see [18]). An ordered semihypergroup (5,0, <) is a simple ordered semihypergroup if
and only if for every a € S, (Soao S] = S.
Let (5,0, <) is an ordered semihypergroup and a € S, and f4 be a soft set of S over U we denote by
I, the subset of S defines as follows:

Ion={be S| fa(b) D fa(a)}.

Proposition 3.1. Let (5,0, <) be an ordered semihypergroup and f4 is an int-soft right hyperideals
of S over U. Then the set I, is a right hyperideal of S for every a € S.

Proof. Let a € S. First of all ) £ I, C S. Since a € I,. Let b€ I, and s € S. Then bo s C I,. Indeed:
Since f4 is an int-soft right hyperideals of S over U and b,s € S, we have () fa(a) 2 fa(b).

agbos
Since b € I, we have fa (b) D fa(a). Thus () fa(a) 2 fa(a), implies that f4 (a) 2 fa(a), so
agcbos

a € I, and hence bos C I,. Let b€ I, and S > s < b. Then s € I,. Indeed: Since f4 is an int-soft
right hyperideals of S over U, b,s € S and s < b, we have fa(s) D fa(b). Since b € I,, we have
£4(6) 2 fa(a). Then fa(s) D fa(a), 50 s € L.

In a similar way we prove the following:

Proposition 3.2. Let (5,0, <) be an ordered semihypergroup and f4 is an int-soft left hyperideals
of S over U. Then the set I, is a left hyperideal of S for every a € S.

By Propositions 3.1 and 3.2 we have the following:

Proposition 3.3. Let (5,0, <) be an ordered semihypergroup and f4 is an int-soft hyperideals of S
over U. Then the set I, is a hyperideal of S for every a € S.

Theorem 3.1. (see [8]). Let (S,0,<) be an ordered semihypergroup and §§ # I C S. Then I is a
hyperideal of S if and only if the characteristic function Sz is an int-soft hyperideals of S over U.
Theorem 3.2. An ordered semihypergroup (.S, 0, <) is a simple ordered semihypergroup if and only
if every int-soft hyperideal of S over U is a constant function.

Proof. Assume that S is a simple ordered semihypergroup. Let f4 is an int-soft hyperideal of S over
U and a,b € S. By Proposition 3.3, we obtain I, is a hyperideal of S. By assumption, this implies
that I, = S. Then b € I,,, that is fa (b) 2 fa (a). By symmetry we get fa(a) 2 fa (b). Therefore
fa(a)=fa(b).

Conversely, we assume that for every int-soft hyperideal of S over U is a constant function. Let I be
a hyperideal of S and z € S. By Theorem 3.1, we obtain the characteristic function Sz is an int-soft
hyperideal of S over U. By assumption, Sz is a constant function, that is Sz (z) = Sz (b) for every
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be S. Let a € I. Then Sz () = Sz (a) = U, and so x € I. Therefore S C I.

Theorem 3.3. Let (5,0, <) be an ordered semihypergroup. Then S is a simple ordered semihyper-
group if and only if every int-soft interior hyperideal of S over U is a constant function.

Proof. Assume that S is a simple ordered semihypergroup. Let f4 be an int-soft interior hyperideal
of S over U and a,b € S. By Lemma 3.1, we have S = (Sobo S]. Since a € S, we have a € (Sobo 5].
Then there exist x,y € S such that a <z oboy, i.e., there exists o € x o b oy such that a < «a. Since
fa is an int-soft interior hyperideal of S over U, we have f4 (a) 2 fa(a) 2 () fa(a) D fa(b).

aExoboy
Hence f4 (a) 2 fa (b). By symmetry we can prove that fa (b) D fa (a). Therefore fa (a) = fa (b).
Conversely, assume that every int-soft interior hyperideal of S over U is a constant function. Let f4 is
an int-soft hyperideal of S over U. Then f4 is an int-soft interior hyperideal of S over U. By assumption
fa is a constant function. By Theorem 3.2, S is a simple ordered semihypergroup.
Corollary 3.1. Let (5,0, <) be an intra-regular ordered semihypergroup. Then every int-soft interior
hyperideal of S over U is a constant function.
As a consequence of Lemma 3.1, Theorem 3.2, and Theorem 3.3, we present characterizations of a
simple ordered semihypergroup as the following theorem.
Theorem 3.4. Let (5, 0, <) be an ordered semihypergroup. Then the following statements are equiv-
alent:
(1) S is a simple ordered semihypergroup.
(2) S=(SoaoS] for every a € S.
(3) Every int-soft hyperideal of S over U is a constant function.
(4) Every int-soft interior hyperideal of S over U is a constant function.
Proposition 3.4. Let (5,0, <) be an intra-regular ordered semihypergroup. Then for every interior
hyperideals A and B of S we have
(1) (Ao A] = A.
(2) (Ao B] = (Bo4].
Proof. (1). Let S be an intra-regular ordered semihypergroup and A, B are the interior hyperide-
als of S. Let a € A. Since S is intra-regular, there exist z,y € S such that a < roaoaoy =
(xoa)o(aoy) <zo(xoaocaoy)o(xoaoaoy)oy= ((xroxoa)oao(y))o((xoa)oao(aocyoy))C
(SoAoS)o(SoAoS)CAocA=ac (AocAl= AC (Ao A].
For the reverse inclusion, let a € (Ao A], then a < ay o ay for some aj,as € A. Then a <
xzoaoaoy=(xoa)o(aoy) <zo(ajoaz)o(a;oaz)oy=(roajoaz)oajo(azoy) CSocAoSCA
—a€(Al=A= (Ao A] C A Thus (Ao A] = A.
(2). Let A and B be interior hyperideals of S. Then (Ao B] = (Bo A]. Indeed: By (1) we have
(AoB]=((AoB]o(AoB]]=(((AoB]o(AoB])o((Ao B]o (Ao BJ])]
C(((AoB)o(AoB)lo((AoB)o(AoB)]]=(((A)oBo(AoB)]o((AoB)o Ao (B)]]
C((SoBoS|o(SoAoS]] C ((B]o(4]] = (BoA] = (Ao B] C (Bo A]. By symmetry we have
(BoA] C (Ao B]. Thus (Ao B] = (Bo A].
Proposition 3.5. Let (S,0,<) be an intra-regular ordered semihypergroup and f4 is an int-soft
interior hyperideal of S over U. Then for every a € S such that a o a < a, we have the following

M N falv)=fala).

veaoa

2) N fale)= N fa(B).

aEaob BEboa
Proof. (1). Let S be an intra-regular ordered semihypergroup and f4 is an int-soft interior hyperideal
of Sover U and a € S. Then (| fa(v) = fa(a). Indeed: Since S is intra-regular and a € S, there

veaoa
exist x,y € S such that a < xoaoaoy for some z,y € S. So there exist v € aoa and z € xovoy

such that @ < z. Then fa(a) D fa(2) 2 () fa(z) D fa(v). Hence fa(a) 2 () fa(v). Since

zExovoy vEaoa

aoa < a so there is v € aoa such that v < a. Then we have f4 (v) 2 fa (a). Thus () fa(v) 2 fa(a).
vEaoa
Therefore () fa(v) = fa(a).

veEaoa
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(2). Suppose a,b € S. Let « € aob and 8 € boa. Then we have (| fa(a) = [ fa(8). In-
a€aob BEboa
deed: By (1) we have fa(a)= (1 fa(w)2 (1 fa(w)= (1  falw)= N fa(u)2
uEow u€Eaoboaob u€ao(boa)ob u€aofob
BEboa
fa(B) 2> N fa(B).It follows that (| fa(a) 2D [\ fa(B). By symmetry it can be shown that
Beboa a€Eaob BEboa
N faB)2 (1 fa(e). Hence () fa(a)= [ fa(B).
BEboa a€aob a€aob BEboa
REFERENCES
[1] H. Aktas and N. Cagman, Soft sets and soft groups, Inf. Sci. 177 (13) (2007), 2726-2735.
[2] F. Feng, Y. B. Jun, and X. Zhao, Soft semirings, Comput. Math. Appl. 56 (10) (2008), 2621-2628.
[3] F. Feng, M. I. Ali, and M. Shabir, Soft relations applied to semigroups, Filomat, 27 (7) (2013), 1183-1196.

[4]
(5]

[6]
[7]
(8]
[9]
(10]
(11]

[12]
(13]

(14]

[15]
[16]
(17]

(18]

(19]
[20]
21]
(22]

F. Feng and Y.M. Li, Soft subsets and soft product operations, Inf. Sci. 232 (2013), 44-57.

Y. B. Jun, S. Z. Song, and G. Muhiuddin, Concave soft sets, critical soft points, and union-soft ideals of ordered
semigroups, Sci. World J. 2014 (2014), Article ID 467968.

D. Molodtsov, Soft set theory—-first results, Comput. Math. Appl. 37 (4-5) (1999), 19-31.

F .Marty, Sur Une generalization de la notion de group, 8¢ congress, Math. Scandenaves Stockholm (1934), 45-49.
A. Khan, M. Farooq and B. Davvaz, Int-soft left (right) hyperideals of ordered semihypergroups, Submitted.

S. Naz and M. Shabir, On soft semihypergroups, J. Intell. Fuzzy Syst. 26 (2014). 2203-2213.

S. Naz and M. Shabir, On prime soft bi-hyperideals of semihypergroups, J. Intell. Fuzzy Syst. 26 (2014). 1539-1546.
B. Pibaljommee and B. Davvaz, Characterizations of (fuzzy) bi-hyperideals in ordered semihypergroups, J. Intell.
Fuzzy Syst. 28 2015. 2141-2148.

D. Heidari and B. Davvaz, On Ordered Hyperstructures, U.P.B. Sci. Bull. Series A, 73 (2) 2011. 85-96.

T. Changphas and B. Davvaz, Bi-hyperideals and Quasi-hyperideals in ordered semihypergroups, Ital. J. Pure Appl.
Math.-N, 35 (2015), 493-508.

P. Corsini and V. Leoreanu-Fotea, Applications of hyperstructure theory, Advances in Mathematics, Kluwer Aca-
demic Publisher, (2003).

B. Davvaz, Fuzzy hyperideals in semihypergroups, Ital. J. Pure Appl. Math.-N, 8 (2000), 67-74.

D. Molodtsov, The Theory of Soft Sets, URSS Publishers, Moscow, 2004 (in Russian).

J. Tang, A. Khan and Y. F. Luo, Characterization of semisimple ordered semihypergroups in terms of fuzzy hyper-
ideals, J. Intell. Fuzzy Syst. 30 (2016), 1735-1753.

N. Tipachot and B. Pibaljommee, Fuzzy interior hyperideals in ordered semihypergroups, Ital. J. Pure Appl. Math.-
N, 36 (2016), 859-870.

L. A. Zadeh, From circuit theory to system theory, Proc. Inst. Radio Eng. 50 (1962), 856-865.

L. A. Zadeh, Fuzzy sets, Inf. Comput. 8 (1965), 338-353.

L. A. Zadeh, Toward a generalized theory of uncertainty GTU —an outline, Inf. Sci. 172 (1-2) (2005), 1-40.

P. K. Maji, A. R. Roy, and R. Biswas, An application of soft sets in a decision making problem, Comput. Math.
Appl. 44 (8-9) (2002), 1077-1083.

IDEPARTMENT OF MATHEMATICS, ABDUL WALI KHAN UNIVERSITY MARDAN, KP, PAKISTAN
2DEPARTMENT OF MATHEMATICS, YAZD UNIVERSITY, YAZD, IRAN

*CORRESPONDING AUTHOR: azhar4dset@yahoo.com



	1. Introduction
	2. Preliminaries
	2.1. Basic results on ordered semihypergroups.
	2.2. Basic concepts of soft sets

	3. Characterizations of simple ordered semihypergroups in terms of int-soft hyperideals and int-soft interior hyperideals
	References

