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FACTORS FOR ABSOLUTE WEIGHTED ARITHMETIC MEAN SUMMABILITY
OF INFINITE SERIES

HUSEYIN BOR*

ABSTRACT. In this paper, we proved a general theorem dealing with absolute weighted arithmetic
mean summability factors of infinite series under weaker conditions. We have also obtained some
known results.

1. INTRODUCTION

Let Y a, be a given infinite series with partial sums (s,). We denote by u$ the nth Cesaro mean
of order o, with o > —1, of the sequence (s,,), that is (see [4])

%Z A (1.1)

v=0

where

a+1)(a+2)..(a+n)
n!

A series Y a, is said to be summable | C, a |, k > 1, if (see [5])

ag =t

O(n%), A% =0 for n>0. (1.2)

anil | u® —u® | [F< 0. (1.3)

If we take a=1, then we obtain | C,1 |, summability. Let (p,) be a sequence of positive numbers
such that P, = ZZ:O Py = 00 as n — oo, (P_;=p_;=0,i>1). The sequence-to-sequence
transformation

Wy, = — Do Sy (1.4)

defines the sequence (w, ) of the weighted arithmetic mean or simply the (N, p,) mean of the sequence
(sn), generated by the sequence of coefficients (p,) (see [6]). The series ) a, is said to be summable
| N, pn | k> 1, if (see [1])

Z n/pn | Wp — Wn—1 ‘k< 0. (15)

If we take p, = 1 for all values of n, then we obtain | C, 1 |, summability. Also if we take k = 1, then
we obtain | N, p,, | summability (see [11]). For any sequence ()\,,) we write that A\, = A, — A1

2. KNOWN RESULT

The following theorem is known dealing with | N, p,, [, summability factors of infinite series.
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Theorem 2.1. [2] Let (X,) be a positive non-decreasing sequence and suppose that there exists
sequences (B,) and (\,) such that

| AXn |< Ba, (2.1)
Bn =0 as n— oo, (2.2)
> | ABy | Xy < o0, (2.3)
n=1
If
- | sn |k
Z (Xom) as m — oo, (2.5)
and (pn) is a sequence such that
P, = O(npy), (2.6)

P, Apn = O(pnpn-i-l)

Pl s summable | N,pp |g, k> 1.

then the series Y ., an s

Remark 2.1. It should be noted that, under the conditions on the sequence (\,) we have that (A,) is
bounded and AN, = O(1/n) [2].

3. MAIN RESULT

The aim of this paper is to prove Theorem 2.1 under weaker conditions. Now, we shall prove the
following theorem.

Theorem 3.1. Let (X,,) be a positive non-decreasing sequence. If the sequences (X,), (Brn), (An), and
(pn) satisfy the conditions (2.1)-(2.4), (2.6)-(2.7), and

k
Z |j(nk| ; =0(Xyn) as m— oo, (3.1)

then the series Y | an Izlp%‘" is summable | N,py |,., k > 1.

Remark 3.1. It should be noted that condition (3.1) is the same as condition (2.5) when k=1. When
k > 1, condition (3.1) is weaker than condition (2.5) but the converse is not true. As in [10], we can
show that if (2.5) is satisfied, then we get

Z|8n|k =0( ! )ilsn|k:O(X) as m — oo
Xkl X{c—l — n m :

To show that the converse is false when k > 1, as in [3], the following example is sufficient. We can
take X,, =n?, 0 < § < 1, and then construct a sequence (u,) such that

|3n|lC
Un 1 Xn - anla
nX,
hence
m
Z |sn] md
k=1 — “m — )
ot nX,
and so
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It follows that

m — o0

R
an:1 n

provided k& > 1. This shows that (2.5) implies (3.1) but not conversely.
We require the following lemmas for the proof of Theorem 3.1.

Lemma 3.1. [7] Under the conditions on (X,), (Bn) and (\,) as as expressed in the statement of
the theorem, we have the following;

nXnBy = O(1), (3.2)
> BuXn < 0. (3.3)
n=1

Lemma 3.2. [9] If the conditions (2.6) and (2.7) are satisfied, then A (%) =0 (3).

4. PROOF OF THEOREM 3.1

Proof. Let (T,,) be the sequence of (N, p,) mean of the series Y oo, %. Then, by definition, we
have

vaZaTP)\ —ZP P,U I)GUPA

v
o P

Then we get that

n

Pn P,_1P,a,\,
T, —T, | =
! PnPnfl ,Uz:; UPw

n Z 1, (P_l = 0)

)

By using Abel’s transformation, we have that

(UlPA)_F)\nSn
Do n
n—1

n—1 n—1
5n>\n Pn PU+1PUAA1) DPn 1
= PysyApA — P, —
n PPy ;S W+ Dpops | P Pn : X_: vy o) PaPuy &7

Tn - Tn—l

= 1n,1 + Tn,2 + Tn,S + Tn,4~
To complete the proof of the Theorem 3.1, by Minkowski’s inequality, it is sufficient to show that

o) P k—1
> (p") | Ty, |F< 00, forr=1,2,3,4. (4.1)

Applying Abel’s transformation, we have that

m Pn k—1 m Pn k—1 B S k S k k-1
£ S e )

n=1 n n=1 n
m—1

DY AL
n=1
m—1

DY BuXn+0(1) | A | X =0(1), as m — o,

m—1

Sn
|)\'m|z |Xk‘1— ()Z|A)\TL|XTL+O(1)‘AT)’L|X7”

n=1
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by the hypotheses of Theorem 3.1 and Lemma 3.1. Now, by using (2.6) and applying Holder’s inequal-
ity, we obtain that

m—+1 P k—1 m—+1 n—1 m+1 D n—1 P k
n k__ k__ n v
Z(p ) |Tn72|*0()zw‘1}zpv=9uA>‘v| ()prk {va|sv|pv|A>\v|}

n=2 n n=2 """ n-1 v=1

m+1 — n— -1
- O(l P P Z ( ) | Sy |k pvﬂvk S (Pnl 1;]%)
m P m—+1
omy. () slmst Y
v=1 D n=v+1 n—l
m P k—1 m
—om > (Z) 8k s - (308 |
v=1 v y—1
= 0(1) i <1>k_1 B | Sy |k: ( )Zvﬂv | i |
v=1 Xv v=1 XU e
m—1 v k m k m—
=01 Y A(uB,) | Srk\ﬂ L OMmBn S \ Svk|,1 _ Z AWBy) | Xy +O01)mBmXm
v=1 r=1 X, v=1 vXy =
m—1
=0(1) Y | (w+1D)AB, = By | Xy + O(1)mBnXom
71:1:—11 m—1
=0(1) Y v AB | Xy +0(1) Y XuBy + O(1)mBm X = O(1),
v=1 v=1

as m — 00, by the hypotheses of the Theorem 3.1 and Lemma 3.1. Again, as in T}, 1, we have that

B B ) R ()
n=2 Pn " n=2 Pn PP“ 11): ’ UPv

m+1 m+1 - k
:O(l)ZPPk ;P|5v|)‘v|} () PPk Z pv|5v||)‘v|}

»-.H

m—+1 n—1 n—1 k—
=0(1) ( ) Do | 8o *l Ao kx{ va}
— 1 ’U
m m+1 m k
k Dn Pv k k 1 v
=0(1
Z( ) sl Y R om Y () w5
n=v+1 v=1
m k—1 k
k—1 |5v|k_ 1 |5v| | 50 |
( ) Pty g el —0<1>Z_;(Xv) N Zm o

—0(1) 3

Mwmg‘

XoBy +O(1) X0 | A |=0O(1), as m — oo,

Il
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by the hypotheses of the Theorem 3.1, Lemma 3.1 and Lemma 3.2. Finally, using Holder’s inequality,
as in T}, 3, we have get

m+1 P k—1 m+41 n—1
n k k
Y () mer= X g Rt

n=2

m—+1 m—+1

k 1 n—1 k-1
_prk |ZSU ’U)‘U|k PPIZ|v|k<U>pv|)‘vkx<P va>

n—1 v=1
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m k—1
1w P, | s |F
k k v k—1 v
v v | Av =0(1 Ay )\vi
)ISIpl | Fae ()E( ) [ Ao "7 A0 |

v=1 UPv
k—1 k
|SU| |Sv|
Ao A | e
)il —om i sk
v=1
m—1
(1) Y XuBy + O() X | A [= O(1), as m — .

v=1

This completes the proof of Theorem 3.1. d

=omy- (o
=0<1>Z(§v

m
m

5. CONCLUSIONS

It should be noted that if we take p, = 1 for all n, then we obtain a known result of Mishra and
Srivastava dealing with | C, 1 |, summability factors of infinite series (see [8]). Also, if we set k = 1,
then we have a known result of Mishra and Srivastava concerning the | N, p,, | summability factors of
infinite series (see [9]).
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