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INEQUALITIES FOR THE MODIFIED k-BESSEL FUNCTION

SAIFUL RAHMAN MONDAL! AND KOTTAKKARAN SOOPPY NISAR?*

ABSTRACT. The article considers the generalized k-Bessel functions and represents it as Wright func-
tions. Then we study the monotonicity properties of the ratio of two different orders k- Bessel
functions, and the ratio of the k-Bessel and the k-Bessel functions. The log-convexity with respect
to the order of the k-Bessel also given. An investigation regarding the monotonicity of the ratio of
the k-Bessel and k-confluent hypergeometric functions are discussed.

1. INTRODUCTION

One of the generalization of the classical gamma function I’ studied in [4] is defined by the limit
formula

nlkn(nk %_1
Tg(x) := nhﬂn;o(x()l

where (), 5 := z(z+k)(z+2k) ... (z+(n—1)k) is called k-Pochhammer symbol. The above k—gamma
function also have an integral representation as

, k>0, (1.1)

o0 tk
T'i(x) :/ t*le=®dt, R(z)>0. (1.2)
0
Properties of the k-gamma functions have been studies by many researchers [6,8-11]. Following
properties are required in sequel:
(i) Tk (z+ k) = aT', ()
(i) Ty (2) = kEIT (2)
(iii) Tk (k) =1
(iv) Tk (x + nk) =Tk(z)(2)nk
Motivated with the above generalization of the k-gamma functions, Romero et. al. [1] introduced
the k—Bessel function of the first kind defined by the series

(~1)" (z/2)"
E:FkAn+v+ 1) (n!)?

, (1.3)

where k € RY; a, A\, v,v € C; R(A\) > 0 and R(v) > 0. They also established two recurrence relations
for J;
In this article, we are considering the following function:

I“

(z/2)"
Z Fk )\n+v+ 1) (n!)2 ’ (1.4)

Since

lm 17 () = Oj L@/ (Q)Zu@),

kA y—1 «I'(n+v+1) nl x
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the classical modified Bessel functions of first kind. In this sense, we can call I,Zj‘ as the modified

k-Bessel functions of first kind. In fact, we can express both J,Z;\ and I,;’lf‘ together in

v, (=) (z/2)"
wki\c Zrk )\n+1/+ ) (TL')2 )

ceR. (1.5)

We can termed WZ3 as the generalized k-Bessel function.

* in term of the classical Wright functions. Then
we will study about the monotonicity and log-convexity properties of I,Z;\ .

First we study the representation formulas for W)’ W

2. REPRESENTATION FORMULA FOR THE GENERALIZED k-BESSEL FUNCTION

The generalized hypergeometric function ,Fy(a1,...,ap;c1,...,¢q; ), is given by the power series
o~ (an)r - (ap)
1) (Ap)e g
Filar,...,ap;c1,...,¢q;2) = z", z| < 1, 2.1
p Q( P q ) kZ:O(Cl)k"'(Cq)k(l)k ‘ | ( )

where the ¢; can not be zero or a negative integer. Here p or ¢ or both are allowed to be zero. The
series (2.1) is absolutely convergent for all finite z if p < g and for |z| < 1if p=¢+1. When p > ¢+1,
then the series diverge for z # 0 and the series does not terminate.

The generalized Wright hypergeometric function ,,(z) is given by the series

; az > a@ + Olzk) Zk
w zZ) = ’ll) |: ( ’ :| 2.2
) by By [F) = 2 TG, 4 500 & 22)
where a;,b; € C, and real o, 5; e R (i =1,2,...,p;7 =1,2,...,¢). The asymptotic behavior of this

function for large values of argument of z € C were studled in [13, 14] and under the condition

q p
> Bi=> ai>—1 (2.3)
j=1 i=1

in literature [18,19]. The more properties of the Wright function are investigated in [14-16].
Now we will give the representation of the generalized k-Bessel functions in terms of the Wright and
generalized hypergeometric functions.

Proposition 2.1. Let, k € R and \,7v,v € C such that R(X) > 0,R(v) > 0. Then

1 (1,1) cx
920 = ey | (B |- 5]
ke () = S () W) (L) | g
Proof. Using the relations I'y, (z) = k* ~'T (£) and I'j, (z + nk) = Ty (2)(%)n,k, the generalized k-Bessel

functions defined in (1.5) can be rewrite as

- Tk (v + nk) (=)™ rax\n
Wine(@) Z T, ( o DTw(y (3) (24)

1 i I
1 (1.1) ‘ cx }
{ 2.6
ku+z+1r(%) 11/12 [ ( -;6-17%) (1’1) U — ( )
Hence the result follows. g

3. MONOTONICITY AND LOG-CONVEXITY PROPERTIES

This section discuss the monotonicity and log-convexity properties for the modified k-Bessel func-
. A A
tions Wz’uﬁl(x) = Izy(a:)
Following lemma due to Biernacki and Krzyz [7] will be required.
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Lemma 3.1. [7] Consider the power series f(z) =Y pey arz® and g(z) = > po bra®, where aj, € R
and by, > 0 for all k. Further suppose that both series converge on |x| < r. If the sequence {ax /by }r>0
is increasing (or decreasing), then the function x — f(x)/g(x) is also increasing (or decreasing) on

(0,7).
The above lemma still holds when both f and g are even, or both are odd functions.

Theorem 3.1. The following results holds true for the modified k-Bessel functions.

(1) For p > v > —1, the function x — Izz(x)/lzi‘(x) is increasing on (0,00) for some fized
k> 0.
(2) If k > A > m > 0, the function x — IZi‘(a:)/IZ@)‘V(x) is increasing on (0,00) for some fized
v>—-1landy>v+1.
(3) The function v +— I,Zi‘(m) is log-convex on (0,00) for some fized k,v > 0 and x > 0. Here,
1) (x) = Ty(v + DI ().
(4) Suppose that A >k >0 and v > —1. Then
(a) The function x — Izl’}(aj)/ék (a,¢;x) is decreasing on (0,00) fora >c¢ >0 and 0 <y <
v+ 1. Here, @y (a;c;x) is the k-confluent hypergeometric functions.
(b) The function x — Iz;\(x)/‘l)k (v; A;z/2) is decreasing on (0,1) for v > 0 and 0 < k <
A<v+1.
(¢) The function x — Iz;\(x)/(bk (v; A;z/2) is decreasing on [1,00) for v > 0 and 0 < k <
min{\, v + 1}.

Proof. (1) Form (1.4) it follows that
@) = Y e and 12@) = 3 an(w)a,
n=0 n=0
where

(V)n,k
Ip(An+ p+ 1)(n!)227

a (V) _ (’Y)n,k
" Tr(An + v+ 1)(n!)227

Consider the function

and  a,(p) =

L Fk(/\t +p+ 1)

t) i = ————F.
f( ) Fk()\t+l/+1)
Then the logarithmic differentiation yields
F _ AW (At 1) — Wp (At 1
oNe (Ur(At+p+ 1) = Ui (M + v+ 1)).
Here, W), =T'} /T’ is the k-digamma functions studied in [5] and defined by
log(k) = 1 t
Up(t) = ———— — - _— 3.1
k() k t+n2=:1nk(nk+t) (3.1)
where 7; is the Euler-Mascheronis constant.
A calculation yields
- 1
Wt)=>» ———, k>0 and ¢t>0. 3.2
k(1) ZO(nkth)Q, > an > (3.2)

Clearly, ¥y, is increasing on (0, 00) and hence f’(t) > 0 for all t > 0 if y > v > —1. This, in particular,
implies that the sequence {d,, }n>0 = {an(v)/an (1) }n>0 is increasing and hence the conclusion follows
from Lemma 3.1.

(2). This result also follows from Lemma 3.1 if the sequence {d,}n>0 = {ak(v)/a™(i)}n>0 is
increasing for k£ > m > 0. Here,

(V)n,m
Ly (An+ v+ 1) (n!)?’

k (l/) _ (V)n,k
" Iw (An+v+1) (n!)?

a and a (v) =
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which together with the identity I'y, (x 4+ nk) = 'y (z)(2)n  gives
(V)n,k Ly (An+v+1)
Vpm Te(An+v+1)

_ Tp(y+nk) T (A +v +1)
Te(y+nm)Tp (An+v+1)

dy =

Now to show that {d,} is increase, consider the function

) = Ip(y+yk)Th, Ay +v+1)
v = Pr(v+ym) T (Ay+v+1)

The logarithmic differentiation of f yields
f'(y)

f()

If v>v+1and k> A > m, then (3.3) can be rewrite as
I'(y)
f()

This conclude that f, and consequently the sequence {d, },>0, is increasing. Finally the result follows
from the Lemma 3.1.

(3). It is known that sum of the log-convex functions is log-convex. Thus, to prove the result it is
enough to show that

=kUp(v+yk) + AV, Ay +v+1) —mU(y+ym) =AU, Ay +v+1) (3.3)

>APe(v+1+yk) =V Ay+v+1))+m(¥y, Ay +v+1) =V (v+1+ym)) >0. (3.4)

(V) ge T (v + 1)

l/l—)czk(y)::F 5
r(An+v+1)(nl)

n

is log-convex.
A logarithmic differentiation of a,,(v) with respect to v yields

glog(aﬁ(v)):\I/k(l/+1)f\lfk(>\n+l/+1).

ov
This along with (3.2) gives
82
Wlog (af ) =0, (v+1) =T, (An+v+1)
o0 oo 1
_Z rk:—|—1/—|—1 Z(rkz+)\n+1/—|—1)2

r:O
n(2rk + An + 2v + 2)
rk+y+1 2(rk+Mn+v+1)2

Mg

> 0,
T:O

for all m > 0, k > 0 and v > —1. Thus, v + a¥ (v) is log-convex and hence the conclusion.

(4). Denote @ (a,c;z) = >.°  ¢nk(a, c)z™ and IZi(z) =>"% s an(v)z™, where

(’Y)n k (a)n k
n = : d d, ) = :
W) = Fom 1 Dz 4 dnk(@0) () !
with v > —1 and a,c, \,v,k > 0. To apply Lemma 3.1, consider the sequence {w"}nZO defined by
_an(v) B Tk (v + nk) Ty (a) Tk (¢ + nk)n!
" d (a,0) 2Ty, (7) Tk (An +a+1) (n!)? " Tk (a+nk) T (c)
Ly (a)
= ———p(n
F e 0
where
T + k)T (c+ xk
) (7 + k) T e+ k)

e Mz+v+1)Tg(a+xk)2°T(xz + 1)
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In view of the increasing properties of ¥ on (0, 0c0), and
P (x)
p(x)

it follows that for a > ¢ > 0, A > k and v + 1 > ~, the function p is decreasing on (0, 00) and thus the
sequence {wy},,~o also decreasing. Finally the conclusion for (a) follows from the Lemma 3.1.

In the case (b) and (c), the sequence {w, } reduces to

= ki (v + zk) + kg (c + xk) — Mo (Ar + o+ 1) — kg (a + xk)

aw()  _ p(n)
" dn,k (’7, )\) Fk ()\)
where
o (@) = Ty (A + zk)

Te(v+14+X)T(z+1)
Now as in the proof of part (a)

/
i () = kU N+ 2k) = AV, (v+1+2k) —¥(z+1) >0,
Pk ()
if v+ 1+ Az > A+ xk. Now for = € (0, 1), this inequality holds if 0 < kK < A <wv + 1, while for x > 1,
it is required that k£ < min{\,»v + 1}. O
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