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CONVERGENCE THEOREMS FOR ASYMPTOTICALLY
QUASI-NONEXPANSIVE TYPE MAPPINGS IN CONVEX
METRIC SPACES

G. S. SALUJA

ABSTRACT. The aim of this paper to study a Noor-type iteration process with
errors for approximating common fixed point of a finite family of uniformly
L-Lipschitzian asymptotically quasi-nonexpansive type mappings in the frame-
work of convex metric spaces. We give a necessary and sufficient condition for
strong convergence of said iteration scheme involving a finite family of above
said mappings and also establish a strong convergence theorem by using condi-
tion (A). The results presented in this paper extend, improve and unify some
existing results in the previous work.

1. Introduction and Preliminaries

Throughout this paper, we assume that E is a metric space, F(T;) = {z € F :
T;x = x} be the set of all fixed points of the mappings T; (i =1,2,...,N), D(T)
be the domain of T" and N is the set of all positive integers. The set of common
fixed points of T; (i = 1,2,...,N) denoted by F, that is, F = N¥_, F(T;).

Definition 1.1. (See [1]) Let T: D(T') C E — E be a mapping.

(1) The mapping T is said to be L-Lipschitzian if there exists a constant L > 0
such that
(1.1) d(Tz,Ty) < Ld(z,y), Vz,yeD(T).

(2) The mapping T is said to be nonexpansive if

(1.2) d(Tz,Ty) < d(z,y), Vz,ye D).

(3) The mapping T is said to be quasi-nonexpansive if F(T') # () and
(1.3) d(Tz,p) < d(z,p), VYxzeD(T), Vpe F(T).
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(4) The mapping T is said to be asymptotically nonexpansive if there exists a
sequence {k,} C [1,00) with lim,,_, kn, = 1 such that

(1.4) d(T"z, T"y) < kpd(z,y), Vaz,yeDT), VneN.

(5) The mapping T is said to be asymptotically quasi-nonexpansive if F(T) # ()
and there exists a sequence {k,} C [1,00) with lim,_,o k, = 1 such that

(1.5) d(T"z,p) < kpd(z,p), VYzxzeD(T), Vpe F(T), YneN.

(6) The mapping T is said to be asymptotically nonexpansive type, if

(1.6) lim sup { sup (d(T”x,T"y) - d(m,y))} < 0.
n—>00 z,y€ D(T)

(7) The mapping T is said to be asymptotically quasi-nonexpansive type, if
F(T) # 0 and

(1.7) lim sup { sup (d(T”x,p) - d(a:,p)) } < 0.
n—0o00 z€ D(T),pe F(T)

Remark 1.2. Tt is easy to see that if F/(T) is nonempty, then nonexpansive mapping,

quasi-nonexpansive mapping, asymptotically nonexpansive mapping, asymptotical-

ly quasi-nonexpansive mapping and asymptotically nonexpansive type mapping all

are the special cases of asymptotically quasi-nonexpansive type mappings.

In recent years, the problem concerning convergence of iterative sequences (and
sequences with errors) for asymptotically nonexpansive mappings or asymptotically
quasi-nonexpansive mappings converging to some fixed points in Hilbert spaces or
Banach spaces have been considered by many authors.

In 1973, Petryshyn and Williamson [13] obtained a necessary and sufficient con-
dition for Picard iterative sequences and Mann iterative sequences to converge to
a fixed point for quasi-nonexpansive mappings. In 1994, Tan and Xu [16] also
proved some convergence theorems of Ishikawa iterative sequences satisfies Opi-
al’s condition or has a Frechet differential norm. In 1997, Ghosh and Debnath [5]
extended the result of Petryshyn and Williamson [13] and gave a necessary and
sufficient condition for Ishikawa iterative sequences to converge to a fixed point
of quasi-nonexpansive mappings. Also in 2001 and 2002, Liu [10, 11, 12] obtained
some necessary and sufficient conditions for Ishikawa iterative sequences or Ishikawa
iterative sequences with errors to converge to a fixed point for asymptotically quasi-
nonexpansive mappings.

In 2004, Chang et al. [1] extended and improved the result of Liu [12] in convex
metric space. Further in the same year, Kim et al. [8] gave the necessary and suffi-
cient conditions for asymptotically quasi-nonexpansive mappings in convex metric
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spaces which generalized and improved some previous known results.

Very recently, Tian and Yang [18] gave some necessary and sufficient conditions
for a new Noor-type iterative sequences with errors to approximate a common fixed
point for a finite family of uniformly quasi-Lipschitzian mappings in convex metric
spaces.

The purpose of this paper is to give some necessary and sufficient conditions
for Noor-type iteration process with errors to approximate a common fixed point
for a finite family of uniformly L-Lipschitzian asymptotically quasi-nonexpansive
type mappings in convex metric spaces. The results presented in this paper gen-
eralize, improve and unify some main results of [1]-[3], [5]-[8], [10]-[17], [19] and [21].

Let T be a given self mapping of a nonempty convex subset C of an arbitrary
normed space. The sequence {z,,}22, defined by z € C and

Tpt1 = OQpTp+ ﬁnTyn + Ynln, n >0,
Yn = QApTp+ bnTZn + CnUn,

is called the Noor-type iterative procedure with errors [2], where a,, Bn, Yny @ns by Cn,y
dn,en and f,, are appropriate sequences in [0, 1] with o, + 8 + 9 = an+bn+cn =
dp +en+ fn=1n>0and {u,}, {v,} and {w,} are bounded sequences in C. If
dp = 1(en, = fr, =0), n >0, then (1.8) reduces to the Ishikawa iterative procedure
with errors [20] defined as follows: zy € C' and

Tpyl = QpTp+ ﬁnTyn + YnlUpn, n =0,
(1.9) Yn = anTp+ 0Tz, + cru,.

If a, = 1(b, = ¢, = 0), then (1.9) reduces to the following Mann type iterative
procedure with errors [20]: g € C and

(1.10) Tyl = QpTn + BuTYn + Yntn, n > 0.

For the sake of convenience, we first recall some definitions and notations.

Definition 1.3. (See [1]) Let (F,d) be a metric space and I = [0,1]. A mapping
W: E3 x I3 — FE is said to be a convex structure on F if it satisfies the following
condition:

d(u, W(x,y,z 0, 8,7)) < ad(u, ) + Sd(u, y) + yd(u, 2),
for any u,z,y,z € E and for any «, 8,7 € I with a4+ 8+~ =1.
If (E,d) is a metric space with a convex structure W, then (E,d) is called a
convexr metric space and denotes it by (F,d,W). Let (F,d) be a convex metric

space, a nonempty subset C of FE is said to be convex if

W(-’Iz’,y727)\1,)\2,)\3) € C? V(I?y7za)‘17>\27)‘3) € 03 X 13'
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Remark 1.4. 1t is easy to prove that every linear normed space is a convex metric
space with a convex structure W(z,y, z; o, 8,7v) = ax + fy + vz, for all x,y,2 € E
and «,f,v € I with a + 5+ = 1. But there exist some convex metric spaces
which can not be embedded into any linear normed spaces (see, Takahashi [15]).

Definition 1.5. Let (E,d, W) be a convex metric space and T;: E — E be a finite
family of asymptotically quasi-nonexpansive type mappings with ¢ = 1,2,..., N.

Let {an}, {Bn}, {7}, {an}, {bn}, {cn}, {dn}, {en} and {f,} be nine sequences in
[0, 1] with

(L1D)apn+Bn+m=an+bn+cpn=dn+e,+fn=1 n=0,1,2....

For a given xg € E, define a sequence {z,} as follows:

Tn+1 = W(me;Z'ymun;Oén,ﬁm%), n >0,
Yn = W(f(xn),T;fzn,vn;an,bn,cn),
where T = Tg(mod N)» f: E — FE is a Lipschitz continuous mapping with a Lip-

schitz constant & > 0 and {u,}, {v,}, {w,} are any given three sequences in E.
Then {xz,} is called the Noor-type iterative sequence with errors for a finite family
of asymptotically quasi-nonexpansive type mappings {T;}~,. If f = I (the identity
mapping on E) in (1.12), then the sequence {x,} defined by (1.12) can be written
as follows:

Tppr = W(nn, T} Yn, Un; Cn, By Tn), 1 >0,
Yn = W(xnaTsznavn;anabnacn)a
(113) Zn = W(l'n,T:LL-Tnawn;dnaen,fn)a

If d, = 1(en, = frn = 0) for all n > 0 in (1.12), then z, = x, for all n > 0 and
the sequence {z,} defined by (1.12) can be written as follows:

Int+1 = W(wn,Tﬁyn,un;an,ﬁn,'yn), TLZO,
(1.14) Yn = W(f(xn),TﬁImvn;an,bm%)

If f =1 and d, = 1(e, = fn, = 0) for all n > 0, then the sequence {z,} defined by
(1.12) can be written as follows:

Tn+l = W(xn;Tgyn;un;anwgna'}/ﬂ)a n >0,
(1.15) Yn = W(xn, T))Tp, Un;an, by, cp),
which is the Ishikawa type iterative sequence with errors considered in [17]. Fur-
ther, if f = I and d,, = a, = 1(ep, = fr = by = ¢, = 0) for all n > 0, then
Zn = Yn = @y, for all n > 0 and (1.12) reduces to the following Mann type iterative
sequence with errors [17]:

(1'16) Tn41 = W($mT;:ymun§anw8m’Yn)a n > 0.
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Recall that a family {T; : i € N = 1,2,..., N} of N asymptotically quasi-
nonexpansive type self mappings of C with F = N, F(T;) # 0 is said to satisfy
condition (A) ([4]) if there exists a nondecreasing function f: [0, 00) — [0, c0) with
f(0) =0 and f(¢t) > 0 for all t € (0,00) such that ||x —Tz| > f(d(z, F)) for all
z € C holds for at least one T € {T} : i € N'}.

In the sequel, we shall need the following lemmas.

Lemma 1.6. (See [11]) Let {pn}, {qn}, {rn} be three nonnegative sequences of real
numbers satisfying the following conditions:

(117) pust (1 +¢u)pn+7n, n >0, Y gy <00, Y 714 <00

n=0 n=0

Then
(1) limy, o0 Py €xistSs.

(2) In addition, if iminf, . p, = 0, then lim, o p, = 0.

Lemma 1.7. Let (E,d, W) be a complete convex metric space and C be a nonemp-
ty closed convex subset of E. Let T;: C — C be a finite family of uniformly L-
Lipschitzian asymptotically quasi-nonexpansive type mappings for i = 1,2,..., N
such that F = NI F(T;) # 0 and f: C — C be a contractive mapping with a
contractive constant & € (0,1). Let {xz,} be the iterative sequence with errors de-
fined by (1.12) and {un}, {vn}, {wn} be three bounded sequences in C. Let {a},

{Bn}, {m}, {an}, {bn}, {en}, {dn}, {en}, {fn} be sequences in [0,1] satisfying the
following conditions:

(Z) ap+Bn+ =0, +by+cp=dpte,+frn=1 Vn>0;

(1) 3 po(Bn +Tn) < 0.
Then the following conclusions hold:

(1) for allp € F and n > 0,

(118) d(a:n+1,p) < (1 + 3ﬁn)d(xn7p) +3Ko, + Moy,
where 0y, = Bn + Vn for alln >0 and

M= sup {d(un,p) + d(vn, p) + d(wy, p) + 2d(f(p),p)},

peEF, n>0

(2) there exists a constant My > 0 such that

n+m—1 n+m—1

(L1 zptm,p) < Mid(z,,p)+ 3KM; Z or + MM, Z ok, Vp € F,

k=n k=n

for all n,m > 0.
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Proof. (1) Let p € F. Tt follows from (1.7) that

lim sup{ sup (d(T”x, p) — d(:c,p))} <.

n—00 zeFE, peF

This implies that for any given K > 0, there exists a positive integer ngy such
that for n > ng we have

(1.20) sup (d(T"fﬂ,p) - d(x’P)) < K.
zeE, peF

Since {x}, {yn},{#n} C E, we have

d(Tgx,“p)—d(mn,p) < K, VpeF, VYn>ng
ATy, p) — d(yn,p) < K, Vp€eF, VYn>ng

Thus for each n > 0 and for any p € F, using (1.12), and (1.21), we have

AW (@, T3 Yns Uns Qs By Yn)s P)

and(n, p) + Bnd(T3yn, p) + Ynd(un, p)
nd(Tn, p) + Buld(yn,p) + K] + ynd(un, p)
nd(Tn,p) + Bnd(Yn,p) + BrnK + Ynd(un, p),

d(xn-i-l ) p)

INIACIA

(1.22)

and

d(Yn,p)

d(W (f(xn), T} 20, Un; @ny bn,y Cn), D)
and(f(xn),p) + bnd(T) 2, p) + Crnd(vy, D)
and(f(xn), f(p)) + and(f(p),p)
+b,[d(zn,p) + K] + cnd(vn, p)
an€d(Tn, p) + and(f(p), p) + bnd(zn, p)
(1.23) +b, K + ¢pd(vn, p),

VANVAN

IN

and

d(zn, p) dW (f(xn), Ty Tn, wn; dn, en, fn),p)
dnd(f(20n),p) + end(T} T, p) + frd(wy,p)
dnd(f(zn), f(p)) + dnd(f(p),p)
+en[d(xn,p) + K] + fnd(wy,p)
dn&d(zn,p) + dnd(f (), p) + €nd(zn,p)
+e, K + frnd(wp,p)

(dn& + en)d(wn,p) + dnd(f(p),p)

(1.24) +en K + frd(wn,p).

IN IAIA

IN
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Substituting (1.23) into (1.22) and simplifying it, we have

d('rn-‘rlvp)

(1.25)

IN

IN

(@0, D) + B [ @n€d(@n, p) + and(f(p), )

Fbnd(n,0) + b K + end(v, p)| + B + (i, p)
(an + anBn)d(zn,p) + anBnd(f(p),p) + bnfBn K
+bnBnd(2n, p) + cnBnd(vn, p) + Bn K + ynd(un, p)

(an + anBn&)d(Tn,p) + anBnd(f(p),p) + (1 + by)Bn K
+bnBnd(2n, ) + € Bnd(Vn, p) + Ynd(un, p)

(an + anBn&)d(Tn, p) + anBnd(f(p),p) + 28, K
+b18nd( 20, D) + cnBnd(Vn, p) + Ynd(tn, D).

Substituting (1.24) into (1.25) and simplifying it, we have

d(anrl 5 p)

(1.26)

where

M= sup {d(un,p) + d(vn,p) + d(wn,p) +2d(F (). p) |, o0 = Bu+ 70

peEF n>0

IN

IN

IN

(an + anBn&)d(xn, p) + anfnd(f(p),p) + 260K
b B (A€ + e0)d(wn, D) + dnd(f(p), D) + e

+ Fud(n,D)] + (v, ) + Yud(1tn; p)

[+ @B + buBa(dnt + )| d(wn,p)

[+ Bu(@n€ + budn€ + buen) | d(zn,p)

+26nd(f(p), p) + 36n K + Bnd(wy, p)

+5nd(vnap) + 'Ynd(ump)

(14 3B,)d(zn,p) +28,d(f(p),p)

+27,d(f(p), p) + 3Bn K + 37 K + Brd(wn, p)
+Ynd(wy, p) + Brnd(vn, p) + Ynd(vn, p)

+5nd(unvp) + ’Vnd(unap)

(1 + 35n)d($nap) + 3K(ﬂn + 'Yn) + Q(ﬂn + 'Vn)d(f(p)vp)
(B + ) [d(un,p) + (v, p) + d(wn, )|

(14 3Bn)d(zn,p) + 3K (Bn + vn) + (Bn + Tn) [d(un,p)

+d(vn,p) + dwn, ) + 24(£(p), )|
(1+38n)d(xn,p) + 3Koy, + Mo, Yn>0, p€eF,

This completes the proof of part (1).
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(2) Since 1 4+ x < e” for all z > 0, it follows from (1.26) that, for n,m > 0 and
p € F, we have

d(xn—i-m,p) < (1 + 36n+m—1)d(xn+m—lap) =+ 3K0n+m—l + Mopim—1
< €3ﬁn+m_ld(£n+m—17p) + 3K0n+m—1 + Mo'n-‘rm—l
< e3Bn+m—1 |:6313n+m72d(:1:n+m_2,p) +3K0nim_2 + M0n+m—2]
+3K0—n+m—1 + M0n+m—1
< 63(Bn+mfl+ﬁn+m72)d(xn+m_2’p) +3K |:63,Hn+m710—n+m_2
+0-n+m—1:| 4 M|:e35n+m—1o.n+m_2 + Un+m—1:|
<
<
n+m—1 n+m—1
< Myd(zn,p) +3KM; Y o+ MM Y o,
k=n k=n
n+m—1
(1.27) = Md(z,p) + BK+M)M; Y o,
k=n
where
Ml = 63 ZZO:O B .
This completes the proof of part (2). O

2. Main Results

Theorem 2.1. Let (E,d, W) be a complete convex metric space and C' be a nonemp-
ty closed convex subset of E. Let T;: C — C be a finite family of uniformly L-
Lipschitzian asymptotically quasi-nonexpansive type mappings for i = 1,2,... N
such that F = NN F(T;) # 0 and f: C — C be a contractive mapping with a con-
tractive constant & € (0,1). Let {x,} be the iterative sequence with errors defined
by (1.12) and {un}, {vn}, {wn} be three bounded sequences in C. Let {an}, {Bn},

{m} {ant, {bn}, {cn}, {dn}, {en}, {fn} be nine sequences in [0,1] satisfying the
following conditions:

(Z) an+ﬁn+7n:an+bn+cn:dn+en+fn:17 V?’LZO,

(ii) Yoo o (Bn + n) < 0.

Then the sequence {x,} converges to a common fized point p in F if and only if
liminf,, o d(zp, F) =0, where d(x, F) = inf pep d(z,p).

Proof. The necessity is obvious. Now, we prove the sufficiency. In fact, from Lemma
1.7, we have

(2.1) d(xpi1, F) < (1438n)d(xn, F)+ BK + M)o,, Vn>0,
where o,, = 8, + 7,. By conditions (i) and (ii), we know that

(2.2) ion < 00, iﬁn < 00.
n=0 n=0
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It follows from Lemma 1.6 that lim,,—, o d(x,, F) exists. Since liminf,, oo d(x,, F) =
0, we have

(2.3) lim d(x,, F)=0.

n—oo
Next, we prove that {z,} is a Cauchy sequence in C. In fact, for any given & > 0,
there exists a positive integer nq > ng (where ng is the positive integer appeared
in Lemma 1.7) such that for any n > ny, we have

o
g g
2.4 F)< —— & wa>o
(2:4) d(wn, )<8M1’ n;10"<12(K+M)M1’ "=

From (2.4), there exists p; € F and positive integer ns > ny such that

Thus Lemma 1.7(2) implies that, for any positive integer n,m with n > no, we
have

d(xn+maxn) S d(anrmvpl) + d(xnapl)
n+m—1
< Mid(zn,.p1) +3(K + M)My > o
k:=n2
n+m—1
+Myd(wp,,p1) + 3(K + M)M,; Z o
k:nz
n+m—1
< 2Myd(zn,,p1) +6(K + MMy Y o
/C:TLQ
< 2M c +6(K + M)M &
VAN, "12(K + M)M;
(2.6) < e

This shows that {z,} is a Cauchy sequence in a nonempty closed convex subset C
of a complete convex metric space E. Without loss of generality, we can assume
that lim,, soc z, = ¢ € E. Now we will prove that ¢ € F. Since x,, — ¢q and
d(zn,F) — 0 as n — oo, for any given 1 > 0, there exists a positive integer
ng > ny > ng such that for n > ny, we have

(2.7) d(zy,q) <e1, d(zp, F) <e.

Again from (2.7), there exists ¢; € F and positive integer n3 > ny such that
(2.8) d(Tns,q1) < 2e1.

Moreover, it follows from (1.20) that for any n > n3, we have

(2.9) d(T"q,q1) — d(g,q1) < K.
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Thus for any i = 1,2,..., N, from (2.7) - (2.9) and for any n > n3, we have

dTiq,q) < d(Ti'q,q1) + d(q1,9)
< dlg,q1) + K +d(q1,9)
= K +2d(q,q1)
< K +2[d(q, Tny) + d(Tng, q1)]
(2.10) < K+2(1+2e)=K+6e; =¢,

where ¢/ = K + 61, since K > 0 and ¢; > 0, it follows that ¢ > 0. By the
arbitrariness of ¢’ > 0, we know that T)'qg = ¢ for all i = 1,2,..., N.

Again since for any n > n3, we have
d(an7 Tzq) S d(TnQa ql) + d( iq, Q1)

< dlg,q1) + K +d(T;q,q1)

< d(g,q1) + K + Ld(q, q1)

= (1+L)d(g,q1) + K

< (A4 LD)[d(g, Tny) + Ay, )] + K
< (1+D)er +2e] + K

(2.11) 31+ L)ey + K =¢",

where ¢” = 3(1 4+ L)e; + K, since K > 0 and &1 > 0, it follows that ¢’ > 0. By
the arbitrariness of ¢” > 0, we know that 77'q = T;q for all i = 1,2,..., N. From
the uniqueness of limit, we have ¢ = T;q for all i = 1,2,..., N, that is, ¢ € F. This
shows that ¢ is a common fixed point of the mappings {T} * ;. This completes the
proof. [

Taking f = I in Theorem 2.1, then we have the following result.

Theorem 2.2. Let (E,d, W) be a complete convex metric space and C' be a nonemp-
ty closed convex subset of E. Let T;: C — C be a finite family of uniformly L-
Lipschitzian asymptotically quasi-nonexpansive type mappings for i = 1,2,..., N
such that F = N, F(T;) # 0. Let {x,} be the iterative sequence with errors de-
fined by (1.13) and {un}, {vn}, {wn} be three bounded sequences in C. Let {an},
{8a}, {m}s {and, Douds feak, {du}, {en}, {f} be nine sequences in [0,1] satisfy-
ing the conditions (i) and (ii) of Theorem 2.1. Then the sequence {x,} converges
to a common fized point p in F if and only if

(2.12) liminf d(z,, F) =0,

n— oo

where d(x, F) = infpep d(z, p).

Taking d,, = 1(e, = f, = 0) for all n > 0 in Theorem 2.1, then we have the
following result.

Theorem 2.3. Let (E,d, W) be a complete convex metric space and C' be a nonemp-
ty closed convex subset of E. Let T;: C — C be a finite family of uniformly L-
Lipschitzian asymptotically quasi-nonexpansive type mappings for i = 1,2,..., N
such that F = NN F(T;) # 0 and f: C — C be a contractive mapping with a con-
tractive constant & € (0,1). Let {x,} be the iterative sequence with errors defined
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by (1.14) and {u,}, {vn} be two bounded sequences in C. Let {an}, {Bn}, {¥n},
{an}, {bn}, {cn} be siz sequences in [0, 1] satisfying the following conditions:

(i) a4 B+ Yn = an + by + ¢, = 1, for all n > 0;
(i) Yoo o(Bn + ) < 00.

Then the sequence {x,} converges to a common fized point p in F if and only if

(2.13) liminf d(z,, F) =0,

n— oo

where d(x, F) = inf,ep d(z, p).

As an application of Theorem 2.1, we establish another strong convergence result
as follows.

Theorem 2.4. Let (E,d, W) be a complete convexr metric space and C' be a nonemp-
ty closed convex subset of E. Let T;: C — C be a finite family of uniformly L-
Lipschitzian asymptotically quasi-nonexpansive type mappings for i = 1,2,..., N
such that F = NN F(T;) # 0 and f: C — C be a contractive mapping with a con-
tractive constant £ € (0,1). Let {x,} be the iterative sequence with errors defined
by (1.12) and {un}, {vn}, {wn} be three bounded sequences in C. Let {a,}, {Bn},

{v}s {an}, {bn}, {cn}, {dn}, {en}, {fn} be nine sequences in [0, 1] satisfying the
following conditions:

(Z) an"’ﬁn"’_'yn:an+bn+cn:dn+en+fn:1> Vn > 0;

(”) Z:,O:O(/BTL + ’Yn) < 00.

Assume that lim,, oo d(xy, Tjzn) =0 forl =1,2,...,N. If{T; : i € N'} satisfies
condition (A), then the sequence {x,} converges strongly to a point in F.

Proof. As in the proof of Theorem 2.1, we have that lim,, o d(x,, F) exists. Again
by hypothesis of the theorem lim, o d(2,, Tiz,) = 0 for I = 1,2,...,N. So
condition (A) guarantees that lim,, . f(d(z,, F)) = 0. Since f is a non-decreasing
function and f(0) = 0, it follows that lim,,_,~ d(xy, F') = 0. Therefore, Theorem 2.1
implies that {x,} converges strongly to a point in F'. This completes the proof. O

Remark 2.5. Theorems 2.1 - 2.3 generalize, improve and unify some corresponding
result in [1]-[3], [5]-[8], [10]-[17], [19] and [21].

Remark 2.6. Our results also extend the corresponding results of [18] to the case
of more general class of uniformly quasi-Lipschitzian mappings considered in this

paper.
Example 2.7. Let E = [—m, | and let T be defined by
Txr = x cosx

for each x € E. Clearly F(T) = {0}. T is a quasi-nonexpansive mapping since if
r € F and z =0, then

d(Tz,z) = d(Tx,0) = |z||cosz| < |z| = |z — 2| = d(z, 2),
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and T is asymptotically quasi-nonexpansive mapping with constant sequence {k,} =
{1}. Hence by remark 1.1, T is asymptotically quasi-nonexpansive type mapping.
But it is not a nonexpansive mapping and hence asymptotically nonexpansive map-

s

ping. In fact, if we take x = 5 and y =, then
d(Tz,Ty) = ’g cos g - 7700571" =,

whereas

™ T
dwy) =[5 -7 =3,

Example 2.8. Let E =R and let T be defined by

z 1 :
_J Secos, ifx#0,
T(x) = { 0, ! if 2 =0.

If x #0 and Tx = z, then © = 5 cos i Thus 2 = cos % This is impossible. T

is a quasi-nonexpansive mapping since if x € E and z = 0, then
z 1 x
d(Tz,z) =d(Tx,0) = |§||cosf\ < % <l|z|=|z—z| =d(z,z2),
T

and T is asymptotically quasi-nonexpansive mapping with constant sequence {k,} =
{1}. Hence by remark 1.1, T is asymptotically quasi-nonexpansive type mapping.
But it is not a nonexpansive mapping and hence asymptotically nonexpansive map-
ping. In fact, if we take x = % and y = %, then

1 3 1
d(Tz,Ty) = ‘gcosg - %COSW‘ =50
whereas 5 ) .
dap=|2 L= L
(@.y) 3w 3

3. Conclusion

If F(T) is nonempty, then asymptotically nonexpansive mapping and asymp-
totically quasi-nonexpansive mappings are asymptotically quasi-nonexpansive type
mappings by Remark 1.2, thus our results are good improvement and extension of
some previous work from the existing literature (see, e.g., [1]-[3], [5]-[8], [10]-][21]
and many others).
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