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INTEGRAL REPRESENTATIONS OF SEMI-INNER
PRODUCTS IN FUNCTION SPACES

FLORIAN-HORIA VASILESCU*

ABSTRACT. Various spaces of measurable functions are usually endowed with semi-inner products
expressed in terms of positive measures. Trying to give answers to the inverse problem, we present
integral representations for some semi-inner products on function spaces of measurable functions,
obtained either directly or by adapting and extending techniques from the theory of moment problems.

1. INTRODUCTION

Let (£2,6) be a measurable space, that is, ) is an arbitrary (nonempty) set and & is a o-algabra
of subsets of Q. Giving a positive measure p on &, we denote by £P(€Q, ) (p = 1,2) the set of those
G-measurable functions f :  — C such that |f|? is py-integrable. (Note that we do not identify the
functions p-equal almost everywhere.)

Let S be a vector space consisting of G-measurable complex-valued functions on €2, invariant under
complex conjugation. Assume that S is endowed with a semi-inner product (in the sense of [7], page
96), denoted by (x, *)q, having real values when applied to real-valued functions.

A natural question is to find a positive measure p on Q such that S € £2(, ) and

(f. g0 = /Q f@)g@)du(w), f.geS. (1.1)

One possible approach to a solution of this problem is to connect it with a moment problem of a
general type, that is, not necessarily directly related to spaces of polynomials (see for instance [19]).
Of course, when (1.1) is fulfilled, the space S, spanned by all products fg with f,g € S, lies in
L1(Q, ). As it is reasonable and useful to look for a probability measure y, we should suppose that
1€ S and (1,1)p = 1. Setting Ao(f) = (f,1)o, f € S, formula (1.1) leads to a linear extension of Ag
to the space S®). An arbitrary element in S(®) may have various representations as a sum of products
of two functions from S but we clearly have

DA =D el = Y018 =D ol (1.2)

jeJ kEK jeJ kEK

in the presence of (1.1) for all fj,gx € S,j € J, k € K, J, K finite, where || * ||¢ is the semi-norm
asociated to the inner-product (x,x*)y. Condition (1.2) becomes a necessary one when trying to extend
Ao from S to S@, in order to look for a unknown measure u satisfying (1.1) (see Section 3).

Thanks to an argument originating in [23], in many situations of interest we may restrict ourselves
to the case when the space S is finite dimensional (see Theorem 3). The finite dimensionality of the
space S leads to the possibility to replace an existing measure p by another one consisting of a finite
number of atoms, via an argument going back to [25] (see also [4]). Hence, under appropriate conditions
(see Theorem 4), there exist a finite subset {w1,...,wqs} C 2, and positive numbers A,..., Ay with
A1+ -+ Ag = 1, such that

d
<fag>0 = Z)‘]f(wj)g(w])7 f7g €Ss.

Jj=1
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As already hinted above, when trying the represent semi-inner products under the form (1.1), we
either obtain some direct statements (as in Theorem 1 and Theorem 6) or adapt some methods and
results coming from the theory moment problems (as in Theorem 8 and Theorem 9). Because the
classical moment problems are well reflected in the literature, we shall mainly mention some more
recent contributions, as for instance [5], [9], [10], [12], [14], [17], [20], [29], [31], etc.

Let us briefly describe the contents of this work. The next chapter, devided into five subsections,
contains the basic definitions, some examples, and some proofs as well. We introduce a general concept
of function space, consisting of measurable complex-valued functions, endowed with a compatible
semi-inner product (Definition 1), which extends the concept of unital square positive functional (see
[21,29-31]). Such a pair will be called a quasi-Hilbert function space (Definition 2), and will always
be associated with a canonical Hilbert space (see Remark 1(2)). The formal general question, whose
various particular cases are discussed in this work, is stated as Problem 2. A first abstract partial
solution to Problem 2 is provided by Theorem 1, when the cardinal of the set of continuous point
evaluations equals the dimension of the associated Hilbert space.

Although the framework of general function spaces leads to some interesting results (as for instance
Theorem 1), to recapture as many as possible results known for the spaces of polynomials we restrict
ourselves to spaces of functions having a finite numbers of generators (see Subsection 2.3). A use-
ful consequence of such a hypothesis is the possibility of approaching Problem 2, using only finite
dimensional function spaces (see Theorem 3, extending a result which goes back to [23]).

The concept of idempotent element with respect to a given semi-inner product (see Definition 4)
extends the homonymous one, defined in [30]. This concept plays a central role in our development:
two of our main results (Theorem 8 and Theorem 9), and other results as well, depend on the existence
of orthogonal bases consisting of idempotent elements, with special properties.

Many of the results of this work are stated in terms of semi-inner products. Nevertheless, in some
cases (see Theorem 9) we need the slightly stronger concept of unital square positive functional (see
Subsection 2.1). The connection between these two concepts is given by Proposition 1.

A strong relation between Problem 2 and an interpolation-type problem is presented in Theorem 6,
which uses an extreme situation, that is, when the cardinal of the representing measure is supposed
to be equal to the dimension of the associated Hilbert space. In fact, such a hypothesis is present in
most of our results. A relaxation of this assumption shows the necessity of working with projections
of idempotent elements rather than with idempotents, as shown by Theorem 7.

In the function spaces having a finite number of generators, the existence of representing measures
is characterized by the existence of a orthogonal bases consisting of idempotents, satisfying a certain
"multiplicativity condition® given by (6). The necessary condition (6) is essential for the proof of
Theorem 8, which is one of the main results of this work.

The concept of dimensional stability (see Definition 7) goes back the concept of flatness, introduced
in [9] in the context of spaces of polynomials (see also [29]). This property is used to prove Theorem
9, which is another main result of this paper. We note that the proof of Theorem 9 is an application
of Theorem 8, which makes it shorter and more transparent than those of its predecessors from [9]
or [29].

An example, originating in [14] and [16], treated in our spirit, concludes this work.

2. PRELIMINARIES

2.1. Function Spaces and Compatible Semi-Inner Products. Let ({2, S) be a measurable space,
and let also Mg(€2) be the algebra of all complex-valued G-measurable functions on Q (that is,
f71(B) € & for each f € Mg(Q2) and all Borel sets B C C).

Among some other reasons, the choice of this framework (see also [19]) is related to the use, in the
proof of Theorem 4, of an abstract version of Tchakaloff’s theorem giving a quadrature formula, due
in the actual form to C. Bayer and J. Teichmann (see [4]). Nevertheless, except for such particular but
important situations, we may restrict ouselves to the case when 2 is a Hausdorff space and & is the
o-algabra of all Borel subsets of €2 and, when working with finite atomic measures, even to the case
when () is an arbitrary (nonempty) set and & is family of all subsets of .
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For convenience, and following [29-31], a vector subspace S C Mg(f2) such that 1 € § and if
f €8, then f € S, is said to be a function space (we specify “on (€2, &)” or simply “on ", whenever
necessary).

Fixing a function space S, let S be the vector space spanned by all products of the form fg with
f.g € S, which is itself a function space. We have S € @), and S = S® when S is an algebra.

For any vector subspace 7 C S invariant under complex conjugation, the symbol R7 will designate
the "real part® of T, that is {f € T; f = f}.

Functions spaces on a Hausdorfl (topological) space consisting of Borel measurable functions were
considered in [31].

Important examples of function spaces are associated with the space P™ of all polynomials in n > 1
real variables, usually denoted by t1,...,t,, with complex coefficients. For every integer m > 0, let
P be the subspace of P™ consisting of all polynomials p with deg(p) < m, where deg(p) is the total
degree of p. Both P} and P™ are function spaces (of continuous functions) on R™.

We occasionally use the notation P,, instead of P}, and P instead of P" when the number n is

given. Note that 777(3) = Py, and P = P, the latter being an algebra.

Let S be a function space, endowed with a semi-inner product denoted by (x, *)o, whose associated
semi-norm is denoted by || * ||o. Note that we have the Cauchy-Schwarz inequality, that is,

[(f,9)0l < I fllollgllo, f,9 €S- (2.1)
Set
I:={feSlfllo=0}={f €8 (f 900 =0Vg €S}, (22)
which is a vector subspace of S, via the Cauchy-Schwarz inequality. The semi-inner product (x,*)g
induces on the quotient space H° := §/Z an inner product given by

<f+I’g+I>:<fag>07 f7g€$1 (23)
because the right hand side of this equality depends only on the equivalent classes f + Z,g + Z, again
by the Cauchy-Schwarz inequality. The norm corresponding to (2.3) will be denoted by || * ||. For the
sake of simplicity, the equivalence class f + Z will be often denoted by f for every f € S.

Definition 1. Let S be a function space. A semi-inner product (x,x*)y of S is said to be compatible
with (the structure of) S if

||1||0 = 13 <f_a §>O = <f>g>0 Vfag €S. (24)

Similarly, the associated seminorm || * ||o is said to be compatible with (the structure of) S.

Example 1. An arbitrary semi-inner product on a function space is not necessarily compatible. Here
is an example.

Let Q := {z =2 +iy € C;0 < z,y < 1}. We consider a subspace of the space L£2(f2) of square
integrable functions with respect to the planar Lebesgue measure on €2, defined as follows:

S:={f e C'(Q);f,0.f,0-f € L2(V)},
where 0, = 271(9/0x — i0/0y), 0z = 271(0/0x +i0/0y).
If £,0.f,0-f € L2(Q), and so f,0.f,0-f € L2(), we also have 0. f,0:f € L2(£2), as one can easily
see, showing that S is a function space on (2.
Let us define

1 1
(f. 9o = /0 /0 (f +i0.f +0.f)(g + iog ¥ Deg)dedy, f,g € LX),

which is a semi-inner product on S. In particular, if f(z,y) =y and g(x,y) = 1, we obtain (f,g)o =
1+ 27 %, showing that this semi-inner product is not compatible with the structure of S.

Remark 1. Let S be a function space, endowed with a compatible semi-inner product (x, *).
(1) Because (x,*)o is compatible with S, its restriction to RS x RS is a real semi-inner product.
In addition, the sum of spaces RS + RS is direct, equals S, and

1 +igll§ = ILF15 + llgllS. f.9 € RS. (2.5)
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We also have Z=RZ + ¢RZ, where the sum of the spaces is direct.

It is easily seen that the R-linear map RS/RZ > f + RZ + f + I € HY is injective, because
RS NI = RIZ, allowing us to identify the space RS/RZ with a real vector subspace of H°, denoted
by RH°. In fact we have the direct sum H° = RH° + iRH°. Setting

<f+RI7g+RI> = <fvg>07 faQeRSa

and therefore
(f+RL,g+RI)=(f+I,9+1I), f.g€RS,
we infer that the map RH" 3 f + RZ — f+ T € H° is actually an isometry, and

g+ ipl|> = |91 + 1]1%, ¢, ¢ € RHC. (2.6)

(2) We may complete the space H? with respect to the inner product (x, %), to get a Hilbert space.
Note that a sequence (o = ¢ + g )x>1 in HY, with ¢y, 1y € RHO for all k > 1 is a Cauchy sequence
if and only if both (¢x)r>1, (¥r)r>1 are Cauchy sequences. Consequently, denoting by H (resp. RH)
the completion of H° (resp. RH"), we must have the direct sum % = RH + iRH, and equality (2.6)
is still valid for ¢,9 € RH. This decomposition allows us to represent any element ¢ € H as a sum
¢ = ¢1 +ipo, with ¢, po € RH. In addition, the ”complex conjugate® of ¢ is given by ¢ = ¢y — ichs.
We also note that ||[1 4+ Z|| = 1, as well as the identity

<¢7¢> = <(Z_§71Z)>7 ¢,1/J S HA7

which is a consequence of (2.4).

Given a function space S endowed with a compatible semi-inner product (x, x)o, the Hilbert space
H obtained as above will be referred to as the Hilbert space associated to (S, (x,%)g). When H° is
finite dimensional, in particular when S is finite dimensional, we have H = H°, and if S is actually a
Hilbert space, obviously H = S.

(3) The spaces H® and H have induced inner products with a property similar to (2.4). A natural
question is related to the possibility to organize them as function spaces. Nevertheless, this operation
is not always possible. To explain this assertion, let us assume that S is a function space on (2, &),
and that

Qg = ﬁfeIZ(f) € 6. (27)
where Z(f) :={w € Q; f(w) = 0}.

Condition (2.7) is automatically fulfilled if € is a Hausdorft space and S consists of continuous
functions or if the space Z has an at most countable algebraic basis. If (x,x)q is actually an inner
product, which is equivalent to Z = {0}, we have again Qp = Q € &.

Condition (2.7) allows us to regard the elements of H° as functions on Q. Indeed, if f=f+Tis
an arbitrary element of 0, we put f(w) = f(w) for all w € Q, which is correctly defined. In addition,
F=Y(B) = (f|Q%)"1(B) for all Borel sets B C C. In fact, Sy := {f|Q0; f € S} is a function space on
(Q0,Sp), where &y = {ANNy; A € &}. However, the map H® > f'—> 1920 € Sy is not injective, so
fw) =0 for all w € Q does not necessarily imply f(w) = 0 (see Example 2).

Of course, when Z = {f € S; f|Q2 = 0}, then H° may be regarded as a function space on €.

(4) When a function space S and a compatible inner product (x, ) are given, we use the notation
Z,H°,H, and so on, in the sense from this remark, if not otherwise specified.

The construction in Remark 1 has an important particular case, to be discussed in the following.
Let S be a function space and let A : S©) — C be a linear map with the following properties:

(1) A(f) = A(f) for all f € S®);

(2) A(IfI*) > 0 for all f € S;

(3) A(1) = 1.

Adapting some terminology from [21] to our context (see also [29-31]), a linear map A with the

properties (1)-(3) is said to be a unital square positive functional, briefly a uspf.

A simple example of a uspf is given by a probability measure p and a functions space S on (£2, S),
consisting of square p-integrable functions. Then the map S@? 3 f — fQ fdu € C is a uspf, as one
can easily see.



INTEGRAL REPRESENTATIONS 111

When the linear map A : S — C is a uspf, we may define a semi-inner product by the equality

<f7g>0 = A(fg)7 fvg € Sa
which is easily seen to be compatible with S. Then, as in (2.2), the set

In = {f € S;A(f]) =0} = {f € S;A(fg) = 0 Vg € S}
is a vector subspace of S. Moreover, the quotient H} := §/Z, is an inner product space, with the
inner product given by

(7.9) = A(f9). 2.8)
where f = f + I, is the equivalence class of f € S modulo Zy.

The Hilbert space obtained by completion of the inner product space H} will be denoted by H,.
Of course, if S is finite dimensional, we have Hy = S/Z4.

When the uspf A : S@) — C is given, we shall use the notation Zy, Ha, f, with the meaning from
above, if not otherwise specified.

Problem 1. The (abstract) moment problem for a given uspf A : S©) i+ C, where S is a fixed function
space on (2, &), means to find necessary and sufficient conditions insuring the existence of a probability
measure y, defined on &, such that S C £2(Q, ) and A(f) = fQ fdu, f € S®. When such a measure
o exists, it is said to be a representing measure of A (with support) in €.

In the classical moment problem on spaces of polynomials, the role of the uspf A is played by the
so-called Riesz functional (see for instance [17]).

In some special cases, a uspf A : S — C may have an atomic representing measure in €, which (in

this text) means that there exists a finite subset Qp = {w1,...,wq} C Q consisting of distinct points,
and positive numbers Ay, ..., Ag, with Ay +---+ Ay = 1, such that A(f) = Z‘jzl A f(wj).
When we want to specify the number points {ws,...,wq}, the corresponding atomic measure will

be sometimes called a d-atomic representing measure (of A in ). Of course, in this case we can write
A(f) = Jo f(w)dpu(w), where i is a probability measure defined on a o-algebra & containing Q5 and
its subsets, such that pu({w;}) = A;j = 1,...,d. In particular, we may take as & the family of all
subsets of (2.

When S is finite dimensional and the uspf A on S@ has an arbitrary representing measure, then
one expects that this measure may be replaced by an atomic one. Such a property, going back to
Tchakaloff (see Corollary 2 in [25]), will be also discussed in this work (see Theorem 4).

The concept of representing measure can be also defined for a compatible semi-inner product (x, *)q
of a function space S (see Definition 2).

2.2. Continuous Point Evaluations. A discussion concerning the point evaluations in the context
of function spaces of polynomials on R™ can be found in [30], Section 4 (see also [31] for a more general
framework). Some of the assertions of interest for us can be obtained from those in [30], with minor
modifications. Nevertheless, in the following, some results will be discussed in a more general context.

Remark 2. Let S be a function space on (2, &), endowed with a compatible semi-inner product

(*,%)0, and let H be the Hilbert space associated to (S, (x,*)o) (see Subsection 2.1). For every point

w € Q, we denote by J,, the point evaluation at w, that is, d,,(f) = f(w), for every function f € S.
Of course, a point evaluation ¢, is said to be continuous if there exists a constant ¢, > 0 such that

0u(N < cullfllo, FES. (2.9)

A point evaluation is not necessarily continuous; see Example 2.
We denote by Z the subset of those points w € Q such that d,, is continuous.

Remark 3. We continue the discussion from Remark 1(3).
Let H° = S/ be endowed with the inner product (2.3). If w € Z, we must have h(w) = 0 for
all functions h € Z, as a consequence of (2.9). Consequently, we have the inclusion Z C Nfez Z(f).
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Moreover, every point w € Z induces a linear and continuous map 9, : H° — C, given by Sw( f ) = f(w)
for all f € S, with f = f +Z, as the value f(w) is constant on the equivalence class of f. In addition,

100 () = 1£@)] < cullfllo = cul £,

via (2.9), where || || is the norm associated to the inner product (2.3).
The linear functional d,, can be extended to the completion H of H°, and keeping the same notation,
we have

0u(@) < culldll, ¢ €H, we 2.
The next result is a slight extension of Lemma 6 from [30].

Lemma 1. If S is finite dimensional, we have

Z = mfGIZ(f)a
and Z € G.

Proof. We already saw in Remark 3 that always Z C Nrez Z(f).

Assume now that S is finite dimensional, so # = H° is a finite dimensional Hilbert space. Let B be
an algebraic basis of Zx, which is a finite set. Clearly, Z C NyepZ(b) = NrezZ(f).

Conversely, if w € NpepZ(b), then d,(b) = 0 for all b € B, implying d,(f) = 0 for all f € Zx.
Therefore, d,, induces a linear functional on the Hilbert space H, denoted by b.. The linear functional
b, is automatically continuous, and so §, is continuous. This shows w € Z. Consequently, Z =
MbesZ(b), implying Z = Nrez Z(f).

Finally, Z(b) = b=1({0}) € & for all b € B showing that Z € &. O

Remark 4. (1) The previous argument shows that if H° is finite dimensional, so H = H°, we have
the equality Z = N¢cz Z(f). If, in addition, the space 7 has an at most countable algebraic basis, then
ZeG6.

(2) If Z = {0} and S = H° is finite dimensional, we must have Z = .

(3) The previous lemma shows that the set Z extends the concept of algebraic variety of a moment
sequence, defined in the context of finite dimensional spaces of polynomials (see for instance (1.6)
from [10]).

Remark 5. (1) Continuing the discussion from Remark 1(3), if Z = {f € S; f|Z = 0}, and S is finite
dimensional, the space H = H° may be regarded as a function space on Z because from f|Z = 0, so
I fllo = 0, we obtain f = 0.

(2) Note that for every w € Z there exists a vector v,, € H such that Sw(qﬁ) = (¢, vy) for all ¢ € H,
via a well-known theorem by Riesz. In fact, applying the Riesz theorem firstly on RH, we deduce that
v, € RH.

Definition 2. Let S be a function space on (2, &), endowed with a compatible semi-inner product
(*,%)0. From now on, such a pair (S, (*, x)o) will be designated as a quasi-Hilbert function space (briefly,
a ¢Hfs). When the function space S on 2 is actually a Hilbert space, endowed with a compatible inner
product (x,x), the pair (S, (x,x)) it will be called a Hilbert function space (briefly, a Hfs).

We say that the semi-inner product (x,x*) has a representing measure if there exists a probability
measure p on & such that

(o= [ F@adue). f.g €. (2.10)
We say that the semi-inner product (x,x*)o has an atomic representing measure in ) if there exists
a finite subset Qy = {w1,...,wq} C O consnstmg of distinct points, and positive numbers Aq,..., Ag,

with Ay +--- 4+ A\g = 1, such that

(f.g o—ZAwa ), .9 € 8. (2.11)

When the support of a given atomic representmg measure consists of d points, it will be sometimes
called a d-atomic representing measure. As usually, the points {w1,...,ws} are called the nodes, and
the numbers {A1,..., Aq} are called the weights of the measure p.



INTEGRAL REPRESENTATIONS 113

A slightly more general question than Problem 1 is the following.

Problem 2. Let (S, (x,%)¢) be a qHfs on (2, &). Find necessary and sufficient conditions to insure
the existence of a representing measure of the semi-inner product (x, ).

Using direct arguments, as well as methods from the theory of moment problems in functions spaces
of polynomials, we shall try to give some answers to Problem 2 in the next sections.

The following lemma is similar to Lemma 7 from [30] (see also [9] for a precursor of this result).

Lemma 2. Suppose that the compatible semi-inner product (x,*)q of the function space S on § has
an atomic representing measure . Then supp(p) C Z.

Proof. We use the notation from Definition 2. If w; € g, we have:
1< 1
2 2 _ 2
|f(wi)l? < E;Ajlf(wj)l =515 f €8,

for all k =1,...,d, showing that supp(u) C Z. O
The next definition adapts some concepts from [14] to our context.

Definition 3. Let (S, (x,%)o) be a qHfs. We say that the semi-inner product (x, )¢ is weakly consistent
if whenever f € S in null on Z, it follows that (f,1)o = 0.

We say that (x,*)g is consistent if whenever ), . frgr = 0 on Z it follows >, -, (fr,gr)o = 0,
where fi,94 € RS, k € K, K finite.

Remark 6. (1) Consider a qHfs (S, (x,*)g). It follows from Lemma 2 that a necessary condition for
the existence of an atomic representing measure for the semi-inner product (x,*)g on Q is Z # (.

(2) If the semi-inner product (x,x*)q is consistent, it is also weakly consistent.

(3) If the semi-inner product (x, x)o has an atomic representing measure, then it is consistent. The
converse is not true, in general (see [14]).

(4) Let S be a function space on a set Q2 and let A : S®) s C be a uspf. Of course, the previous results
of this subsection applies to this case, when the semi-inner product is given by (f, g)o = A(fg), f,g € S.
We recall that we use the notation Ha, HQ,Za, 25 instead of H,H°, Z, Z, respectively. In this case
(see also [14] for spaces of polynomials), if (x,x*) is (weakly) consistent, we say that A is (weakly)
consistent. Also note that A is consistent if and only if whenever f € S®) satisfies f|Z, = 0, we have
A(f) = 0. A similar property characterizes the weak consistency of A.

If § is finite dimensional, the uspf A is consistent if and only if A € Span{&(f);
w € Zp}, where 65,2) is the point evaluation at w € €, regarded as a functional on S®). Indeed,
if A e span{&(f);w € Z,}, then A is clearly consistent. Conversely, because span{&(uz);w € Zp}isin
the dual of S, which is finite dimensional, if A ¢ span{zsg); w € Z,}, we can find a function fo € S
which is null on Z, but with A(fp) # 0, which is not possible.

Similarly, A is weakly consistent if and only if A|S € span{d,;w € Zp}.

Finally, note that w ¢ Z, for some w € Q, if and only if there exists a sequence (fy), in S such
that A(|f,]?) =1 and |f,,(w)] — 0o (n — 00).

Example 2. We consider the the uspf A : P} — C, where Pj is the space of of polynomials in one real
variable ¢, with complex coefficients, of degre < 4, where A(t*) =1, k =0, 1,2, 3, A(t*) = 2, extended
by linearity. This is a simple example showing that there are truncated moment problems with no
representing measure in R (see [30], Example 3; see also [13]). It can be also used in connection with
Remark 5(1), and with Remark 6(4) as well.

As shown in [30], we have Zy = {p(t) = a — at;a € C}. Then clearly, Zy = {1}, so the point
evaluation d; (p) = p(1), p € P4, must be continuous, by Lemma 1. In fact, if p(t) = a + bt + ct? with
a, b, c € R arbitrary,

((a+b+e)*+¢?),

p(1)* = (a+b+¢)” <AP?*) =
2 < A(Ip/?), p € P3, showing, directly, that d; is

and thus, when a,b,c € C, we deduce that |p(1)]
A-continuous.

On the other hand, if 8 € R, § # 1, setting p,(t) = 1 +n(l —t), n > 1, we obtain p,(0) =
1+n(l —0) — +oo as n — oo, while A(p2) =1 for all n > 1, as in Remark 6(4).
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Note that there are nonnul elements f € Hy = P4 /Zy such that 6,(f) = 0. Indeed, as one can
casily see (see also [31], Example 3), we have H, = {ul + vEu, € C}. Then é,(i — t2) = 0, while
i—¢ # 0. In other words, the Hilbert space associated to a qHfs (S, (x, %)) is not a Hilbert function
space.

Note also that, because Z5 = {1}, the only possible atomic representing measure for A would be
81, via Lemma 2. But this is impossible because, for instance, §;(t*) = 1, while A(t*) = 2.

As in the case of function spaces consisting of polynomials, an extremal situation associated with
the consistency insure the existence of an atomic representing measure (see [14], Theorem 1.3).

Theorem 1. Let (S, (x,%)g) be a finite dimensional qHfs on Q. Assume that d := card(Z) = dim(H).
The semi-inner product (x,*)o has a d-atomic representing measure if and only if it is consistent.

Proof. The consistency of (x,%)q allows us to replace the set Q by the set Z. Indeed, defining the
function space Sz as the space {f|Z; f € S}, and putting

<f‘zag|Z>O,Z = <f’g>07 fag €S,

we obtain a semi-inner product (*,*) z on Sz. Indeed, we note that if f|Z =0 or g|Z = 0, we have
(f,9)0 = 0 by the consistency of (x,*)o. This shows that the map (x,%)o z is well defined, and it is
clearly a semi-inner product. In addition, if f|Z = 0, the consistency implies f € Z, showing that
I={f¢€S, f|Z=0}. Hence we have a natural map

H>f fIZeC(Z):={h: Z~ C},
which is a linear isomorphism, because it is clearly injective and surjective too, thanks to the assumption
card(Z) = dim(H).

We write now Z = {(1,...,(a}, and put x; = xq¢,}, that is, the characteristic function of the
set {(;},j =1,...,d. Let also I;j be the unique element of H with b;|Z = x;. Because we have
bibe|Z = xjxr = 0 if j # k, we must have (b;, bx)o = 0. Similarly, X? = x; implies (b;,b;)0 = ( bj, 1)o.

Note that f|2 =37, f(¢)xs, s0 f — Y20_, £(¢;)bs is null on Z for all f € S. Thus

d
(f.9)0 = <Z F(G)b

where \; = (b;, 1) for all j, which is a representation of the semi-inner product (,*)o via a d-atomic
measure.
Conversely, if the semi-inner product (x, x)o has a d-atomic representing measure with d := dim(#),
then (x, x)g is clearly consistent. O
Remark With the previous notation, we must have <l;j, I;k> =0, <13j, l;j> = (I;j, D, jk=1,...,d,j #
k, and f = Z;l:l f(Cj)l;j for all f € H. In other words, {by,...,bq} is an orthogonal basis of #, con-
sisting of idempotents (see Subsection 2.5 for details).

d

9((;), f.9€S,

HM@.

2.3. Generators of Function Spaces. Let S be a function space on (2, &). We assume that there
exist an n- tuple 0 = (61,...,0,) of elements of RS, and an integer m > 1, such that such that the
family ©,,, := {6%; |a| < m, a € Z'} } spans the space S.

When such a pair (6, m) exists, we shortly say that the function space S is m-generated by 6.
Clearly, in this case S is of finite dimension, and the family ©s,, spans the space S?). In particular,
S is 1-generated by 6 if and only if S is the span of ©;.

Also note that if S be a function space that is m-generated by an n-tuple 8 = (61, ..., 0,) of elements
of RS, and if A : S@ — C is a uspf, then the Hilbert space Ha must be of finite dimension less or
equal to the cardinal of the set ©,,

As a matter of fact, if S is a function space on ) that is m-generated by an n-tuple 8 = (64,...,6,)
of elements of RS, we must have the equality, S = {po 0;p € P}, where 0 is regarded as a function
from 2 into R™.

In particular, P* is a function space m-generated by by the n-tuple ¢ := (t1,...,t,), where t1,...,t,
are the independent variables of R".
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An important particular case of finitely generated function spaces is related to the so called truncated
K-moment problem (see [12]), which means, for a fixed closed set K C R™, to look for a representing
measure of a given uspf A : Py, -+ C, where P, ;- := {p|K;p € P }. Clearly, P x is a function
space on K, m-generated by n-tuple t|K := (t1]K,...,t,|K).

To exhibit another example, fix an n-tuple 8 = (61,...,6,) in P%. Then S := {pob;p € P2} is a
function space on R?. In fact, if ¢ = max;<;<,{deg;}, we have S C P;;Qg.

Let again S be a function space on (2, &), and let n-tuple § = (61, ...,0,) of elements of RS. When
S spanned by the set {60%;a € Z'} }, we say that S is oo-genarated by 0. In thes case, S is actually a
unital algebra. Of course, in this case we have S = {po 8;p € P"}.

2.4. Reduction to Finite Dimensional Spaces. We exhibit, in the following, a result allowing us
to prove the existence of a representing measure for a uspf A, defined on a space S of continuous
functions on a locally compact metrisable space, using representing measures of restrictions of A on
some finite dimensional subspaces of S. Such a reduction result goes back to the paper [23], where it
is proved in the context of spaces of polynomials. It is also approached, in a more abstract framework,
in [28].

As mentioned above, in this subsection the basic space € is supposed to be a locally compact metric
space. We denote by Q. = Q U {00} the one-point compactification of €, which is compact and
metrisable. If p is a fixed metric on €, a given sequence (wg)r>1 is said to tend to infinity, and we
write limy_s oo wp = 00, if limg_y o0 p(wo, wi) = 0o for some (any) point wy € €.

Let S be a function space on 2, consisting of continuous functions. We suppose that there exists
an n-tuple 8 = (01, ...,0,) of functions of RS, separating the points of 2 and unbounded on 2, that
is, limy o0 0j(w) = 0o for all j =1,...,n. We also assume that the space S is co-generated by the 6,
so S is a commutative unital algebra, closed under complex conjugation.

Next, we define the functions

(W) = (L+01(w)* + - + 0, (w)?) "
where k£ > 0 is an integer. Then we set

T ={f€S; wh_)H;o qr(w) f(w) exists},

which is a function space satisfying 1,qk_1 € Tk, and T, C T4, for all k. Moreover, as we have
S = {pob;p € P}, and |07 - - 027> < qi(w) ™! when ||+ -+ || < K, it follows that S = Ug>0Tk.
We now consider the algebra C(£),), consisting of continuous functions on the compact set Q.
Moreover, the set Q := {qx;k > 0} is a multiplicative family in C(Q), provided that each function
qr (k > 1) is extended with 0 at co (see [28] for details). In addition, we may regard Ty as a subspace
of ¢, C(Qo).
Under the hypothesis on €2 and 6 from above, we have the following.

Theorem 2. A uspf A : S — C has a representing measure with support in Q if and only ifA(q,Zl) >0
and

IA(F)] < Mgy ) sup gk (W) f(W)], f €Tk, k=0

Proof. It A has a representing measure, say p, because ¢ 1> 1 it follows A(q,zl) > A(1) =1 for all
k > 0. Therefore

AN [ 1< Alair") sup i) @)

for all f € Tk.

Conversely, we shall apply Theorem 3.7 from [28] to the space S C C'(2s,)/Q and the map A. First
of all, we note that A(g; ') > A(1) = 1 for all k > 0 because ¢; ' is equal to 1 plus a sum of squares.
Secondly, the space C(Qy) is separable. In fact, the functions ¢;(9),0141(0), ..., 0,q1(0) separate the
points of 2. Then the Weierstrass-Stone theorem implies the density of the unital algebra generated
by this family in C(Qx).

Note that gx(00) = 0 for all £ > 1, and so {oco} is the union of the zeros of all functions from Q.
We also have Lq,;l €T C qlle(Qoo) for all £ > 0. Moreover, T, C Tk, whenever k1 < ks, and this
is equivalent to the fact that q,:ll divides q,;;.
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If Ax = AT, putting || f|lco,x = supeq |gx(t)f ()], f € C(Qao)/qx, which is precisely the norm on
C(Qe0)/qr (see [28]), the conditions from the statement imply the estimates ||Ax|| < A(g;, ). Because
;' € Tk, and its norm is one, we must have ||Ay|| = A(g; ). According to Theorem 3.7 from [28], this
implies the existence of a positive extension M of A to C(Q)/Q. The proof of Theorem 3.7 from [28]
shows the existence of a representing measure of M, whose support is precisely in  (see also Remark
3.8(1) from [28]). O

Remark 7. Theorem 2 can also be applied when the spaces (7;) x>0 are replaced by the simpler spaces
(Sk)k>0, with S, = {f € S;f = pob,p € P}. In fact, assuming that for the uspf A : S — C the
restriction Ag = A|Sax has a representing measure for each k > 0, we may obtain the assertion in the
following way. The finite dimension of the involved spaces allows us to find, for every integer k > 0, an
integer ry > 0 such that T C Sa,,. Then the representing measure of A|Sa,, induces a representing
measure for A|Tj for all k& > 0, which allows the application of Theorem 2.

Using the preceding remark, we deduce easily the following:

Theorem 3. Let Q be a locally compact metric space, let S be a function space on 0 consisting of
continuous functions, and let (x,%)o be a semi-inner product on S. Let also 0 = (61,...,0,) be a
tuple of functions from RS, unbounded on Q and separating its points, let S,, be the function space
m-generated by 0 and let (x,%)om be the restriction of the semi-inner product (x,%)g to Sy, (m > 1).
The semi-inner product (x,x)o has a representing measure on Q if and only if the semi-inner product
(*,*)om has a representing measure on ) for every m > 1.

Theorem 3 shows that solving Problem 2 on finite dimensional function space leads to solutions
of Problem 2 in a large class of infinite dimensional function spaces, including the classical ones in
spaces of polynomials. For this reason, in the next sections we shall mainly deal with finite dimensional
function spaces.

As noticed in several works (see for instance [9]), another important feature in the context of finite
dimensional function spaces is that the existence of a representing measure of a given semi-inner
product implies the existence an atomic representing measure, as presented in the following.

Theorem 4. Let (S, (x,%)g) be a ¢Hfs on Q, m-generated by the n-tuple § = (01, ...,0,) Suppose that
(*,%)o has a representing measure. Then (x,*)o has an atomic representing measure.

Proof. We consider the set Z*™ := {a € Z7;|a| < 2m}, endowed with the lexicographic order. In
addition, we assign to each integer j € {1,2,...,n,,}, where n,, is the cardinal of Zi’zm, a multi-index
a(j) € Zi’mﬂ with j < k iff a(j) < a(k), and «(1) = 0. In this way we have a (Borel measurable) map
¢ : Q= R™ given by ¢p(w) = (0°M(w), ..., 0% (w)) € R,

Now assume that (x,*)o has a representing measure, so it has the form (f, g)o = fQ fgdu, f,g €S,
where p is a positive Borel measure on 2, with u(Q2) = 1. Let v be the measure induced by the measure
w and the Borel map ¢. Writing a(j) = &/(j) + &”(j) with |&/(§)], |a” (j)| < m, we have:

/ |z;]dv(z) = / |z 0 ¢ldu < / 10D dp < 1§ D]|o]|92" D | < oo,
Rnm Q Q

for all j = 1,...,ny,, where x1,...,x, , are the coordinate functions in R™m. This shows that we
may apply Corollary 2 from [4] to deduce the existence of a positive integer d < n,,, a set of points
w1, .- .,wq in the support of the measure p, and positive numbers A, ..., Ay, such that Z?:l Aj=1,
and

d
Q =
From this equality, we infer easily that (x, )y has an atomic representing measure. g

2.5. Quasi-Hilbert Function Spaces and Idempotents. The concepts of quasi-Hilbert function
space (briefly, qHfs) and Hilbert function space (briefly, Hfs) are those introduced by Definition 2.
We have already noted that the Hilbert space associated to a qHfs (S, (x, %)) is not necessarily a
Hilbert function space (see Example 2). We should mention that our concept of Hilbert function space
is slightly different from the homonymous concept from [1]. In fact, the concept of Hilbert function
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space, as defined in [1], is often called a reproducing kernel Hilbert space (see for instance [2]). Unlike
in [1], the point evaluations on a Hilbert function space in our sense are not necessarily well defined
but the inner product of such a space must be compatible.

We introduce in the following the concept of element idempotent related to a given function space
S, endowed with a compatible semi-inner product (x,#*)o. This is an extension of the concept of
indempotent with respect to a uspf, introduced in [30].

Definition 4. Let (S, (x, %)) be a qHfs, and let H be the Hilbert space aassociated to (S, (x,%)o),
whose inner product is denoted by (x, %), and whose norm is || * ||. An element ¢« € RH is said to be
an idempotent (associated to S) if

[[e]l® = (¢, 1) (2.12)
We set TD(H) := {1 € RH; (1,1) # 0}, that is, the family of all nonnull idempotents of H.
Example 3. Let u be a probability measure on (£2,&), and let S be a function space on (2, &),
consisting of square u-integrable functions, so its semi-inner product (*,*)o can be obtained by re-
stricting the semi-inner product of £2(Q, 1) to S. Clearly, the subspace Z consists of those functions
from S, which are null g-almost everywhere. As usually, let L%(€, 1) be the Hilbert space consisting of
equivalence classes of square y-integrable functions on €. Assume that the space H° = S/ is dense in
L2(Q, u). Then L?(Q, 1) is the Hilbert space associated to (S, (x,*)o). If xp denotes the characteristic
function of a given set B € &, the class of xp is clearly an idempotent in L2(£, u) associated to S,
but xp does not necessarily belong to S.

The following result is, in fact, an extension Lemma 4 from [30], with a proof in the present context.

Lemma 3. Assume H to be separable, and let {n;};cs be an orthonormal family in RH such that
(nj, 1) # 0 for each j € J, for some J C N. Then the set {1;};c; is an orthogonal family in TD(H),
where 1; = (n;, 1)n; for all j € J. If the set {n;};en is an orthonormal basis of H, the set {1;}jen is
an orthogonal basis of H in TD(H). Consequently,

¢ = Zw Yo, L)y, ¢ €M,

where the series is convergent in H. In particular 1 = ijl tj, where the series is convergent in H.
Proof. Setting ; = (n;, i>77j for all j € J, we have

e 11 = {Cngs Dy, (s Lyng) = (03, 1) = (1, 1) #0,
showing that {¢;};es is a family in ZD(#H). In addition,

(e te) = (s 1) i, 1) = 0, Gk € J, j #k,

so the family {n;};c is orthogonal.
If {n;}jen is an orthonormal basis, we must have

oo o0
¢:Z<¢vnj>nJ:Z<Lja > <¢7LJ>LJ’ fGS
j=1 j=1
and the series is clearly convergent in . In particular, we must have 1 = S =1L where the series is
convergent in H. O

Corollary 1. IfH is finite dimensional and {ny,...,na} C RH is an orthonormal basis with (n;,1) #
0,j=1,...,d, the set {(n1,1)n1,...(na,1)ng} is an orthogonal basis of H consisting of idempotents.
Moreover,

<771a i>771 +---+ <nda i>,'7d = i
Corollary 2. Assume that H is finite dimensional. Then there are functions by,...,by € RS such
that ||bj||2 = (bj,1)o > 0, (bj,bi)o = 0 for all j,k =1,...,d, j # k, Z;l:l<bj,1>0 —1€7Z, and every
f €S can be uniquely represented as

F=> (b, )5 (£, b5)0b; + fo,



118 VASILESCU

with fo € Z and d = dimH.
Using Lemma 3, we obtain the next result (which extends Theorem 1 from [30]).

Theorem 5. Let (S, (x,x)o) be a qHfs, and let H be the associated Hilbert space. If H is separable
and of dimension > 2, it has infinitely many orthogonal bases consisting of idempotent elements.

Proof. We may work in an abstract framework. Replacing H by RH, we may assume, with no loss of
generality, that H is a separable real Hilbert space, endowed with the real inner product (x, *), and with
the corresponding norm || * [|. Let {A;};jen be a sequence of positive numbers such >, A3 =1. Let
also {n;};en be an orthonormal basis of H, and let n = >_ .y A;n;, so ||| = 1. Then (n,m;) = A; >0
for all j. Setting ¢; := (n,m;)n;, j > 1, we obtain an orthogonal basis {(;}jen such that ||(;[|* = (¢, )
for all j > 1.

Next, we fix an element e € H such that ||e]| = 1, and choose an orthogonal transformation O of
H such that On = e. Putting, e; = Onj;, and ¢; = (e,e;)e; = O (j > 1), the family {¢;};en is an
orthogonal basis of H. Moreover, ||¢;]|? = (¢, ¢) for all j > 1.

Going back to our initial case, for e = 1 we obtain an orthogonal basis {¢j}jen of H consisting of
idempotents. The construction from above shows that there are infinitely many possibilities to obtain

such a basis {¢;}jen. O

Remark 8. Of course, the assertions from this subsection apply when the function space S is endowed
with a usps A : S i C, having the semi-inner product given by (f,¢)o = A(f7), f,g € S. Note that
if S is finite dimensional, an element f € RH, is an idempotent if and only if A(f2) = A(f). For this
reason, such an element may be called a A-idempotent, as in [30].

3. USPF’s VERSUS SEMI-INNER PRODUCTS

As mentioned above, the main aim of this work is to give necessary and sufficient conditions insur-
ing the existence of integral representations of some given semi-inner products on function spaces of
measurable functions; in other words, to look for solutions to Problem 2. One possible approach to
Problem 2 is to adapt techniques from the theory of moment problems. We refer especially to [9,10] as
well as to [29-31]. To this aim, it is necessary to clarify the connection between semi-inner products
and unital square positive functionals, which is the main concern of this section.

Remark 9. Let (S, (x,%)) be a qHfs. We want to relate the semi-inner, product (x,*)y with a uspf
A : 8@ — C in a natural and unique way. Roughly speaking, we want to have A(fg) = (f, g)o, for all
f,g € S. In fact, we have the following.

Lemma 4. Let S be a function space on Q. The following assertions are equivalent:
(1) the function space S has a compatible semi-inner product (x,*)q satisfying

D frgr=00nQ = (fr.gt)o =0 3.1)

keK keK

for all fr,gr € RS, k € K, K finite;
(2) the function space S has a uspf A : S — C.

Proof. (1) = (2). Choosing fi,gx € S, k € K, K finite, we write fr = f; +if}, g = g), — ig)., with
fir i 991 € RS, k € K. Assuming ), o frge = 0 we must have >, . (fr9;, + fig) = 0 and
Y owex (fi g — fr9i) = 0 According to (3.1), we deduce that

D (b gido+ (fgi)o) =0 and > ((fY, gi)o — (f1r 91)0) = 0.
keEK keK

Because the seminorm (x, *)o is compatible, we infer that ), _ .- (fx, gr)o = 0. Consequently, fixing an
arbitrary element F'= %, . frgr € S®) | we put

A(F) = (frs gr)o- (32)

keK
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The previous argument shows that this definition does not depend on the particular representation of
F, implying that the map A : S© — C is linear. In addition, A(1) = (1,1)g = 1,

AF) = (foogido =Y (frogr)g=AF), F =Y fuge € 8P,
keK keK keK
and A(|f]?) = (f, f)o >0 for all f € S.

Conversely, given a uspf A : S — C, the formula (f,¢)o = A(f7), f,g € S defines a semi-inner
product compatible with the structure of S, as noticed in Subsection 2.1. Therefore, we also have
(2) = (1). O
Remark. Note that, in a qHfs S whose semi-inner product (x,x)o has the property (3.1), taking
f,g €S and h € RS such that fh,gh € S, we must have (fh, g)o = (f, gh)o.

Proposition 1. Let S be a function space on 2. The following assertions are equivalent:
(1) the space S is a qfHs on ), whose compatible seminorm || x ||o has the property

Yo=Y g on =Y il =D lals, (3.3)

keK leL keK leL
for all fr,g1 € RS, ke K,l € L, K, L finite;
(2) the space S has a uspf A : S@) — C.
Moreover, the uspf A is uniquely determined by the semi-inner product (x,x)o with the property

(3.3).

Proof. To prove the equivalence of the conditions (1) and (2) from the statement, it is enough to
verify that condition (3.3) is equivalent to condition (3.1). To show that, we simply apply the obvious
polarization formula:

1
Z UV = 1 Z [(ur + Uk)z — (ug — ’Uk)Q]a (%),
kEK keK
and its corresponding version

D (uk,vido = i D Nk + vellg = [l — ox3); (%),
keK keK
valid for all ug, vy € RS, k € K, K finite. We also note that in (3.3) we may always assume K = L,
with no loss of generality.
The details of this verification, and the uniqueness of A as well, are left to the reader. O
Remark. Going back to Problem 2, Proposition 1 gives an answer to the question how to associate
a qHfs with a uspf, in order to approach this problem as a moment problem.

Definition 5. Let (S, (x,*)q) be a qHfs space. We say that the semi-inner product (x, x)g is ezpandable
if it has the property (3.3).

If (x, %) is expandable, the unique uspf A : S®) s C given by Theorem 3.3 is said to be associated
to (*,x)g.
Example 4. Let u be a probability measure on (Q, &), and let S = £2(Q, ). Then S is a qHfs, whose
natural semi-norm || f|lo = ([, |f|?dp)'/?, f € S, is expandable. Moreover, it is easily seen that S =
L£1(Q, 1), and the uspf A : S+ C, given by Theorem 1, is precisely A(f) = Jo fdu, f e L1, ).
Example 5. The multidimensional Hamburger moment problem can be also related to Problem 2 in
the following way. The basic function space is in this case P™ on R”, consistning of all polynomilas in

t=(t1,...,t,). First of all, we fix a multi-sequence of real numbers v = (’Ya)aezg; with the property
Y abpYats >0 (34)
o,

for all finite multi-sequences (aq)q of complex numbers. In fact, we work in this example only with
finite sums, and the multi-indices are from Z", with the order o < 3 if 8 —a € Z7}.
For any two polynomials p(t) = > cat®, q(t) = EB dst? with complex coefficients we put

(P @)oo= cadsYass. (3.5)
b



120 VASILESCU

The choice of the multi-sequence v shows that the assignment (3.5) is a semi-inner product on P". To
illustrate Lemma 4, we shall verify directly that this semi-inner product is also expandable.

Let Ej p;q; = 0, with p; (t) = Za cjat®, q; (t) = ZB dj’@tﬂ. Then

Dopiti =D Y Cadipt P =3 | D ciadioa | t7=0.
J Jj apB

o j,a<lo

Therefore, Zj,agg cj,acij,(,_a =0 for all . On the other hand,

S wiaido =3 ciadiptass = | D Caldio-a |V =0.
B

J J o \Jj,a<o

Although condition (3.4) for n > 2 does not necessarily impliy the existence of a representing
measure for the semi-inner product (3.5), it suffices to show that (3.5) is expandable.

Example 6. For some details concerning this example we cite the work [3].

Let B be the open unit ball in R™, let S be the boundary of B, and let h?(B) be the real Hilbert space
of all harmonic functions in B, which are Poisson transforms of real-valued functions from £2(S,0),
where ¢ is the unique Borel probability measure on S that is rotation invariant. We denote by $ the
space h?(B) + ih?(B), which is a Hilbert space of complex-valued harmonic functions, and it is also a
function space on B. The inner product of ) is given by

Frg)s = /S figdo, f.g€ 5,

where f* denotes the unique element from L?(S, o) whose Poisson transform is f. This inner product
is clearly compatible with the function space $.
Assuming now that Y., f7 = >y g for some fi, gr € R9, j € Jk € K, J, K finite, we infer

that Zje,](fgn)Q = ZkeK(giuc)zv 50

SN = /S S do = /S S (gh2do = 3 ol

jeJ jeJ kEK keK

In other words, the norm of § is expandable, allowing us to define a uspf on ), in a natural way.

Example 7. Let W? be the Sobolev space consisting of all complex-valued functions on the interval
[0, 1], which are absolutely continuous and whose derivatives are square integrable, endowed with the
norm

1
112 = / (FOF + 7 0P, feW?.

This is a reproducing kernel Hilbert space, as shown in [1], Example 2.7. It is also a function space on
[0,1] and its inner product is compatible. Nevertheless, the norm is not expandable. Indeed, taking
F(t) = (242202, fi(t) = 1+, fo(t) = 1 —t, we have f2 = f2 + /2, while | f|3 # |filB + [ /o]12. To
see this, it is enough to remark that f’(¢)? = 2t2(1 +¢2)~!, and so ||f||? is an expression depending
explicitly on 7, while ||f1[? + ||f2]|? is a rational number. Consequently, the norm of W? is not
expandable. In particular, Problem 2 has no solution for the Hfs (W%, || * ||1).

Example 8. We now give a more abstract example.

Let S be a Hfs on Q endowed with a norm || ||, given by a compatible inner product (x,x*). Assume
that there exists a family of functions {v1,...,v4} in RS, and a family of points {w1,...,wq} in Q
such that

d
(v;,1) # 0, f(w;) = (v;, 1) {f,v;), and f= Zf(wj)vj, VfesS.
j=1
If, moreover,
d

(vg, 1) = Z<0j7 1>_1<vk,vj)<vl,vj>7 k,l=1,....d,

Jj=1
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the norm || * || is expandable.
We can prove this assertion either directly or applying Theorem 7. In fact, Theorem 7 shows that,
under conditions slightly larger than those from above, there exists a measure for the inner product of

S.

4. AN INTERPOLATION APPROACH

The existence of an atomic representing measure for a semi-inner product may be characterized in
terms of an interpolation property. The next result is an extension of Proposition 3 in [31]. As in
Theorem 1, this is an extreme situation in the sense that the number of nodes, usually larger than
the dimension of the associated Hilbert space, is assumed to be equal to that dimension (see also [14],
Theorem 1.3).

Theorem 6. Let (S, (x,*)o) be a ¢Hfs on Q, and let H be the Hilbert space associated to (S, (x,*)q),
supposed to be finite dimensional. The semi-inner product (x,*)o has a d-atomic representing measure
n Q with d := dim H atoms if and only if there exist an orthogonal basis of H consisting of idempotents
B = {51,...,8d}, and a set 3 = {(1,...,(a} C Z such that b;j({;) = 1 and by(¢;) = 0 for all
jk=1,...,d, j # k. In addition, the set 3 is the support of the corresponding representing measure.

Proof. The first part of the proof shares some arguments with that of Theorem 1.
To begin with, assume that the semi-inner product (x,*)g has a representing measure in €2, given
by

d
Z 9(&), f.9€S,

with A; > 0 for all j = 1,...,d, and ijl j = 1, where d = dim#, and the points (i,...,(q are
distinct. Set 3 = {(1,...,(q}, which is a subset of Z, via Lemma 2.

According to (2.2), we must have Z = {f € S; f|3}. This shows that there exists amap p : H — C(3)
given by f s f |3, which is correctly defined, linear and injective. This map is also surjective because
we have dim(H) = dim(C(3)).

Let xx € C(3) be the characteristic function of the set {Cx} and let by € H be the element with
p(?)k) = Xk, k = 1,...,d. Note that the element by, representing the equivalence class l;k, may be
chosen in RS, because bi|3 = xi has real values, and we may replace, if necessary, the function by by
its real part, for each k =1,... d.

As (bj bro = iy MOGxe)(Q), and so (b, br)o = 0, (bj bjdo = A = (b, 1)o for all j,k =
1,...,d, j # k, we deduce that the set {131, e ,l;d} is a family of orthogonal idempotents in H = #H°,
which is actually a basis. Clearly, b;(¢;) = 1 and b(¢;) =0 for all j,k=1,...,d, j # k, proving the
necessity of the condition in the statement.

Conversely, if there exist an orthogonal basis of H = H consisting of idempotents B = {131, cee Bd},
and a set 3 = {(1,...,(q} C Z such that b;((;) =1 and by(¢;) =0 for all j,k =1,...,d, j # k, then
(%,%)p has a representing measure whose support is 3. Indeed, it follows from Corollary 2 that for
every f € S we have

d
f= Z<bj; Lo ' (f,b;)0b; + fo,
j=1
with fo € Z. Hence
d
= 2 (85 105 {3 )obs (Ge) = (b, 15 (S br)o

=

[

because fo(Cx) =0, for all k = 1,...,d. Taking another function g € S and using the relations from
above, we infer that

(f,9)0 = (b, U)o (bies Lo (£, 05)0(T br)o by, bic)o =

1

i\E

J
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d d

D (b5 o (£ b5)0(G:bido = D (b 1o (6)9(G)-

Jj=1 J=1

Because (b;,1)g > 0 for all j = 1,...,d and Z;-i:la)j, 1)o = 1, we have obtained the existence of a
representing measure of (x, x)g in Q having d atoms, whose support is the set 3. O
Proposition 3 from [31] is now a consequence of Theorem 6:

Corollary 3. Let S be a finite dimensional function space on Q. A uspf A : S — C has a rep-
resenting measure in Q with d ;== dim H,y atoms if and only if there exist an orthogonal basis of H
consisting of idempotents B = {131, .. .,Ed}, and o set Qp = {w1,...,wa} C Zp such that bj(w;) =1
and bp(w;) =0 forall j,k=1,...,d, j #k.

Proposition 2. Let (S, (x,%)g) be a ¢Hfs on Q, and let H be the Hilbert space associated to (S, (*,%)o),
supposed to be finite dimensional. Then there exists at most one d-atomic representing measure of the
semi-inner product (x,*)g with support in Q, having d := dimH atoms.

Proof. If the semi-inner product (x,#)g has a d-atomic representing measure in Q with d := dimH
atoms, say f, it follows from the proof of Theorem 6 that the map H > frf |3 € L?(3, i) is a unitary
operator. Indeed, we have only to note that L?(3, 1) can be identified with C(3), so the map fe f13
is bijective, and || f||> = [5 |f|*dp for all f.

Now assume that there exists another d-atomic representing measure of (x, x)o in Q, with support
E:={&,...,&}. As in the previus case, the map f — f|Z induces a unitary operator from H onto
L?(E,v).

§7Ve Izow extend g (resp. v) to Q by setting u(Q2\ 3) =0 (resp. ¥(Q\E) =0). If ( € 3\ E, for the
characteristic function x of the set {¢} (defined on Q) we must have

0#/xdu:<x71>o:/xd1/:0,
Q Q

which is impossible, so 3 C =Z. A similar argument shows that = C 3. Therefore, 3 = =. In fact, this
argument shows that the weights of both measures at a given point must be the same. O

A more general form of Theorem 6 is given by the following. Unlike in Theorem 6, the number of
nodes may be greater than the dimension of the associated Hilbert space (see also Theorem 5 from [30]).

Theorem 7. Let (S, (*,%)g) be a qHfs on 2, and let H be the associated Hilbert space, supposed to be
finite dimensional. The semi-inner product (x, ) has a d-atomic representing measure in 0 for some
integer d > 1 if and only if d > dimH, and there exist a family of functions {v1,...,vq} in RS, and
a family of points {C1,...,Cq} in Q, such that

d
(05,10 # 0, F(G) = (v, g {Frvjdos =D F(G)v; €T, Vf €S, (4.1)
j=1
and
d
(v, v1)o Z vj, Do vk, vi)o(vi,vi)0, k1 =1,...,d. (4.2)
j=1

Proof. We assume first that the semi-inner product (*, x)o has a d-atomic representing measure in {2,
say u, and so we may proceed as in the first part of the proof of Theorem 6. In other words, there
exist a set 3 :={(1,...,(q} C Z so that

d
Z a(Gj), g€,

with A; > 0forall j =1,...,d, and Zj:1 Aj =1 for some integer d > 1. In fact, u({(;}) = A;, j =

.,d. Moreover, T = {f € S; f|3 = 0}. This shows that there exists a map p : H + L?*(3, u) given
by f +— f|3, which is a linear isometry. The image Ho := p(H) C L2(3, ) is a Hilbert subspace, and
the map p : H — Hg is a unitary operator.
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Let xx € L?(3,p) be the characteristic function of the set {(x}, k = 1,...,d. Clearly, the family
{X1,--.,Xa} is an orthogonal basis of the space L?(3,u), and hence
d = dim(L?*(3, 1)) > dim(Hp) = dim(H).

Let Py be the orthogonal projection of L*(3, 1) onto Ho, and let vg|3 := Poxx, k = 1,...,d, with
v € S fixed. As for each f = f € S the number (f,v;)o = A;f((;) is real, the function v; may be
assumed to be real-valued for all j =1,...,d.

From the equality ¢ = ijl #(¢;)x;, valid for all ¢ € L?(3, ), we deduce that f|3 = Z;i:l F(&5)vkl3,
for all f € S. Therefore, f — 37| f(¢;)v; €T for all f € S. Note also that
<Uj71>0: <XJ7]-> :)‘j >O, j: ].,...,d,
and
f(CJ) = A;1<f‘37Xj> = <vj7 1>61<fa vj>07 Jj=1... ,d,

and so equation(4.1) holds. In particular, we have the equality (vyv;)((;) = )\;2<Uk,1}j>0<’l}l7’l)j>0,
whence we infer that

d
(g, V1Yo E vj,1 Uk,UJ> (v, vi)0, k,1=1,...,d,
J=1

which is precisely equation (4.2).
Conversely, assuming that there exists a family of functions {vi,...,v4} in RS, and a family of
points {(1,...,¢4} in Q, such that equations (4.1) and (4.2) hold, we can write

d d
(f,9)0 = O F(Gvsin Y 9(C)v)o =
j=1 k=1
d d
SN HG9C) Wi v =D F(G) o (vg, vi)o (v, vi)o =
j=1k=1 j=1k=1 l=1
d d d d
Z (v, 1 1Zf (G)(vj, vr) ozg ){vk, v1)c Z (v, 1 favl )0{g; vi)o =
1=1 j=1 k=1 1=1
d [
> o 1) f(Q)9(G), f9 €S,
1=1
showing that the inner product of S has a representing measure. O

Corollary 4. Let (S, (x,%)0) be a gHfs on Q, and let H be the associated Hilbert space, supposed to be
finite dimensional. If the semi-inner product (x,*)o has an atomic representing measure p in @ with

support 3, then card(3) > dim(H), and the map 1 > f — f|3 € L2(E, 1) is a linear isomatry.

Remark 10. Let (S, (*,%)) be a finite dimensional Hfs on . Then every point evaluation is auto-
matically continuous. Consequently, the space S has a reproducing kernel denoted by K (x, %), that is,
fw)={f,K,) for all f €S8 and w € Q, where K, (*) = K(*,w) (see [1,2,18] etc. for details). In the
present framework, the function K (x,*) must be real valued and therefore symmetric.

The next result is an application of Theorem 6.

Proposition 3. Let (S, (x,%*)) be a finite dimensional Hilbert function space on ), and let K (*,x) be
its kernel. The inner product (x,*) has a d-atomic representing measure, with d = dim S, if and only
if there are d distinct points (1, ...,(q in Q such that K((5,(x) =0 for all j,k=1,...,d, j # k.

Proof. Assume first that there are d distinct points (1,...,(q in © such that K({;,{x) = 0 for all
Jk=1,...,d,j#k. Setejw)= K(Q,Cj)’l/zK(CJ—,w),j =1,...,d, w € Q. Since we have

(ejren) = K (G &) Y2 K (Cry G) YK (GG %), K Gy %)) =
K(C,¢) V2K (G, Gi) VPR (G, Gr) = 0
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if j # k, and

<ej7 ej> = K(Cja Cj)_1<K(Cja *)7 K(Cj? *)> = ]-7
the family {es,...,eq} is an orthonormal basis of S. Moreover, (e;,1) = K(Cj,Cj)_l/Q > 0 for all j,
and so, setting b; = K(Cj,(;)~"/%¢;, we obtain a family {b;,...,bs}, which is an orthonormal basis of
S consisting of idempotents. Clearly, b;(¢;) = 1 and b;(¢x) = 0 if j # k. Using Theorem 6, we infer
the existence of an d-atomic representing measure for (x, *).

Conversely, if the inner product (x,%) has a d-atomic representing measure, that is, (f,g) =
27:1 X f(¢)9(¢j), f.g €S, for some distinct points (i,...,(q in Q, with A\; > 0forall j =1,...,d,
Z;l:l Aj = 1, as in the first part of the proof of Theorem 6 we find a basis {b1,...,bq} of S con-
sisting of orthogonal idempotents. Therefore, f(w) = Zjﬂ(bj,l)*l(f, bj)bj(w) for all f € S and
w € Q. Moreover, \; = (b;,1), b;(¢;) = 1 and bi(¢;) = 0 for all j,k = 1,...,d, j # k. Setting,
K(¢,w) = Z‘;:l /\j_lbj(g‘)bj(w), ¢,w € Q, we deduce that

d d
(F,Ew) =D M (Ge) YA 0(Cr)bs (w) =
k=1 j=1

d d
SOt (Z Akﬂck)bj(ck)) bj(w) = f(w), f€S, we,
j=1 k=1
because 22:1 A f(Cr)b;(Ck) = (f, bj), showing that K (x,x) is the kernel of S. In addition, we clearly
have K (Cj,Ce) = 0 for all j,k =1,....d, j # k. 0

5. RELATIVE MULTIPLICATIVITY

As done in [30] and [31] for uspf’s, we can also characterize the existence of a representing measure
of a semi-inner product in terms of idempotents. The following is a basic concept, which generalizes a
corresponding one from [30], Definition 3.

Definition 6. Let (S, (x, %)) be a qHfs m-generaterd by the n-tuple 6. Let also B = {b1,...,bq} be
an orthogonal basis consisting of idempotent elements of the associated Hilbert space. We say that
the basis B is multiplicative (with respect to 0) if

(0%,0,00(0”%,b5)0 = (b, 1)0(0°F7, bs)0 (5.1)
whenever |a| + || <m, j=1,...,d.

The next result is an extension of Theorem 3 from [31], which in turn is an extension of Theorem
2 from [30]. In addition, the present proof is simpler and more transparent.

Theorem 8. Let (S, (x,%)o) be a ¢Hfs on Q, m-generaterd by the n-tuple 0. Assume that the associated
Hilbert space H is finite dimensional.

The inner product of H has a representing measure on ) consisting of d := dimH atoms if and only
if there exists an orthogonal basis B = {131, . ,Bd} of H, consisting of idempotent elements, which is
multiplicative with respect to 0, and 6(@) €0(), 0 € A, where A is the dual basis of B.

Proof. Let B = {1317 e ,l;d} be an orthogonal basis of H consisting of idempotent elements. Every
element f € # has a unique representation of the form f = Z;l:l(l;j, 1)-1(f, Bj>5j, via Lemma 3.

We consider on # the linear functionals &;(f) = (b;, 1)~ (f,b;), 7 =1,...,d, so f = Z?Zl 5;(f)b;
for all f € H. In particular, 5j(13j) =1 and 5]‘(1;1@) =0 forall j,k=1,...,d, j # k. In other words,
the set A := {d1,...,04} is the dual basis of B.

Next, we define the functions fa : A — C by fa(6) = 6(f) for all f € H and § € A. Setting
Ha = {fa; f € H}, we have a lincar map H > f — fa € Ha, which is surjective by definition, and
injective because fA = 0 implies f = 0. In other words, the map H > f — fA € Ha is a linear
isomorphism. In addition, fa = ZZ:I fA((Sj)bAk.A for all f € H.

As a matter of fact, the function ZZCA is the characteristic function of the set {dx}, k = 1,...,d. This
shows that Ha = C(A) and the spaces H, Ha = C(A), have the same dimension. (Here, as before,
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C(A) :={¢ : A — C}, is regarded as a finite dimensional C*-algebra.) In fact, Ha and C(A)
isomorphic as C*-algebras. Indeed, the product of two functions from Ha, say fA = Z =1 95( f )bj A

A d AN ..
ga = Zj:l d; (g)bjA, is given by

are
b;

ngA—Z(5 jA?

which coincides with the product of C'(A). In partlcular, fA ga is an element of Ha, and the C*-algebra
structure of C'(A) is inherited by Ha.

We now assume that 5 is multiplicative with respect to 6, and that 6(0) € 0(2), 6 € A.

We note that the space H is spanned by the family {5‘;, |a] < m}, by hypothesis, so the vector space
Ha is spanned by the family {@A; |a| < m}, while the C*-algebra Ha is generated by the family
{9A1 A .@A}. We need a more explicit relation between these families, obtained by using (5.2), which
will be proved in the following. Because we have

(6%, b3)o 6 bi)o = (b, 1)%6;(8%)6,(87) =
(b7 1)0(0°7 ;)0 = (b;, 1)26;(9+7)
whenever |a| + || <m and j=1,...,d, via (5.1), we infer that

00008 5 = oth o

whenever |a| + |5] < m. Hence, by recurrence, we deduce that

0on = (02)* if o] <m. (5.2)
The hypothesis 4(d) € 8(2), § € A, allows us to find a point ¢; € Q such that 6(¢;) = §;(8) for each
j=1,...,d.
Let f € S be a fixed element. As S is m-generated by 6, there exists a polynomial p € P, such
that f =pod. Then we have f =po 8, and so fo = poOa, via (5.2). Hence, we must have

§;(f) = fa(6;) = p(0a(5;)) = (po O)(¢;) = f((), G=1,....d,
This equality leads to

d
(f,900 = (f:9) =D (b5 ) F()9(G)s fr9 €S, (5.3)
j=1
where (b;,1) > 0 for all j and Zj:1<bj, 1) =1, via Lemma 3. Consequently, the inner product of has
a representing measure on ).
Conversely, assume that there exists a finite family {(1,...,{s} C Q, consisting of distinct points,

such that .
}j 9((), f9€S,

where A\; > 0 for all j,Z‘;:l Aj=1,and d = dimH.

We proceed as in the proof of Theorem 6. Set 3 = {(i,...,{q}, which is a subset of Z, via Lemma
2. As we must have Z = {f € S; f|3 = 0}, there exists a map p : H — C(3) given by f — f|3, which
is correctly defined, linear and bijective. We denote by xr € C(3) the characteristic function of the set
{¢r}, and by by € RH the element with p(by) = xx, k = 1,...,d. Then the set B := {b,...,bq} is a
family of orthogonal idempotents in A, which is actually a bablS. Moreover, b;(¢;) =1 and bg(¢;) =0
forall jk=1,....d, j # k.

Setting 5j(f) =f(¢), feS, j=1,....d, and A := {61,...,dq}, we infer that A is the dual basis
of B, and we have . R

0;(0%) = 0(¢5) = (02(¢) ™ -+ - On(G5) ) = 0;(0%),

whenever || < m and j = 1,...,d, showing that B is a multiplicative basis (with respect to ), as
n (5.2). In addition, the obvious equality 5j(é) =0(¢;), 7 =1,...,d, concludes the proof of Theorem
8. O
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Corollary 5. Let (S, (x,%)o) be a qHfs on Q, 1-generated by the n-tuple 6. The semi-inner product
(*,%)o has a representing measure on Q0 consisting of d := dimH atoms if either

(1) there exists an orthogonal basis B of H consisting of idempotent elements such that 5(@) €
0(Q), d € A, where A is the dual basis of B, or

(2) 0(Q) =R™.
Proof. Because (S, (x,*)¢) is 1-generated, property (5.1) is automatically fulfilled. To get the assertion
(1) from the statement we need the inclusion §(f) € 6(Q), § € A, where A is the dual basis of B, in
order to apply the previous theorem, while to get (2), such an inclusion is always true, for an arbitrary
orthogonal basis consisting of idempotents. O

6. DIMENSIONAL STABILITY AND CONSEQUENCES

In this section we intend to extend and recapture, in the present context, some results regarding
the dimensional stability, developed in [29]. We also recall that the concept of dimensional stability
in function spaces of polynomials, as approached in [29], is equivalet to that of flatness, due to Curto
and Fialkow (see [9,10]).

Remark 11. Let S = S,,, be a function space m-generated by the n-tuple 6 := (61, ...,6,) for some
integer m > 0. For every positive integer k < m, we denote by Sy the function space k-generated by
6. We fix a semi-inner product {x,*)g = (x, *)q,,, compatible with S and let (*, x)ox be the semi-inner
product induced by (*, *)g,m, on Sg. Clearly, (Sk, (x,*)ox) is a qHfs, and we denote by (Hg, (x, *)g) its
associated Hilbert space, so Hy = Si/Zy, where I, = {f € Si;|/fllox = 0}, whenever 0 < k < m. If
k < m, we have Zjy C Zy41 C --- CZ),, and

f+Thg+Ti)e = (f + Thr 1,9+ Dhgr)ivr == (f + L, g+ Ton)m

for all f,g € Sg. In particular, if 0 < k <1 < m, we have a natural linear map Jy; : Hy — H; given
by Jii(f +Ir) = f + 1, f € S, which is an isometry.

When [ =k + 1, we write sometimes Jj, instead of Ji 1.

We also put Sy = C, endowed with its natural inner product, so Zy = {0}, and Hy = C.

For a given qHfs (S, (x,*)o) which is m-generated by an n-tuple 6 := (64,...,6,), we keep the
notation from above, if not otherwise specified. The family (Hx)}_, will be designated as the sequence
of Hilbert spaces associated to (S, (*,%)g,0).

When the semi-inner product (x,*)o is expandable, so there exists a uspf A : S — C (x, %o, the
family (H)7_, will be also called the sequence of Hilbert spaces associated to (S, A, 6).

Definition 7. Let (S, (x,*)g) be a qHfs m-generated by the n-tuple 6 := (61, ...,0,,) for some integer
m > 1. Let also k € {0,...,m—1}. We say that the sequence of Hilbert spaces (H)}", associated to
(S, (x, %), 0) is stable at k if dim(Hy) = dim(Hg41)-

When the semi-inner product (x,x*)o is expandable, so there exists a unique uspf A : S® — C
associated to (x,*)o, and if (S, (x, ), 0) is stable at k, we say shortly that A is stable at k.

Definition 7 implies that the isometry Jy : Hy — Hp41 is actually a unitary operator whenever the
sequence (H;)]", is stable at k. In fact, J;, unitary means that it is surjective, so for each g € Sp41 we
can find an f € Si such that g — f € Zyy1. In particular, if ¢ € RSk+1, we can find an f € RSy, such
that g — f € RZpy1.

Example 9. The stability introduced by Definition 7 is a rather strong condition. Let us illustrate
it by an example. Let (S, (x,*)) be a function space, with (x,*)o expandable, and m-generated by
the n-tuple 0 := (01,...,6,,) for some integer m > 3. Let Sy be the subspace k-generated by 6, and
let (x,*)or be the restriction of (x, )y to the space Sk, which is a compatible semi-inner product on
for Sy for all k =1,2,...,m. Let also Hy = {0}. Assume that the sequence ()7, is stable at 0, so
the space H; is unitarily equivalent to the space Hyo = C. Then &1 =71 + C, and H; = C1. Let us
show that we also have Ho = C1. For, note that 0j =7j+hj, with; €cCand hy €Zy,5=1,...,n.
To go further, we need to show that if f € & and h € 7, then fh € Zo. Indeed, because (x, ) is

expandable, and fhfh — hffh =0, we must have
1fRlISe = [Chy FfR)os| < llhlloall fFRllos = [IBNI3: 11 fRllGs = O,
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by Lemma 4 and the Cauchy-Schwarz inequality. In particular, with the notation from above,
Gjek =TTk —‘rTjhk +Tkhj —l—hjhk eC+D, j,k=1,...,n,

which implies the equality Ho = C1.
A more general situation, and under weaker conditions, will be presented in the following (see
Theorem 10 and Remark 15).

The dimensional stability in the case of function spaces of polynomials implies the existence of
representing measures for uspf’s (see [9,10,29]). Nevertheless, in the present context, it is not always
the case.

Example 10. Let Q be a nonempty set and let 6; be a real-valued function on Q. Let also S = {co +
c101; co, c1 € C}, which is a function space 1-generated by {61}. Set A(1) = 1, A(f1) = a, A(63) = o?
for some o > 0, and extend this map to S?) by linearity. Because we have A(|co-+c161|?) = |co+cra|? >
0, it follows that A is a uspf. Moreover,

Ir = {CO 4+ c101;¢0 4+ ciaa = 0,c9,c1 € (C}
In fact, if f = cg + 1601 is arbitrary in S, it can be uniquely written as
f=(—caa+c101) + (co + 1) € Iy + C.

Therefore, the Hilbert space Hp is isomorphic to C. In addition, 6, = od.

To check whether the uspf A has a representing measure, we shall apply Corollary 5. Clearly {1}
is an idempotent and B := {1} is a basis of H,, which is multiplicative with respect to 6 := (6;), by
Corollary 5. If §;(cl) = ¢ for all ¢ € C, it clear that A := (8;) is the dual basis of B. Then Corollary
5 insures the existence of a l-atomic representing measure for A if and only if & (6;) = o € 6;(€).
Assuming 6, (wo) = a for some wy € Q, we obtain A(h) = h(wp) for all h € S©). In other words, the
uspf A is represented by the Dirac measure at wg. Nevertheless, this representation is not necessarily
unique because there might exist several points w with the property 6;(w) = 61(wo). Moreover, if
a ¢ 61(2), we have no representation measure of A with support in Q.

The next result extends Lemma 2.3 from [30].

Lemma 5. Let (S, (x,%)o) be a qHfs m-generated by 0 = (01,...,0,), with (x,*)o expandable. If the
sequence of Hilbert spaces (Hy)j associated to (S, (x,%)o,8) is stable at m—1, then (Z?:l 0;Z,,)NS C
L. In particular, 0;1,,—1 C Ly, forallj=1,...,n.

Proof. Let f = Z;L:1 0;f; € Swith f; €Z,, forall j=1,...,n, and let g € S;;,_1. Then

[(F, g0l < D10 £5 900l <D fillollBsgllo =0
j=1 j=1

by the Cauchy-Schwarz inequality.

Now, let h € S,,,—1 be such that f — h € Z,,, which exists because of the stability of (Hy)j, at
m — 1. Then
by the previous computation and the Cauchy-Schwarz inequality. Therefore f € Z,,.

The last assertion is obvious. 0

Remark 12. Let (S, (x,*)g) be a qHfs on £, m-generated 6 = (01,...,0,), with (x, x)o expandable,
and let A : 8 C be the uspf associated to (*,%)g. We have S = {f = po6,p € P"}, and set
Sp = {p|0(Q);p € P}, which is a function space on g := 0(2). We define a map Ay : So@ — C by
the equality Ag(¢p) = A(po ), ¢ = p|Q, p € PL,,. The definition is correct because p|dy = 0 implies
pof =0, and so A(pod) = 0. In fact, Ay is a uspf. In addition, the space Sy is m-generated by
T=(T1,...,Tn), with 7; :=t;|Q, j=1,...,n.

Assume now that (S, (x,#)g,0) is stable at m — 1. Choosing a function ¢ = p|Q, p € P, so
fi=pob €S, we can find a function g € §,,,_1 such that h:= f —g € Z,,,. As g = qo 6 for some
q € P _,,and h = ro# for some r € P, we obtain the equality ¢ = 1+ ¢, where ¢ := ¢|Q € Sp.m—1
and ¢ € Ty, because Ag(]|?) = A(|r 0 8]?) = 0. In other words, Ay is stable at m — 1.
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Finding an atomic representing measure for Ay means to solve a 2p-moment problem, whose so-
lution, when it exists, leads to a representing measure for A. For a closed K C R", the K-moment
problem has been approached in [12]. Because our framework is slightly larger and our results are gen-
erally not covered by the contents of [12], we present in the following a direct approach, independent
of [12], but following the lines of [29].

Remark 13. From now on, if not otherwise specified, we fix a qHfs (S, (x,#*)g) m-generated by
0= (61,...,60,), with (x, %) expandable.

Next, assume that the sequence of Hilbert spaces (Hy)7, associated to (S, (x,%)¢,8) is stable at
m — 1. Lemma 5 allows us to define correctly the map M; : Hp,—1 — H, by the equality M;(f +
L) =0;f+1, forall j=1,...,m. Setting J = Jp,—1 (see Remark 11), we may consider on the
Hilbert space H,, the linear operators T; = M;J~*! for all j = 1,...,n. Note that, fixing f € S,,, and
choosing g € S,,,—1 such that f — g € Z,,, we have T;(f + Z,,) = 0;9 + Z,,, for all j. As mentioned
after Definition 7, if f € RS,, we can choose g € RS,,—1 such that f — g € RZ,,. Therefore,
T;(RHm) C RHy, forall j=1,...,n.

With this notation, we have the following.

Proposition 4. The linear maps T;, j = 1,...,m, are self-adjoint operators, and T = (T1,...,Ty) is
a commuting tuple on H,,.

Proof. Let f. € S, and g € Spp—1 be such that fy — g € Z,,, (k =1,2). Then
<T;(f1 +Im)a f2 +Im> = <f1 +Im76jg2 +Im> = <f1u9j92>0

= (0,91, f2)o = (Tj(f1 + L), f2 + L),
via Lemma 5 and Remark 13. Hence T7,..., T, are self-adjoint.

We prove now that 71, ...,7;, mutually commute. It suffices to show that M; J M, = MkJ_le
for all j,k = 1,...,n. To show this, fix a function f € Sp,—1. Thus M;(f + Zm—1) = 0;f + L.
We can choose g; € S,,—1 such that 6,f — g; € Z,,,. Therefore, J=1(0;f + Z,,) = g; + Zmm—1, and
Mk(gj +Im—1) = akg] +Im-

Similarly, M (f + Zmn-1) = 0xf + I, and we can choose g € S;,—1 such that 0y f — g € Z,,,, so
M;(9k +Zm—1) = 09k + L. To complete the proof, it suffices to show that 0rg; — 0;9x € Z,,. Indeed,
note that 60 f — 0,91 € 0;1,, and 04,0; f — Org; € 0, Z,,,. Consequently,

0xg; — 09k € (OkLim + 0;Ln) NS C Lin,
via Lemma 5. Consequently, 77, ...,T, mutually commute. 0

Remark 14. With the notation from Proposition 4, if «, 8 are multi-indices with | + 8] < m, then
T*(0P+T1,,) = 0°TP+1,,. Indeed, if | 3] < m, we have T;(0°+Z,,) = (0;0° +I,,), as in Remark 13. The
general formula can be obtained by recurrence. In particular, if |a| < m, then T*(1 +Z,,) = 6“4+ Z,,,
and so p(T)(1+Z,,) = p(0) + I, for all p € PI. Moreover, fixing p € P, as we have p(0) = ¢q(0) + h,
with ¢ € P _, and h € Z,,, we obtain p(T)(1 +Z,) = q(T)(1 + Zp,)-

The following assertion is now obtained as an application of Theorem 8. See also Theorem 2.11 and
Corollary 2.13 from [29] (proved in a different way), as well as Corollary 7.11 from [9].

Theorem 9. Let (S, (x,%)o) be a gHfs on Q, m-generated by 0 = (61, ...,0,), with (x,*)o expandable.
We assume that the sequence of Hilbert spaces (Hi)jr, associated to (S, (x,%)o,0) is stable at m —
1(m >1). Then we have:

(1) there exists an orthogonal basis B = {51, R l;d} of H := H., consisting of idempotent elements,
which is multiplicative with respect to 0;

(2) the semi-inner product (x,*)o has a d-atomic representing measure with support in Q, where
d := dimH, if and only §(0) € 0(2), 6 € A, where A is the dual basis of B;

(3) if the semi-inner product (x,*)o has an atomic representing measure with support in €, this
atomic measure is uniquely determined.

Proof. (1) First of all, note that H = {p(T)1;p € P }. Indeed, if f € H is an arbitrary element, as S is
m-generated by 6, we can find a polynomial p € P such that f = pof+Z,,, and so f = p(T)(1+Z,),
via Remark 14.
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Next, we want to apply Theorem 8 to show that there exists an orthogonal basis B = {31, ceey Ed}
of H consisting of idempotent elements, which is multiplicative with respect to 6.

We first consider the commuting n-tuple T = (T3,...,T},), consisting of self-adjoint operators,
acting in H, given by Proposition 4. The spectral theorem for n-tuples of commuting self-adjoint
operators (see for instance [6], [24], [26] etc.) implies the existence of commuting self-adjoint projections
E; = E({¢Y}), j=1,...,d, such that h(T) = 2?21 h(¢W)E; for every function h : o(T) ~ C, where
o(T) :={£W, ..., €D} is the joint spectrum of T, which coincides with the support of E. Moreover,
if the function h is real-valued, the operator h(T') is self-adjoint. In addition, because the space RH

is invariant under T1,...,7, (see Remark 13), it must be also invariant under h(T), whenever h is
real-valued. In particular, RH is invariant under E;, j =1,...,d,.
We now construct an orthogonal family {b1,...,bq} of H consisting of idempotents. Because

¢ B is the identity on H, setting b; = E;1 € RH,j = 1,...,d, we obtain a decomposition
j=1"j j J

1= Z;l=1 Bj. As E; # 0, we must have E;§ = § # 0 for some § = qo 0 +Z,, = ¢(T)(1 + L),
with ¢ € P, via Remark 14. Assuming l;j = 0, we would obtain E;§ = § = q(T)l;j = 0, which is
not possible. Therefore, lA)j # 0 for all j = 1,...,d. Note also that (l;j, 1) = (l;j,3j> > 0, so lA)j is an
idempotent for all j = 1,...,d. In other words, {131, e l;d} is an an orthogonal family in H consisting
of idempotent elements.

To show that B = {by,...,bq} is a basis of # it suffices to show that dim(#) = d. For, we consider
the sub-C*-algebra Cr generated by T in the C*-algebra of all linear (automatically bounded) operators
acting in H. Because Cr is finite dimensional, we must have Cr = {p(T);p € PI}, for some integer
s > m. In fact, choosing an element p(7T") with p € P, we may replace p by a polynomial ¢ € P,
such that p(T') = ¢(T"). We prove this assertion by recurrence. Let p;(t) = t;p(t), with p € PJ};. Then
there exists ¢ € P7_; such that p(T)1 = ¢(T)1, by Remark 14. Therefore, p;(T)1 = ¢;(T)1, where
q;(t) = t;q(t) € P". Using the fact that every h € # is of the form g(T)1 for some polynomial g, we
deduce the equality p;(T') = ¢;(T"). An induction argument shows that for p(T') with p € P}, s > m,
we have the equality p(T) = ¢(T) for some polynomial ¢ € P. Particularly, Cr = {p(T);p € Pl }.

As mentioned above, the spectral theorem allows us to write

d
p(T)=> pED)E;, pe P
j=1
In particular, {Fy, ..., Eq}, which is clearly a linearly independent family of operators, is actually an

algebraic basis of (the linear space) Cr. Note also that

d
p(M1 = p(EY)b;, p € Pp.
j=1
Consequently, using the equality H = {p(T)1;p € P"} mentioned above, we deduce that dim(#) =
dim(Cr) = d. In particular, B = {31, cee Z)d} is an orthogonal basis of H, consisting of idempotents.
In addition, considering the measure v(x) = (E(*)1,1) on ¢(T), and putting Aj = <Eji, 1) = (I;j, 1),
we have
(0%,0,)0(0° ;)0 = (T*1, E;1)(T"1, E;1) =

[ [ ) = D)) -
! {e0}

n [ e = 06 ),
{5(1) }

whenever |a| + || < m, j =1,...,d. In other words, the basis B is multiplicative with respect to 6,
which concludes the asserion (1) from the statement.

To obtain the assertion (2) from the statement, we recall that the dual basis A := {d1,...,d4} of B
is given by 0;(f) = (b;, 1)"1(f,b;), j = 1,...,d. In particular,

8;(0x) = X\, H(E TR, 1) :/{(_)}tkdu(t) =& jk=1,...,d
&J
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Theorem 8 shows that the inner product of H has a representing measure on §2 consisting of d := dimH
atoms if and only 6(d) € 6(2), § € A, which concludes the proof (2).

(3) This assertion is not a direct consequence of Proposition 2, becuase we may consider a priori
two atomic measures whose supports have different cardinals. To apply Proposition 2, we need a
supplementary argument.

An explicit form of the integral representation whose existence is given in (2) is obtained as for
equation (5.3). Specifically, choosing (; € Q such that £9) = §;((;), j = 1,...,d, we deduce the
equality

(f.9 o—ZAfcg 9(¢),
Jj=1

providing a (d-atomic) representing measure for the semi-inner product of S.

Let u be this representing measure of the inner product (x,x*)g), with support 3 = {(,...¢s}
and weights \; = p(¢9)),j = 1,...,d. Assume that the semi-inner product (,%)o has another
atomic representing measure in €2, say v, with support ¥ := {o1,...,0,} C Q. Then necessarily,
g > d=dim(#), and the map H > f — f|¥ € L2(Z,v) is an isometry (see Corollary 4). Moreover,
T, = {f €S fI5 =0}

Let B; be the linear operator on L?(X,v) given by Bjh = 0;h for all j =1,...,n and h € L*(,v).
Then B := (By,...,B,) is an n-tuple of commuting self-adjoint operators. With T = (T1,...,T,)
as before, fixing f € H with f € S,,, and choosing g € Syu_1 with h:= f — g € Zy, s0 ij = /]tq,
(f —9)|X =0, and (6,9)|2 = (6;f)|X = B;(f|X). In other words, identifying the Hilbert space H
with the (Hilbert) subspace {f|X; f € S}, we see that B; is an extension of the operator T for all
j=1,...,n. In particular, the spectral measure F of T is the restriction of the spectral measure Ep
of B to H.

We now consider the elements Eg({c;})(1|X), which must belong to #, because H is invariant
under Ep. Therefore, setting ¢; = Eg({0;})(1|2) = E({o;})1,j = 1,...,9, as in the second part of
the proof, {¢1,...,¢;} is an orthogonal family of nonnull idempotent elements of 7. Consequently, we
must have g = d, and so dim(L?(Z,v)) = d. We may now apply Proposition 2, to get the asserton (3).

The next result is an extension of Theorem 2.6 from [29] (see also Theorem 7.8 and Corollary 7.9
from [9]).

Theorem 10. Let (S, (x,*)g) be a gHfs on Q, m-generated by 0 = (61, ...,6,), with (x,*)o expandable.
We assume that the sequence of Hilbert spaces (Hp)jr, associated to (S, (x,%)o,0) is stable at m —
1(m >1). Then the semi-inner product (x,%)o can be uniquely extended to an expandable semi-inner
product of Soo, which has a d-atomic measure in Q, where d = dim(H,,).

Proof. Using the notation and arguments from (the proof of) Theorem 9, we have

(f.9 onAfcg 9(¢), fg €S,
j=1

which is an integral representation of (x, x)g by a d-atomic measure. A direct extension of this formula
allows us to define

(f.9 OWZM@ 9(¢;), f19 € Swo,
j=1

which is an expandable semi-inner product on Ss,. We want to show that (x,*)gs is uniquely deter-
mined.

Let (%, %) (o0, (¥, %) (oo D€ two expandable semi-inner products on Sy, both of them extending (x, ).
For k > m+ 1, let Sk ={pob;pe P}, I, ={f € Si; (f, oo =0} I}, = {f € Sk; ([, )i = 0}
Clearly, Z,,, C Z; N Z}! for all k > m + 1.

We shall show by induction that for every multi-index «, with || > m, there exists an element
fo € S_1, such that 6% — f, € I(a\ ﬁIl’;‘. The assertion is obvious for |a| = m, via the stability at
m — 1. Assume the property true for all multi-indices of length k, for a k > m, and let us prove it for
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multi-indices of length k + 1. If || = k + 1, there exists a number j € {1,...,n} and a multi-index
B with |3] = k such that 0% = 9j9f8. By the induction hypothesis, we can find a function fg € S,,,—1
such that 0° — fz € Z, N Z;'. Therefore, 6% — 0, f5 € 7,1 NI}/, by the Cauchy-Schwarz inequality.
Further, 0;fs € S, and so we can find a function f; 3 € Sp—1 such that 0;fs — f; 3 € I, via the
stability at m — 1. Consequently,

0% — fo =0"—0;fs+0;fs — fip € Txa N Ly + T =Ly N T4,

where fo = f; 3

Extending the property from above to arbitrary functions from S, we deduce, in particular, that
for every pair of function f1,fo € Sk, with & > m, we can find a pair g1,92 € S;,—1 such that
fi—g; €I, NI}, j =1,2. Therefore,

<f17f2>/000 = <gla92>0 = <f1af2>goo’

showing the uniqueness of the natural extension (x,*)go of the semi-inner product (*, *)goo- O

Remark 15. From the proof of the previous theorem, we deduce that for all £ > m and f € Sj there
exists g € 8,1 such that f — g € Ty, where Zj, := {h € Si; (h, h)pso = 0}. This implies that all spaces
Hy := Sy /Iy, are unitarily equivalent Hilbert spaces. This assertion is true even for k = oo.

7. AN EXAMPLE

Example 11. This is an example related to the paper [16](see also [14]). Specifically, we look for
atomic representing measures of a given semi-inner products of the space, P2, (m > 1), whose suport
lies in the curve I' := {(¢,#3) € R%;¢t € R}. In what follows, we want to solve a ['-moment problem
(see Subsection 2.3), trying to use some of our techniques. The basic function space will be S,, =
{PIl;P € P2} = mer. Because the representation of an element P|I" € S, is, in general, not
unique, let us characterize the subspace J := {P € P2;P|I' = 0}. Given a polynomial P(xy, ;) =
> 0<kii<m @kixhah in PZ, we have PIT' = 0 if and only if P(t,t%) = >, <., ar t" 3 = 0 for all
t € R. Explicitly, we must have

3m
Pt =Y | > aja |t/ =0,teR,
J=0 \l€I(j)
with I(j) = {l = 0;3l < j < m + 2}, which happens if and only if > .7 aj-3.

= 0 whenever 0 < j < 3m. In other words,

J ={P(z1,22) = Z ag 1Y h; Z aj-zi =0, 0<j <3m}.
0<kti<m 1E10)

Moreover, the space S, is isomorphic to the space P2 /7, the elements of S,, may be regarded as
equivalence classes of P2, modulo 7, and they will be denoted by P = P+ J, P € P2,.

Let 61,05 : R — R be given by 6;(t) =t, 62(t) = t3, t € R. We have a natural map of S, into P4,
given by P +— Po#. Since P € J is equivalent to P o § = 0, this map is correctly defined, linear, and
injective; it is surjective too. Indeed, we may define a linear map from P31, into P2, in the following

_ \3m k ;
way. If po(t) = >, axt”, we use the representation

m m—1 m—1
po(t) = Za3zt3l + Z az41t3 + Z azpot® 2.
=0 =0 1=0

We now make a certain choice, obviously not unique. Namely, we replace the monomial t3 by the

monomial x4, the monomial ¢*+1 by the monomial z;x5, and the monomial 32 by the monomial

w27}, so we obtain the polynomial

m m—1 m—1
P _ l l 2.1
o(T1,2) = ) agixy + as|4121To + a3j42L7 Ty,
=0 =0 =0

we clearly have pg = Py o 6, showing that the image of Py is precisely pg.
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Let (x, %) be an expandable semi-inner product of S,,,. We want to define an expandable semi-inner
product of Pi . If p,q € P4,,, as we have p= P o6,q = Q o § for some P,Q € P2, we set

(P, @)o == (P, Q)o.
The definition does not depend on the choice of P,Q € P2 with p = Po#,q = Q o because, if either
Pof =0or Qof =0, we must have (P,Q)o = 0. In addition, it clearly provides an expandable
semi-inner product of P3,,.

The existence of atomic measures for expandable semi-inner products of spaces of polynomials in
one variable, in particular for the space Pi,,, treated as a moment problem, can be explicitly described
(see for instance [8]). We restrict ourselves to a particular case of Theorem 9, applied to P3,,, endowed
with the expandable inner product (p, ¢)o, p,q € P3,,. The dimensional stability at 3m — 1 is given by

a condition of the form
3m—1

[#5m = > ext®flo =0,

k=0
for some polynomial Zirfa ! cktk, which is equivalent to the condition

m—1

E CaTh — § C3141T1Th — E carparizh + T

=0 0
expressed only in the given terms.
A solution of this moment problem means the existence of (distinct) points 71,...,7. € R and
positive numbers Aq,..., A, with A\;y +--- 4+ A, = 1 such that

(p:@)o =Y Aip(13)a(7;), P, € Piy.

Therefore, if p, q € S, are written under the form p = Po,q = Q o § with P,Q € P2, we have

d
<P7 Q>0 = <pa Q>0 = Z )‘jP(Tj7 Tf)Q(Tja 7_]3)3
j=1
which is a solution of our I'-moment problem.
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