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ON THE (p,q)—-STANCU GENERALIZATION OF A GENUINE BASKAKOV-
DURRMEYER TYPE OPERATORS

ISMET YUKSEL*, ULKU DINLEMEZ KANTAR AND BIiROL ALTIN

ABSTRACT. In this paper, we introduce a Stancu generalization of a genuine Baskakov- Durrmeyer
type operators via (p, q)— integer. We investigate approximation properties of these operators. Fur-
thermore, we study on the linear positive operators in a weighted space of functions and obtain the
rate of these convergence using weighted modulus of continuity.

1. INTRODUCTION

In the field of approximation theory, the quantum calculus has been studied for a long time. The
generalization of (p, ¢)— calculus was introduced by Sahai and Yadav in [15]. Recently, a series of papers
giving (p, ¢)— generalizations a sequence of linear positive operators have been published in [3,4,9-13].
Our aim is to give Stancu type generalization, via (p, q)— integer, defined by Agrawal and Thamer as
follows

B,(f.x)=(n—1 ank / k-1 (£ (£) dt + £ (0) (1 + ), ", (1.1)
k=1 0
where
n+k—1 xk
st = ("
in [5].

We refer reader to [2] for unexplained terminologies and notations.

2. PRELIMINARIES AND NOTATIONS

Let’s give a table of some basic formulas, motivated from g—calculus, used in (p, ¢)—calculus as the
following Tablel

(p, ¢)—calculus Relation with g—calculus
[n]p7q :pp:g [n}p,q - pn71 [’n’}q P
[n]p,q ' = [l]p q [2]p q " [n]p,q [n]p,q ' = p 2) [n]q P '
(a@b)y /= (a+b) (ap+bg)-(ap" " +bg" ) | (@@ b)y =p(3) (a+ b)),
dpgf () = f(pz) — f(q) dof(z) = f(z) — flgz)
Table 1
Recall that the beta function, introduced [14], in g— calculus is defined by
oo /A tk—l
B,(n,k)=K(A,n / ———d,t, 2.1
) =K [ (21)

Received 14" April, 2017; accepted 5 June, 2017; published 15¢ November, 2017.

2010 Mathematics Subject Classification. 41A25, 41A36.

Key words and phrases. Baskakov-Durrmeyer operators; weighted approximation; rates of approximation,
(p, ¢)—calculus.

(©2017 Authors retain the copyrights of
their papers, and all open access articles are distributed under the terms of the Creative Commons Attribution License.

138



BASKAKOV- DURRMEYER TYPE OPERATORS 139

where

A" 1 " 1-s
K(An) = 77 (HA)Q (1+A)L", A>0. (2.2)

In the formula (2.2), K(A,n) = ¢"»~Y/2 and K(A,0) = 1 for n € N. Inspiring the formula (2.1),
we introduce (p, ¢)-beta functions B, 4(n, k), as a generalization of By(n, k), A > 0 and n,k € N\ {0},
defined by

oo /A

n & tk—l
Bpg(k?,n) :p(Q)q(z) / mdp’qt. (23)
0 >

If p = 1 is replaced in (2.3), then the formula is reduced to (2.1).

3. GENUINE TYPE STANCU GENERALIZATION VIA (p,q)—INTEGER

Let’s start to give a Stancu type (p, ¢)—generalization of these operators in (1.1). For 0 < o, 8 and
0 < g < p <1, these operators are defined as follows;

i 2
B;ﬁn(ﬂ ) = [n-— 1}p’q Z {bmk(p,q’x)p(n—l) +qu(k—1)
k=1
/A

[n]p,qt+a>
bnrk—1(p,q,t ——— | dp 4t
X 0/ k 1(1? q,t)f < [n]p,quB

! ([n]p,q ) 5) P(1e )pﬂ, 3.1)
where

n+k—1 tF
b ,k(pa%t) = { } . \n+k°
! k p,q (1@t)Pngk

If one replaces p = ¢ = 1 and o = f = 0 in (3.1), then the operators B;"f’n are reduced to the
operators By,in (1.1). Similar type operators studied in [1,7,16].
To obtain our main results, we need calculating the values of Korovkin monomial functions.

Lemma 3.1. The following equalities are satisfied for e,,(t) =t™, m=0,1,2 and n > 3

a,fB _
By .(Lx) = 1,

«,B _ [n]i,q a
Bp,q,n(tvx) pq([n]p,q+5)[n_2]p,qx + [n]P»q+ﬁ,

a,B (42 _ ["];Sz,q[n'i_l]p,q 2
By .5 x) = x

p2qi(Inl, ,+8)°n-2], In—1], ,

N P2, g5, 2a(nl; . "
*([nl, ,+8) =2, ,;n-1], .~ pa([nl, ,+8)"In-2],,

042

(iny, 0, +8)

Proof. By the definition (p, ¢)—beta functions in (2.3), we obtain the estimate,

_|_

0o /A

oo /A
m n+k—2 thtm—1
0 L

’ p,q

_ [k—i—m—l]p’q![n—m—Q]pyq! . (3.2)

[k _ 1]p’q! [n _ 1]p’q!p(n—gl—1)q(k«;nz)
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If we apply the operators in (3.1) to the equality (3.2) for m = 0, we get

BB

X / bn,k—l(paq;t)dp,qt

n

n—1],, > bni(p g z))

pqn(l .’L’)

oo B R 3
—1MZ{ ok (py @ )ptn D R gEESD

k=1
oo /A
+p(g)(1 &) ac);’g
0

2

(n=1)%+k (k1)

G

k
2

n—1
2

= n—1,,» )

—|—p(g) (1 :c)_"

And the proof of (¢) is finished.

BB

p,q,n

n(t )

For (iii),

BB

pqn( 2,.%)

e 1142

HTlr‘

(k] 1} (1@ z)ntF

p.q

Hn
p,q° qu

n
2

p(2)qG)b, 1 (p, ¢ p)

0

With the direct computation, we obtain (ii) as follows:
= [n—1],,> {bn,k(p, g x)p
k=1

/A
pgt T

X / bn,k—1(P; ¢; 1) <[E:l]]p,q+ﬁ

0
«

[ ]pq+5

ank p7q7

B
s B

—1)%+k _k(k—1
(n—1) q (k—1)
p(n— 1)2+k k(k: 1)[

)"

dp.qt

-n
p.q

+ p( (1 @)

Paq
[ ]m 5
67

n—2

[" 2], ,qz)( 2

_|_

. (12)

n+1 k
([n]pq+6 n—2], Zp bn+1,k(p, ¢; p)
«

T, P

[l

pa([nl, ,+8)n—2], ,

(0%
g + 8

x +

oo

[n—1], Z {bn k(P G )p

o

) O ),

(n71)2+qu(k71)

2
Vo

oo /A

X / n,k— 1paQa
0

[]p,qt +
[, + 5

(%

@78
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Using the equality

(klp.q = qk_s[s]pﬂ +p°[k = slpg: 0< s <Kk, (3.3)
we have
a,f 2
Bp,q n(t ’ I‘)
[ p.q [k, ,(p?lk—1], ,+a" (2], q)pnzwngzkﬂoqugH
- N2 —2Tp,qn=3]p.q
(1,0 + B) =
X bn k(pa q;T )}
n24n42k—4 kZ2—3k
> q 2 bur(p,g;)
p,q + 6 Z [n— p,q
2
«
+7Bg’£ (1,z)
(in),y +8)’
Then
a,f3 2
Bp q, n( ,LE)
_ [n]3  [n+1], ("52) (5
= Zp bu+2.: (P, 43 p2)
2], 12, 2a(n]? ,
+ (qS([n]qu+B)2[n2]p,q[n1]p,q + pq([n]p’q+5)2[n2]l7y4> !
el n+1 k
<> pl"3 )G k(g )
k=0
2
Q (e
+—————5 By (L, 2).
()0 + 8)
And so we have completed the proof of (ii). O

Now we consider that B[0,00) denotes the set of all bounded functions from [0, c0) to R, B[0, c0)
is a normed space with the norm || f||p = sup{|f(x)| : z € [0,00)} and Cp[0,c0) denotes the subspace
of all continuous functions in B[0, c0). We denote first modulus of continuity on finite interval [0, b],
b>0

woy(f,6) = sup  |f(z+h) - f(z)]. (34)
0<h<5,2€[0,b]
The Peetre’s K —functional is defined by
Ks(f,0) = inf {|If = gllp +3lg"llp s 9 € W}, 6> 0
where W2 = {g € Cp[0,00) : ¢’,¢g" € Cg[0,00)}. By [6, p. 177, Theorem 2.4], there exists a positive
constant C such that
Ks(f,8) < Cwa(f, \/S)

where

wo(f,V0) = sup  sup |f(z+2h) —2f(x+h)— f(z)]. (3.5)

0<h<v/6 w€[0,00)

The weighted Korovkin- type theorems were proved by Gadzhiev [8]. We give the Gadzhiev’s results
in weighted spaces. B,[0,00) denotes the set of all functions f, from [0,00) to R, satisfying growth
condition |f(x)| < Nyp(x), where p(z) =1+ 2 and Ny is a constant depending only on f. B,[0, c0)

is a normed space with the norm || f||, = sup m tx € R} . C,[0,00) denotes the subspace of all
continuous functions in B,[0,00) and C}[0,00) denotes the subspace of all functions f € C,[0, 00) for
which lim (@)l exists finitely.

|z| o0 p()
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We define a genuine type generalization to the operators B8 given in (3.1) as follows

p,q,n
7L(f7 ) pan'rn (f7 ( ’/B’pn’qn7n;x)) ’ I>W
ByY,., f(@) » 0ses o3
where
Pnin ([n}pn#hb + ﬁ) [n - 2]pn1qn «
o, B, pn, qn,ns ) = 2 = '
2 . "y, g T8
Notice that these operators Bg:? ., are defined from the space C5[0,00) into B,[0,00). To sat-

isfy hypothesis of Korovkin’s Theorem we assume that hm py and hm g, are real numbers when
n— 00

lim p, =1 and hm gn=1for 0 < g, <p, <1landn > 3 On the other hand, since the operators

n—oo

pmqmn(f, x) are defined as f(x) on the interval [O, ﬁ], it is enough to examine the approx-
Pndn

imation properties of these operators at the interval ﬁ, oo) . The following lemma can be
Pn,9n
obtained with the help of Lemma 3.1.

Lemma 3.2. The operators BB satisfy the following equalities for x > ﬁ and e, (t) = t™,

Pnsqnn an‘hl—‘rﬁ
m=0,1,2

Bgn?@m" (1’ x) = 1’

Bgfqn,n(t’x) = o

na,B 2 _ [, n.dn [n—2] n.dn 2

Bylann2) =GRl mnesw
R I N e T . WP

Tn ([n]pn,(m +6)[n_1}pn,qn [n]pn,tm q“([n]PnsQn +B)[n_1]l’n>4n

no[2] [n] o
+ 2a €T — Pr Pn.dn Pn,dn .
(1,10 +8) ) ) U

We need computing the second moment before giving our main results .

Lemma 3.3. We have the following inequality

32
a,f3 2 pn - pnqn 10(Oz+ﬁ+1)
BpnaQn7n((t - x) "T) S ( q2 + .Z‘(JZ + 1)

@ (1) 0 +8)

__a
for x > DR

Proof. By Lemma 3.2, we write the second moment as
= 2
Byt = 2)° )

. [n+1] [n 2]pn,qn o 2
= (Gmee e - 1)a

72a[n+1]17n>‘1n[n72]17nw‘1n 2 J[Q]Tlnv‘ln[n]l’nﬂn 2a
+ (q%([ + + ( +/3)) x

n]PnaQn +ﬂ)[n_1]1’nvqn [n]Pn,Qn q"([n]pn,qn+ﬁ)[n_1]pn,qn [n]pmqn

L2 N ) P

- 7
qn([n]pnﬂn"_ﬁ) [n_l]pn,%
[n+1] 7l—2]p q 2

nan _ | g
qi[n*l]pn,m ™ pn.an

pz_:s[z]pn,% [n]l’nv‘Zn 2a
’ (qzan}pn,qn+ﬂ>[n—upn,qn T W) )
Considering the following equalities

[n+1] = p

Pnydn

Pn:on[

IA

[n - + qgig [3]pn7Qn ’
[n]pn,7qn, I 2]pn,qn +an” ? [2]pmqn )

[n— 1]pn,qn Pnln— 2]pn,qn + qz_l mpn,qn )

2]pn ydn

I
SO 3w
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we get
3 3 2
~ Py —piq2) 3],
BB n((t—x)z,x) < ( n ndn) o TPnsdn | 2
Pnsqn, q% [n]pn an
2 3[2]pn,qn [n]pn,,Qn 2a
* <q"([n]inQnJ’_B)[n_l]PnJln + ([n]P7w¢Zn+6) *
S — i 10(atB+1)
< n nin (0% .
= ( 2 qa([n}pn,mﬁ)) =@ +1)
And the proof of the Lemma 3.3 is now finished. O

Thus we are ready to give direct results.

Lemma 3.4. We have the inequality for every x € [0,00) and f” € Cg|0,00)
o,
N C RO R ICo| B Eo) Fd

8 P3 —P q 10(a+B+1)
where 05 () = ( 2 qz<[n]pn,qn+5))x(“1)'

Proof. Using Taylor’s expansion

F(t) = f(z) + (t— 2)f +/ du

and the Lemma 3.2, we have the following equality

By n(Fi0) = 1) = By | [ 6= )" )duso

On the other hand, combining the inequality
t

/ (t — ) " (u)du| < ||| 5

2 b
and Lemma 3.3, we get
t
Byl nlfi) = £@)| = By | [ (- 0f @iz
||f [Ee 2
< Bpn gnn((t = 2)7, )
||f”HB — P (12 10(a+B8+1)
< TL nin 1
= T 2 AW, .
as desired. O

Theorem 3.1. We have the following inequality

B (f0) = 1)) < 2000 (105 nl)).

p3 —p3q2 10(a++41)
«, — n nin «
where 87, n (@) = ( P qzun]pn,qnw)) w@+ 1)

Proof. For any g € W2, we obtain the inequality
|Bes, alfo) = f(@)

< |Bys nlf — 0.0 — (7 — ) (@0) + Byl alo.m) — 9(a)].
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Then, Lemma 3.4, we have

pn,qn,n(f’ ) f(l‘) S2||f_g||B—"_53,7f‘qn, ( )”g//”B

Taking infimum over g € W2 on the right side of the above inequality and using the inequality
(3.5), we reach the desired result. O

Theorem 3.2. For every f € C}[0,00), we have the following the limit

i |51, -

n oo DPnqn,m
Proof. From Lemma 3.2 , it is obvious that HBP q,,,n(eO) —eol| =0 and Hégfqmn(el) —eif| =0.
2 P
We have
o 2
B B 6 e Bp,fqn,n((t_x) ,LE)
D sdn,n 2) 2 1+ 22
bn — ann 10(a+8+1)
( 2 q%(["]pn,qﬁﬁ)) o+ l)
< sup 5
z€[0,00) 1+x
3 3,2
pn - ann 10(O¢+ﬁ+1)
< .
=7 ( 7 qa([nlm,qﬂw))
Then we get hm HBpmqmn(eg) —eo|| =0.
P
Thus, from A. D. Gadzhiev’s Theorem in [8], we obtain the proof of Theorem 3.2. U
Lemma 3.5. We assume that [n]p 5 < b. Then we have the following inequality
|52, afi2) - fla )HC[O 3 < V{00265, )+ wtasen (£33 ) |
8 p *p3q2 10(a+8+1)
where 6577 (z) = < 2 + Q?I,([n]pn,anrﬁ)) z(z + 1), for every f € C}[0,00).
Proof. Let x € {ﬁ b} and t > b+ 1. Since t —x > 1, we have
Pn,dn
ft) = f@)] < EpQ2+(t—2+2)+27)
< BKy(1+b)%(t—2)% (3.6)
Let z € [ﬁ,b} ,t <b+1and d > 0. Then, we have
—x
10 - 1@l < (14157 ) s (7.0 (3.7

Due to (3.6) and (3.7), we can write

|t — |

10~ )] < 38,04 020 - o + (14 5 ) w100
After, using Cauchy- Schwarz’ s inequality , we get

Byl a(fi7) = f(@)

< 3K;(1+0b)*B0 ((tfx)Q,x)

. o, _
+w[0,b+1](f7§) |:1 5 (Bp R t QIJ ) :|
e
)

(550, (2) "]

Pnsqnm

< 3Kf(1+b)25a’ﬁ oz )+w0b+1](f 5)[
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Considering Lemma 3.3 and choosing
a,B
0% = 03 (B)
and N = max{3Kjy,2}. We reach the proof of Lemma 3.5. O

Theorem 3.3. For every f € C[0,00) and v > 0, we have the limit

N L Lo
B S g I

Proof. For v >0, f € C}[0,00) and b > 1, using ( 3.4) the following inequality is satisfied

Byt (f0) = f(@)|

sup

>0 1+ a2t

_ e @] (Bt - s@)

= 02ach L+ 225 e 14270
W(f.2) = £(@)]

< BB H ‘ pmqn,

B H pioannll) = C[0,0) b<I:Z 1+ 22

a,B
= HB”""I"’” H= fHC[O,b] * H p"’q"’" ()= pr
Using Lemma 3.5 and Theorem 3.2 , we get the proof of Theorem 3.3 . g
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