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SOME ESTIMATIONS ON CONTINUOUS RANDOM VARIABLES INVOLVING
FRACTIONAL CALCULUS

ZOUBIR DAHMANTI!, AMINA KHAMELI!, MOHAMED BEZZIOU!3 AND MEHMET ZEKI
SARIKAYAZ2:*

ABSTRACT. Using fractional calculus, new fractional bounds estimating the w— weighted expectation,
the w— weighted variance and the w—weighted moment of continuous random variables are obtained.
Some recent results on classical bounds estimations are generalized.

1. INTRODUCTION

It is known that the integral inequalities play an important role in the theory of differential equations,
probability theory and in applied sciences. For more details, we refer to [2,3,11-13,16] and the
references therein. Moreover, the study of the integral inequalities using fractional calculus is also of
great importance, we refer the reader to [1,4-6,8,14,15] for further information and applications.

In this sense, in a recent work [4], by introducing new concepts on probability theory using fractional
calculus, the author extended some classical results of the papers [3,11].

Then, based on [4], the authors in [9] introduced other classes of weighted concepts and generalized
some classical results of [3,12].

Very recently, in [7], the author presented some fractional applications for continuous random variables
having probability density functions (p.d.f.) defined on finite real lines.

Motivated by the papers in [4,7,9,11], in this work, we focus our attention on the applications of
fractional calculus on probability theory. We establish new fractional bounds that estimate the w—
weighted expectation, the w— weighted variance and the w—weighted moment of continuous random
variables. Some recent results on classical random variable bound estimations are also generalized.

2. PRELIMINARIES

In this section, we recall some preliminaries that will be used in this work. We begin by the following
definition.

Definition 2.1. [10] The Riemann-Liowville fractional integral operator of order o > 0, for a con-
tinuous function f on [a,b] is defined as

T @] = ﬁ/(t—ﬂa—lf@)dr, a0, a<t<b (2.1)
Jlf®) = [,
where T' (a) := Ojo‘e_“ua_ldu.

For a > 0, 8 > 0, we have:
JEIZ L] = JeP[f (1)) (22)
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and
JeJ2[f @O = LTS f (1)) (2.3)

Let us now consider a positive continuous function w defined on [a,b]. We recall the w—concepts [9] :

Definition 2.2. The fractional w—weighted expectation function of order a > 0, for a random variable
X with a positive p.d.f. [ defined on [a,b] is defined as
) t
Ex.auw(t) = JJ twf (t)] = m/ (t— 7')0‘_1 Tw (7) f(1)dr, a <t <b, a>0, (2.4)

a

where w : [a,b] — RT is a positive continuous function.

Definition 2.3. The fractional w—weighted expectation function of order o > 0 for the random
variable X — E (X)) is given by
t

Ex_px)aw(t) = F(loz)/ (t— T)Oﬁl (r—EX)w(r) f(r)dr, a<t<b, a>0. (2.5)

a

where f : [a,b] — R is the (p.d.f) of X.

Definition 2.4. The fractional w—weighted expectation of order a > 0 for a random variable X with
a positive p.d.f. [ defined on [a,b] is defined as
b

Ex.ow = ﬁ/ b—7)""7rw(r) f(r)dr, a>0. (2.6)

For the w—weighted fractional variance of X, we recall the definitions [9]:

Definition 2.5. The fractional w—weighted variance function of order o > 0 for a random variable
X having a positive p.d.f. f on [a,b] is defined as

o)+ =J2 |t =EX) wf (1) (2.7)

t

1 _
= 7/@77)& "Yr—EX)w(r) f(r)dr, a<t<b, a>0.
I'(a)
Definition 2.6. The fractional w—weighted variance of order a > 0 for a random variable X having
a positive p.d.f. f on [a,b] is given by
b
9 1

0% o = W/ b= (r— BE(X)Pw(r) f(F)dr, a>0. (2.8)

a
For the fractional w—weighted moments, we recall the following definitions [9]:
Definition 2.7. The fractional w—weighted moment function of orders r > 0, a > 0 for a continuous

random variable X having a p.d.f. f defined on [a,b] is defined as
t

/(t — ) N w (r) f(r)dr, a<t<b, a>0. (2.9)

a

.
I' ()

Definition 2.8. The fractional w—weighted moment of orders r > 0, a > 0 for a continuous random
variable X having a p.d.f. f defined on [a,b] is defined by
) b
Mxr g = W/ (b—7)*"" 7w (r) f (1) dr, > 0. (2.10)

a

MX",a,w (t) = J;l [trwf (t>] =

Based on the above definitions, we give the following remark:
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Remark 2.1. (1:) If we take o = 1,w(t) = 1,t € [a, ] in Definition 2, we obtain the classical expec-
tation: Ex 11 =E (X).
(2:) If we take o = 1,w(t) = 1,t € [a,b] in Definition 5, we obtain the classical variance: 0%, | =

o2 (X) = [ (r - E(X))* f (7)dr.

Q@ —

(3:) If we take o = 1,w(t) = 1,t € [a,b] in Definition 7, we obtain the classical moment of order

b
r>0,M,:= [7"f(1)dr

3. MAIN RESULTS

In this section, based on [7], we establish new w—weighted integral inequalities (with new fractional
bounds) for random variables with p.d.f. that are defined on finite real intervals. We begin by proving
the following property that generalizes an important property of the classical variance:

Theorem 3.1. Let X be a continuous random variable having a p.d.f. [ : [a,b] — RY, and let
w: [a,b] = R be a positive continuous function. Then for all « > 0,n = [a — 1] we have :
n
s = Exeo — 2B (X) Ex o + B (X) 101 Z (D Cip Mo (3.1)
Proof. By Definition 6, we can write :
b
% = ﬁ/ (b—1)" (r — B(X))w(r) f (r)dr, a > 0. (3.2)
Hence,
X o = Ex2aw = 2E(X) Ex,aw + E* (X) J*wf(b). (3.3)
On the other hand, we have
b

(e [ 6= rufrar] (3.4)

a

n

b
I(a)

where a =n + s;n = [af; s € (0;1).
Definition 8 allows us to write

Jowf(b) = 2" ij“ YOI Myt o—nw - (3.5)

Jowf(b) =

=0

Then, using (3.3) and (3.5), we get (3.1). O

Remark 3.1. a*: Taking w(t) =1 on [a,b] in the above theorem, we obtain Theorem 3.3 of [7].
b*: Taking o =1 and w(t) = 1,t € [a,b], we obtain 03(7171 = B(X?) — E*(X).

Another result is the following:

Theorem 3.2. Let X be a continuous random variable with a p.d.f. f : [a,b] — RT, and let w :
[a,b] — R be a positive continuous function. Then for all « > 0,n = [a— 1] the following estimations
are valid.

<EX2,a,w_2E(X)EX,a,w+E Offn ZH: Olbn ZMXla nw:|>
=0

X (F(?(O_é)n); [{(_1>iozbn_iMXi,a—n,w}) - (E‘XfE'(X),a,w)2
< IR TEw®) [T [w®)b] — (T2 [w®)B)?] s f € Lo [a,b] (3.6)
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and

(EXQ,W — 2B (X) Ex.aw + E*(X) F(IEY(;)") 3 [[(—1)icgb”iMXi7a_n,wD
=0

7

8 (F(?(;)n)é H(_l)iazbniMX%ame — (Bx-p(x).am) (3.7)
n 2
< S0—af <F(§(a)”)§ H(l)ic;b"iMX,-,an,wD ,

Proof. To prove the above theorem, we use Theorem 3.1 of [4]. We find that:

b b
F;««)[[ (b=2)"" (b= (x—y)’p(2)p(y) dady (3.8)

= 2J7 [p(v)] I3 [p(b) (b — E(X))*] = 2(J7 [p(b)(b — E(X)))*

Then, taking p (t) = w(t)f (t),t € [a,b] in (3.8), it yields that

b b
Flw/ / (b=2)" (b= (= y)*w(@) f () w(y)f (y) dudy

2

= 2‘](? [wf(b)] Ug{,a,w -2 (EX—E(X),oz,w) . (39)
By the hypothesis f € Lo ([a,b]), we obtain
. b b
w0 00 @ e () ] () dady
< 2 fI1% [a Tw (0] I3 [w®)?] — (I [w(®)b)?] (3.10)
Thanks to (3.9),(3.10),(3.5) and applying Theorem 1, we obtain (3.6).
On the other hand,
. b b
) [ 0 =T w@et) - )* @) f ) dedy (3.11)
. b b
—_ )12 — ) =) L w)w T €T
< s el (a>[{ (b 2)" (b~ )" w()u(y)f () £ (3) ddy
= (b—a)* (Jg wfO))*
So, by (3.9),(3.11),(3.1) and (3.5), we obtain (3.7). O
Remark 3.2. (1) If we take w = 1 on [a,b] in Theorem 2, we obtain the first part of Theorem
3.5 of [7],

(2) and taking o = 1,w =1 on [a,b], we obtain the first part of Theorem 1 in [3].
In what follows, we prove a more general theorem.

Theorem 3.3. Suppose that X is a continuous random variable with a p.d.f. f : [a,b] — RT and let
w: [a,b] = RT b a continuous function. Then,
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(I): Forallaa>0,8>0;n=[a—1],m=[a—1]

2 LB —m) - iy pm—i
(Exz,ﬁ,w =28 (X) Bxs + B (X) =55 ;) H(—l) Ci b Mxiﬁ_mw}) (3.12)
x <F(I‘3‘(a)”) 3 {[(—l)iC;b"*iMXi,a,n7w ) + F(f,(ﬂ)m) > H(fl)”Cfnbm*iMxi,ﬁfm,w}
1=0 1=0

(o — n o ,
x (EXQ,a,w —9F (X) Ex.aw + E2(X) (@ —n) 3 [ (—1)10;b"—1MXi,a_n,w]>

—2Ex_p(X),a,wEx-EB(x),8w
& [w(®)] JF [w(®)b?] + J7 [w(b)] J& [w(b)b?
< 1% [ gm (]b)b] J5 [w(b)b] | | ]

(II) Also, the following estimation

(Exw,w 9B (X) By + B (X) L2 3 [[(—1)ic;b”iMXiﬁ_n,w]>
=0

L'(B)
X <EX2 o — 2B (X) Ex.aw + E? (X) F(lf‘(;)”) Zn: H(— YO My o w})
1=0
—2Ex_px),0wEx-E(X),8w (3.13)
< oo (F(?(;)n) $- H(_l)iczbn-iMXi,a_n,w}) ( i T . w})
=0 i=

is also valid for any o > 0,5 > 0.

Proof. We have (see [4]):

b b

// b—2)""" (b— )" (x — y)* p(x)p(y)dzdy

= Jo[wf®) ] [wf( )b — E(X))*] + J7 wf(b)] Jg [wf (b)(b— E(X))?]

—2J3 [wf(0)(b — E(X))] J; [wf (b)(b — E(X))]. (3.14)
In (3.14), if we take p = wf, we obtain
/ / 0"~ = wle)uy) (@) f () dudy
= Jowfb)]ox g+ JZ [wf(b)] X ow — 2Ex_E(X)0wBX—E(X) 80 (3.15)
On the other hand, it is clear that
b b
“Ha -y w@wy)f (@) f (y) dedy (3.16)
< 1% [ o [w(®)] I [w(®)6?] + I [w(0)] I [w(b)b?] = 27 [w(b)b] I} [w(b)b]] -
Consequently, by (3.15), (3.16) and (3.1), we obtain (3.12).
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For the second inequality of Theorem 3, we observe that

b b
1 a—1 _
W/ / (b—2)*"" (b= )" (v =)  w(zw(y) f (@) f (y) dedy

a a

b b
UL x — 21 — ) -y w(@)w z x
< s @0 pog / / (=) (0= )" wla)w(y) (o) () dody

(b= a)®J3 [wf(0)] I [wf(b)]. (3.17)

IN

So, applying Theorem 1 and thanks to (3.15) and (3.17), we get (3.13). O

Remark 3.3. (i) : Applying Theorem 14 for a = 8, we obtain Theorem 12.
(1) : Taking w equal to 1 on [a,b] in theorem 14, we obtain the last part of Theorem 3.7 of [7].

Also, we present to reader the following estimation:

Theorem 3.4. Let f be the p.d.f of X on [a,b] and w : [a,b] — RT.Then for all a > 0,n = [a — 1]

the following fractional inequality holds:

> [[(—UZ‘C@bWMXi,a_n,w})

<EX2’W —2E(X) Ex.aw+ E*(X) F(?(;)")

=0
8 (F(I?(o_z)n) g H(l)icflbniMX’\an,wD - (EX—E(X),a,w)2 (3.18)
< J0—af (F(;“(;)") 2_% H(—l)inLb"_iMXi)a_mw}) ,

Proof. In [4], it has been proved that

0< 77 [p(®)] I3 [p(b) (b — E(X))?] = (I [p(b) (b — E(X))])* < i (b—a)* (Jg p®))*.  (3.19)

Hence, taking p(b) = wf(b) in (3.19), we observe that

(b—a)* (Jg lwf(0))*. (3.20)

>~ =

a 2
Ja [wf(b)] O'g(,oe,w - (EX—E(X),a,w) <
Thanks to Theorem 1 and by the relation (3.5), we obtain (3.18).

Remark 3.4. Taking w(t) = 1,t € [a,b] in Theorem 4, we obtain Theorem 3.8 of [7] .

Another result related to the moments is the following theorem.
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Theorem 3.5. Let f be the p.d.f of the random variable X on [a,b] and w : [a,b] — RY. Then for
alla>0,8>0;n=[a—1],m =8 — 1], the inequality

e > H<—1>Z‘c:;b"*iwanvw}

i=0

X (EXQ,M —2E(X)Expw+ E*(X

i[[ A T WD

LLB=14m) _Hm ZH RO ) VI mw] (3.21)

i=

n

(s 71
X (EXQ,a,w —2F (X) EX,oz,w + E2 (X + m E |:|: CZ b" 7l]\4X ,a—n w:|>
1=0

+2(a—E(X)) (b— E(X ( ) ZH YOI M o WD

=0

( ZW;H YO b My 5 me.

I'(a—n i i Ln—i

( (F(a : Zz 0 [ (_1)2071119” zA4X'£,oz—n,wi|) EX*E(X)a,B,w
L(B—m) y~m Qv pm—i

+ ( (lé(,B) ) 21:0 (_1) Omb MXRﬁ*m,w}) EX—E(X)@,w

is valid.

Proof. We have

]
(b ) b)(b— BE(X))]])’ (3.22)
< [(MIE [p(b)] — T2 [p(b) (b — E(X))]) (JE p(b) (b — E(X))] — 2 [p(b)])

(b )

+ (J2 [p(®)(b — B(X)] = g [p(0)]) (ML [p(®)] = ¢ [p(b)(b — E(X)])]
Taking : p=wf,M =b— E(X), m=a— E(X) in (3.22), we can write
Ja [wf )] 0% o + J0 [wWf(0)] 0% 00 +2(a— E(X)) (b= E (X)) J7 [wf(6)] I [wf(b)]
< (a+b=2B(X)) [J7 [wfO)] Bx—pex) o+ J7 [wf(0)] Bx-px).aw] - (3.23)
By Theorem 1 and using (3.5), we get (3.21). O

Remark 3.5. If we take w =1 in Theorem 5, we obtain Theorem 8.10 of [7].
We prove also:

Theorem 3.6. Let X be a continuous random variable having a p.d.f. f : [a,b] = RT, w : [a,b] — RT.
Then, for all a > 0, the following two inequalities hold:

Ta—n) — o ,
(F(Oé) ) ; |:|:(_1)lc7zzbnizMX"’,ocfn,w} EXT_l(XfE(X)La,w - (EX—E(X),Oc,w) MXT_l,oc7w
< A1 [T [w(®)] Tg brw(®)] = Jg bw®)] g [ w(b)]] (3.24)

and

N
=
H
g/l
=
3

H(—l)iCib"_iana—n,wD Exr-1(x—p(x)),0w ~ (Ex-B(xX),0m) M1 0w

n 2
< (b;a) (bt —a ) ( a—n) ZH YCEN ™ Myt o nw}) . (3.25)

=0
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Proof. We have

1 b b - .
I2(a) / (b —2)* (b —y)* pl@)py)(9(z) — g(y)(h(z) — h(y))
= 2J3 [p(b)] I3 [pgh(b)] — 2(J5 [pg(b)] J5' [Ph(D)]) (3.26)

Taking p = wf, g(b) = b — E(X) and h(b) = b"~!, we obtain

b b
] O T =0T e ) @ =) wlaut) @) 0)dady
= 2J2 [wf()] Exr—1(x—5(x)).0mw — 2 (Ex—Bx)0w) Mxr=1,0.0- (3.27)

Therefore,

b b
lﬂlﬁw){[ b—a) " b—y)* -y (2" =y wlz)w(y) f(2) f(y)dzdy
< I (278 ()] T rw(®)] - 25 (b (®)] J& [ w()]] (328)

Combining (3.27), (3.28) and (3.5), we obtain (3.24).
To obtain (3.25), it suffices to see that

b b
F20[//bﬂc°“b D)™ (=) (7 ) wle)(y) f (@) f(9)dedy
< G0 - ) (2 s 0] (329)

and to combine (3.28), (3.29) and (3.5). O

Remark 3.6. Taking oo = 1, we obtain Theorem 3.1 of [11].

Theorem 3.7. Let X be a continuous random variable having a p.d.f. f : [a,b] = RT, w : [a,b] — RT.

Then we have:
(I*): For any > 0,8>0;n=[a—1],m=[8—1]

(F(;z ;)n) Zn: H<_1>icibbniMXi’a"’wD Exr1(X—B(X) f0

=0

(

+ (F(ﬁ(;)m Z H(—l)icfnbm_iMxi,,B—m,wD Exr-1(x—B(x)),0w
i=0

—Ex auwMxr—1 84w — ExgowMxr— a0 (3.30)

1£1% [7¢ Tw(®)] 2 B w(®)] + JZ [w(b)] J¢ [b"w(b)]

= Jg [bw(0)] 7 (b7 w(b)] = I3 [bw(0)] g [0 w(b)]]

IN

where f € Lo [a,b].
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(II*): The inequality

INa — - o )
(W Z [{(—1)ZCZLZ)"—7'MXI.7(X_TL7,W}> EX’“*l(X—E(X)),ﬂ,w

=0

N (F(ﬁ—m) i H(ly‘c:;nbmiMXi,ﬁm,wD Exror(x— () aw

IA

. (Bt — a1 (F(I‘i‘(;)") - H(—l)iC’flbn_iMxi,a—n,wD (3.31)

i=0
['(8—m) G ivi pme—i )
X<Nm§%w_>qp M%ﬁm4>
holds for allaa >0, 8> 0;n=[a—1],m =[5 —1].
Proof. In [4], it has been proved that

( /”/b—zalb )P p(@)p()(9(x) — 9(9)(h(z) — h(y))
- M)ﬂmhnhwmmﬂmmn (3.32)

—(J5 [pg(®)] g [ph(B)]) — (J7 [pg(B)] 7 [ph(D)])
In (3.32), we take p = wf, g(b) = b — E(X), h(b) = b"~1. We obtain

b b
Lt [0 0P e -0 7 ) w0 ) ey

= Jg [wf(b)] EXr—l(X,E(X))ﬁ’w + Jf [wf(b)] EXr—l(X,E(X))7a7w (3.33)
—Ex awMxr—1 84— Ex gawMxr—1 g4
On the other hand, it is clear that

“YT?// (b=2)"" b=y @y (@ —y ) w)w(y) f(z)f (y)dedy

< I [T [w®)] T2 Brw®)] + T2 h(®)] 3w ()] (3.34)
= T Pw(®)] 2 [0 ()] — I ()] 2 [ w(®)]] -

Consequently, by (3.33), (3.34) and (3.5), we deduce (3.30).
To prove the second part we observe that

// Loy wl@e ) - ) (7~ ) F) fo)dedy
= (b—a) (67 P—a ) I [wf ()] 7 [wf (D). (3.35)
Then, we take into account (3.33) and (3.35). We obtain (3.31). O

Remark 3.7. Taking o = 8 in the above theorem, we obtain Theorem 5.
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