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STEFFENSEN’S INTEGRAL INEQUALITY FOR CONFORMABLE FRACTIONAL

INTEGRALS

MEHMET ZEKI SARIKAYA, HATICE YALDIZ∗ AND HÜSEYIN BUDAK

Abstract. The aim of this paper is to establish some Steffensen’s type inequalities for conformable

fractional integral. The results presented here would provide generalizations of those given in earlier

works.

1. Introduction

The most basic inequality which deals with the comparison between integrals over a whole interval
[a, b] and integrals over a subset of [a, b] is the following inequality, which was estab-lished by J.F.
Steffensen in 1919,(see [10]).

Theorem 1.1 (Steffensen’s inequality). Let a and b be real numbers such that a < b, f and g be
integrable functions from [a, b] into R such that f is nonincreasing and for every x ∈ [a, b], 0 ≤ g (x) ≤
1. Then

b∫
b−λ

f (x) dx ≤
b∫
a

f (x) g (x) dx ≤
a+λ∫
a

f (x) dx, (1.1)

where λ =
b∫
a

g (x) dx.

A comprehensive survey on this inequality can be found in [9]. Steffensen’s inequality plays an
important role in the study of integral inequalities. For more results concerning new proofs, general-
izations, weaker hypothesis or different forms were emerging one after another see [6]– [11], and the
references therein.

2. Definitions and properties of conformable fractional derivative and integral

The following definitions and theorems with respect to conformable fractional derivative and integral
were referred in (see, [1]- [5]).

Definition 2.1 (Conformable fractional derivative). Given a function f : [0,∞) → R. Then the
“conformable fractional derivative” of f of order α is defined by

Dα (f) (t) = lim
ε→0

f
(
t+ εt1−α

)
− f (t)

ε
(2.1)

for all t > 0, α ∈ (0, 1) . If f is α−differentiable in some (0, a) , α > 0, lim
t→0+

f (α) (t) exist, then define

f (α) (0) = lim
t→0+

f (α) (t) . (2.2)

We can write f (α) (t) for Dα (f) (t) to denote the conformable fractional derivatives of f of order α.
In addition, if the conformable fractional derivative of f of order α exists, then we simply say f is
α−differentiable.

Theorem 2.1. Let α ∈ (0, 1] and f, g be α−differentiable at a point t > 0. Then
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i. Dα (af + bg) = aDα (f) + bDα (g) , for all a, b ∈ R,

ii. Dα (λ) = 0, for all constant functions f (t) = λ,

iii. Dα (fg) = fDα (g) + gDα (f) ,

iv. Dα

(
f

g

)
=
fDα (g)− gDα (f)

g2
.

If f is differentiable, then

Dα (f) (t) = t1−α
df

dt
(t) . (2.3)

Definition 2.2 (Conformable fractional integral). Let α ∈ (0, 1] and 0 ≤ a < b. A function f : [a, b]→
R is α-fractional integrable on [a, b] if the integral∫ b

a

f (x) dαx :=

∫ b

a

f (x)xα−1dx (2.4)

exists and is finite. All α-fractional integrable on [a, b] is indicated by L1
α ([a, b]) .

Remark 2.1.

Iaα (f) (t) = Ia1
(
tα−1f

)
=

∫ t

a

f (x)

x1−α
dx,

where the integral is the usual Riemann improper integral, and α ∈ (0, 1].

Theorem 2.2. Let f : (a, b)→ R be differentiable and 0 < α ≤ 1. Then, for all t > a we have

IaαD
a
αf (t) = f (t)− f (a) . (2.5)

Theorem 2.3 (Integration by parts). Let f, g : [a, b] → R be two functions such that fg is differen-
tiable. Then ∫ b

a

f (x)Da
α (g) (x) dαx = fg|ba −

∫ b

a

g (x)Da
α (f) (x) dαx. (2.6)

Theorem 2.4. Assume that f : [a,∞)→ R such that f (n)(t) is continuous and α ∈ (n, n+ 1]. Then,
for all t > a we have

Da
αf (t) Iaα = f (t) .

Theorem 2.5 (Fractional Steffensen’s inequality). ( [4]) Let α ∈ (0, 1] and a and b be real numbers
such that 0 ≤ a < b. Let f : [a, b] → [0,∞) and g : [a, b] → [0, 1] be α-fractional integrable functions
on [a, b] with f is decreasing. Then

b∫
b−`

f (x) dαx ≤
b∫
a

f (x) g (x) dαx ≤
a+`∫
a

f (x) dαx, (2.7)

where ` := α(b−a)
bα−aα

b∫
a

g (x) dαx.

The aim of this paper is to establish some Steffensen’s type inequalities for conformable fractional
integral. The results presented here would provide generalizations of those given in earlier works.
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3. Steffensen’s type inequalities for conformable fractional integrals

Lemma 3.1. Let α ∈ (0, 1] and a, b ∈ R with 0 ≤ a < b, g and h be α−fractional integrable function
on [a, b], 0 ≤ g (t) ≤ h (t) all t ∈ [a, b], and define

l :=
(b− a)

b∫
a

h (t) dα (t)

b∫
a

g (t) dα (t) ∈ [0, b− a] . (3.1)

Then, we have

b∫
b−l

h (t) dα (t) ≤
b∫
a

g (t) dα (t) ≤
a+l∫
a

h (t) dα (t) . (3.2)

Proof. Since 0 ≤ g (t) ≤ h (t) for all t ∈ [a, b], l given in (3.1) satisfies,

0 ≤ l =
(b− a)

b∫
a

h (t) dα (t)

b∫
a

g (t) dα (t) ≤ (b− a)
b∫
a

h (t) dα (t)

b∫
a

h (t) dα (t) = b− a,

and by average values, we get the following inequalities

1

l

b∫
b−l

h (t) dα (t) ≤ 1

b− a

b∫
a

h (t) dα (t) ≤ 1

l

a+l∫
a

h (t) dα (t)

and then

b∫
b−l

h (t) dα (t) ≤ l

b− a

b∫
a

h (t) dα (t) ≤
a+l∫
a

h (t) dα (t) .

By (3.1), we obtain the following inequalities

b∫
b−l

h (t) dα (t) ≤
b∫
a

g (t) dα (t) ≤
a+l∫
a

h (t) dα (t) .

This completes the proof. �

Remark 3.1. If we take h(t) = 1 in Lemma 3.1, then Lemma 3.1 reduces to the Lemma 2.1 in [4].

Theorem 3.1. Let α ∈ (0, 1] and a, b ∈ R with 0 ≤ a < b, f, g, h : [a, b] → [0,∞) be α−fractional
integrable function on [a, b], 0 ≤ g (t) ≤ h (t) all t ∈ [a, b], with f decreasing function. Then

b∫
b−l

h (t) f (t) dα (t) ≤
b∫
a

f (t) g (t) dα (t) ≤
a+l∫
a

h (t) f (t) dα (t) (3.3)

where l is given by (3.1).

Proof. We will prove only the case in (3.3) for right inequality; the proof for the left inequality is
similar, and relies on (3.2). By definition of l and the conditions on g, h the inequality (3.2) holds.
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Since f is decreasing function, we obtain that

a+l∫
a

h (t) f (t) dα (t)−
b∫
a

f (t) g (t) dα (t)

=

a+l∫
a

f (t) [h (t)− g (t)] dα (t)−
b∫

a+l

f (t) g (t) dα (t)

≥ f (a+ l)

a+l∫
a

[h (t)− g (t)] dα (t)−
b∫

a+l

f (t) g (t) dα (t)

= f (a+ l)

 a+l∫
a

h (t) dα (t)−
a+l∫
a

g (t) dα (t)

− b∫
a+l

f (t) g (t) dα (t)

≥ f (a+ l)

 b∫
a

g (t) dα (t)−
a+l∫
a

g (t) dα (t)

− b∫
a+l

f (t) g (t) dα (t)

= f (a+ l)

b∫
a+l

g (t) dα (t)−
b∫

a+l

f (t) g (t) dα (t)

=

b∫
a+l

[f (a+ l)− f (t)] g (t) dα (t)

≥ 0.

This completes the proof. �

Remark 3.2. If we take h(t) = 1 in Theorem 3.1, then the inequality (3.3) reduces to the inequality
(2.7).

Remark 3.3. If we take h(t) = 1 and α = 1 in Theorem 3.1, then the inequality (3.3) reduces to the
inequality (1.1).

In order to obtain our other results, we need the following lemma.

Lemma 3.2. Under the assumptions of Lemma 3.1 and l is defined by

a+l∫
a

h (t) dα (t) =

b∫
a

g (t) dα (t) =

b∫
b−l

h (t) dα (t) . (3.4)

Then, we have

b∫
a

f (t) g (t) dα (t) =

a+l∫
a

(f (t)h (t)− [f (t)− f (a+ l)] [h (t)− g (t)]) dα (t)

(3.5)

+

b∫
a+l

[f (t)− f (a+ l)] g (t) dα (t) ,
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and

b∫
a

f (t) g (t) dα (t) =

b∫
b−l

(f (t)h (t)− [f (t)− f (b− l)] [h (t)− g (t)]) dα (t)

(3.6)

+

b−l∫
a

[f (t)− f (b− l)] g (t) dα (t) .

Proof. We know that a ≤ a + l ≤ b, a ≤ b − l ≤ b. Firstly, we calculate identity (3.5). By direct
computation, we have

a+l∫
a

(f (t)h (t)− [f (t)− f (a+ l)] [h (t)− g (t)]) dα (t)−
b∫
a

f (t) g (t) dα (t)

=

a+l∫
a

(f (t)h (t)− f(t)g(t)− [f (t)− f (a+ l)] [h (t)− g (t)]) dα (t)

+

a+l∫
a

f (t) g (t) dα (t)−
b∫
a

f (t) g (t) dα (t)

=

a+l∫
a

f (a+ l) [h (t)− g (t)] dα (t)−
b∫

a+l

f (t) g (t) dα (t)

= f (a+ l)

 a+l∫
a

h (t) dα (t)−
a+l∫
a

g (t) dα (t)

− b∫
a+l

f (t) g (t) dα (t)

= f (a+ l)

 b∫
a

g (t) dα (t)−
a+l∫
a

g (t) dα (t)

− b∫
a+l

f (t) g (t) dα (t)

= f (a+ l)

b∫
a+l

g (t) dα (t)−
b∫

a+l

f (t) g (t) dα (t) .

which completes the proof. Similarly, the second part is obtained. The proof of the Lemma is com-
pleted. �
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Theorem 3.2. Under the assumptions of Theorem 3.1. Then

b∫
b−l

f (t)h (t) dα (t) ≤
b∫

b−l

(f (t)h (t)− [f (t)− f (b− l)] [h (t)− g (t)]) dα (t)

≤
b∫
a

f (t) g (t) dα (t)

≤
a+l∫
a

(f (t)h (t)− [f (t)− f (a+ l)] [h (t)− g (t)]) dα (t)

≤
a+l∫
a

f (t)h (t) dα (t)

where l is given by (3.4).

Proof. From 0 ≤ g (t) ≤ h (t) and f is decreasing function on [a, b], then we have

b−l∫
a

[f (t)− f (b− l)] g (t) dα (t) ≥ 0 (3.7)

and
b∫

b−l

[f (b− l)− f (t)] [h (t)− g (t)] dα (t) ≥ 0. (3.8)

Using the identity (3.6) together with the inequalities (3.7) and (3.8), we obtain

b∫
b−l

f (t)h (t) dα (t)

≤
b∫

b−l

(f (t)h (t)− [f (t)− f (b− l)] [h (t)− g (t)]) dα (t)

≤
b∫
a

f (t) g (t) dα (t) .

In the same way as above, we can prove that

b∫
a

f (t) g (t) dα (t)

≤
a+l∫
a

(f (t)h (t)− [f (t)− f (a+ l)] [h (t)− g (t)]) dα (t)

≤
a+l∫
a

f (t)h (t) dα (t) .

This completes the proof. �
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Theorem 3.3. Let α ∈ (0, 1] and g ∈ L1 ([0, 1]) such that 0 ≤ g(x) ≤ 1 for all x ∈ [0, 1]. If
ϕ : [0, 1]→ [0,∞) is a convex, α-fractional differentiable function with ϕ(0) = 0, then

ϕ

α 1∫
0

g (x) dαx

 ≤ 1∫
0

g (x)Dαϕ (x) dαx. (3.9)

Proof. The function ϕ is convex and α-fractional differentiable on [0, 1] and Dαϕ is nondecreasing for
all x ∈ [0, 1]. Then −Dαϕ is decreasing and we take f(x) = −Dαϕ, a = 0 and b = 1 in the Fractional
Steffensen’s inequality (2.7) it follows that

`∫
0

Dαϕ(x)dαx ≤
1∫

0

g (x)Dαϕ(x)dαx ≤
1∫

1−`

Dαϕ(x)dαx.

By simple computation, we have

ϕ(`)− ϕ(0) ≤
1∫

0

g (x)Dαϕ(x)dαx ≤ ϕ(1)− ϕ(1− `).

Since ` := α
b∫
a

g (x) dαx and ϕ(0) = 0, we obtain the desired result (3.9). �

Now, we give the new inequality for functions g ∈ L1
α ([0, 1]) as follows:

Theorem 3.4. Let α ∈ (0, 1] and g ∈ L1
α ([0, 1]) such that 0 ≤ g(x) ≤ 1 for all x ∈ [0, 1] . If

ϕ : [0, 1]→ [0,∞) is a convex, α-fractional differentiable function with ϕ(0) = 0, then

ϕ

α 1∫
0

g (x) dαx

 ≤ 1∫
0

g (x)Dαϕ (x) dαx

for all x ∈ [0, 1].

Proof. Let g ∈ L1
α ([0, 1]) and ε = 1

n > 0, there exists a sequence (gn)n∈N of functions which are

continuous on [0, 1] such that ‖gn − g‖α,1 <
1
n . Since gn is continuous, then by Theorem 3.3, we obtain

that

ϕ

α 1∫
0

gn (x) dαx

 ≤
1∫

0

gn (x)Dαϕ (x) dαx

=

1∫
0

g (x)Dαϕ (x) dαx+

1∫
0

[gn (x)− g(x)]Dαϕ (x) dαx.

Since ∣∣∣∣∣∣
1∫

0

gn (x) dαx−
1∫

0

g (x) dαx

∣∣∣∣∣∣ ≤
1∫

0

|gn (x)− g(x)| dαx <
1

αn
→ 0 as n→∞,

it follows that

ϕ

α 1∫
0

g (x) dαx

 ≤ 1∫
0

g (x)Dαϕ (x) dαx

which is completed the proof. �
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