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ABOUT HEINZ MEAN INEQUALITIES

DAESHIK CHOTI*

ABSTRACT. We present some inequalities related to Heinz means. Among them, we will provide an
inequality involving Heinz means and Heron means, which is reverse to the one found by Bhatia.

1. INTRODUCTION

Throughout the paper, B stands for the set of all bounded linear operators on a Hilbert space H
and Bt denotes the subset of B consisting of positive invertible operators. For self-adjoint operators
A, B in B, A > B implies that A — B is positive semidefinite.

For 0 < v < 1, the Heinz mean H,(a,b) of positive numbers a, b is defined by

1
H,(a,b) = i(alfvbv +a’b'7Y).

Tt is easy to see that H,(a,b), as a function of v, attains its minimum at v = 1/2 and its maximum at

v=0or v=1. Thus

Vab < H,(a,b) < a;rb (1.1)

holds for all < v < 1.
For A,B € B™ and 0 < v < 1, the v-weighted arithmetic mean AV,B and geometric mean Af,B
are defined, respectively, by
AV,B = (1—-v)A+vB,
AﬁyB _ A1/2(A71/QBA71/2)'UA1/2‘

For convenience of notation, we write AV, ;B as AVB and Af; /2B as AfB. The Heinz operator mean
of A, B € BT is defined by

1
Hv(AvB) = i(AﬁvB + Aﬁlf'uB)
for 0 < v < 1. The operator mean inequalities corresponding to (1.1) are
A#,B < H,(A,B) < AV, B, (1.2)

which are easily derived by the operator monotonicity of continuous functions, which states that if f is
a real valued continuous function defined on the spectrum of a self-adjoint operator A, then f(¢) > 0
for every t in the spectrum of A implies that f(A) is a positive operator. We refer to [2—4] for more
results related to Heinz inequalities.

Using the Taylor series of hyperbolic functions, Bhatia [1] and Liang and Shi [5,6] derived interesting
Heinz operator inequalities. In this paper, we will improve their results using a simple but useful lemma.
In particular, we note the following inequality [1]:

H,(a,b) < F(Qv,l)z(cub), Va,b >0, 0 <v <1, (1.3)

where
a+b

Fo(a,b) = (1 —a)Vab+a
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are Heron means of a,b. As mentioned in [1], there is no inequality reverse to (1.3) in the sense that
Fo(a,b) < Hy(a,b)

forall a,b > 0,0 <a<1l,and 0 < v < % However, we will present a kind of reverse inequality to
(1.3) (see Theorem 2.2 or (2.9)).

2. IMPROVEMENTS OF HEINZ MEANS
The following is the main lemma in this paper.

Lemma 2.1. Forc>1 and p € R, we define ¢ by
v —c "
p(z) = T
for x > 0. Then,
(1) if p <1, ¢ is increasing on (0,00), and
(2) if p > 1, then there exists x, > 0 such that ¢ is decreasing on (0,x,) and increasing on (z,, 00).

Ift =t, is the root of the equation (tt'*'ll) Int = p, then z, = ;ﬁ”c and
Inc t,+1 1/2 ~1/2
I§1>11(}<P( z) = p(x,) = (p : tpl) (t/ = —t,777).
Proof. Let f(t) = 2(%_11) Int for t > 1. By direct computation, we have
P () = x(c** +1)Inc— p(c*® —1), (2.1)

= %(erl)lnsfp(sfl),
= (s=1)(f(s) = n);

where s = ¢2* > 1. Simple algebra shows that lim; ,; f(t) = 1 and that f is strictly increasing on
(1,00). Thublfpgl,

el (@) = (s = 1) (f(s) =p) > (s = 1) (1= p) 20

for any = > 0, which implies that ¢ is increasing on (0,00). Meanwhile, if p > 1, let ¢, > 1 be the
Int

(unique) zero of f(t) = p. Then for z, = ;5% , (2.1) says that ¢'(z) < 0 on (0,z,), ¥'(z) > 0 on
(x,,00), and the minimum value of ¢ on (0, 00) is

ctr —c % 2lnc\” 1 Ine t,+1\"
_ _ /2 =ty (22 e T o /2 =172
() xh (lntp> (t o) p t,—1 (t P

where the last equation follows from ﬁ = p(t t”:r_ll). O

Heinz means H,(a,b) or H,(A, B) were defined for 0 < v < 1, but we don’t restrict v to be in the
interval [0,1] in the following theorem. Lemma 2.1 with p = 1 is used below.

Theorem 2.1. For A,B € BT and r,s,t € R with 0 < |1 —2r| < |1 — 2s| < |1 — 2t|, we have

HJ(A,B) > (1—“ 23))AﬁB U2y ),

(1—2r) (1—2r)
Hy(A,B) < (1 ((i 2‘;;2>Aﬁ3 (é 2j))2Ht(A,B).

Proof. Let a,b > 0 and
B (H(1 x)/2(a,b) — \/CE) /x*, = e R\{0}
L (In9)* Vab, z= '

Letting ¢ = (ab~')'/4, we have
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Without loss of generality, we assume ¢ > 1. Since f is even on (—o00, 00) and increasing on (0, c0) by
Lemma 2.1, we have

fd—=2r)< f(1—2s) < f(1—2t)

for r,s,t € R with 0 < |1 — 27| < |1 — 25| < |1 — 2¢|, which can be written as

H,(a,b) —Vab < H,(a,b) — vVab < H,(a,b) — vab

(1-2r)2 —  (1-29)2 — (1-2¢)2
or equivalently,
(1—2s5)2 (1 —2s)?
Hy(a,b) > (1-— b H.(a,b),
CL ( (1—2r)2 er(1—2)2 (a.0)
(1 —2s)2 (1—2s)?
Hy(a,b) < |1—-+—75 b+ —=H(a,b).
(a,0) < < (1 2t)2 Vab + (1 —apz (@)
By the operator monotonicity of continuous functions, we get the desired operator inequalities. O

Remark 2.1. The second inequality in Theorem 2.1 is shown in [5, Theorem 2.1] with 0 < s,t < 1.
Now we use Lemma 2.1 with p > 1 below.
Theorem 2.2. For A,B € Bt and 0 < s <1, we have
H,(A,B) < (1—(1—2s)%) AiB + (1 — 25)>AVB. (2.2)
For p>1, lett, > 1 be the root of the equation 2(%_11) Int=p.
(1) If A> 2B or B > t2A, then

H,(A,B) > (1+ a,|1 —2s[*(21nt,)*) AtB (2.3)

o = (_tetl 2 tﬂ+t;171
P \dp(t, — 1) 2 '

(2) Ift,°B < A< 2B, then

where

H (A, B) > (1—[1—2s|*) A$B + |1 — 2s|** AVB. (2.4)
Proof. First, we will show the following:

+b
H_ayj2(a,b) < (1—12)\/@+z2a2 : (2.5)

H(l—a:)/Q(avb) >

{\/@(1 + aplz|?|Ina —Inb*), ift, < pay (2.6)

(1 — |x\2") vab + |x|2p%+b, if t, > pap

for —1 < <1, where pq = max {\/f, \/E} Since H(1_z)/2(a,b) = H144)/2(a,b) and Hy 5(a,b) =
Vab, we may assume x > 0. For p > 1, define fo by

H1_g)2(a,b) — Vab

2P

fo(z) =
for z > 0. Letting ¢ = (ab=1)'/*, we have

Vab 2T 42 9 \/%(C‘”cz>2

2 x2P 2

folz) =

xP
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Without loss of generality, we assume ¢ > 1. By Lemma 2.1,

fw) < YOy @)

2
- \/gil’(\/er\/EQ)a;rb\/%,

folz) = @(ln c)% (/Jztper—ll)> (tp+ t;1 -2) (2.8)
= Vab(lna —nb)* a,

for p > 1. (2.5) follows from (2.7). Using the same notation as in Lemma 2.1, we know

ct—c®

p(r) = Q2 > o(zp)
for all z > 0. Here we consider & with |z| < 1. Then we can bound ¢ as follows:
plz,), ifz,<1
Lp(x) 2 ( P) . P .
e(1), ifz,>1

Since

2 a
$p<1<:>tp<C— g

and f,(1) = 22 — Vab, we can improve (2.8) as

f Vab(Ina —Inb)* ey, ift, < /%

x) >

A2 gt - v ith, >/t

which implies (2.6).
We get (2.2) from (2.5) by the operator monotonicity of continuous functions. Meanwhile, since
t, < pap <= a> tib orb > tia7

if t, < ptap, then |Ina —1Inb| > 2Int, and

Hy(a,b) > (1+a,|l — 2s[*[2Int,[*) Vab
from the first inequality of (2.6). On the other hand, if t, > a4, that is , if a < tf,b and b < tia , then

b
Hy(a,b) > (1— |1 —252) Vab+[1 — 23\%%

from the second inequality of (2.6). Finally, (2.3) and (2.4) follow from the operator monotonicity of
continuous functions. O

Remark 2.2. In the proof of Theorem 2.2, we showed that

(14 a,|l —2s%|Ina — Inb|?) Vab, ift, < pap

2.9
(1—]1—2s%) Vab+ |1 — 25|22 if t, > pay (29)

Hg(a,b) > {

for any p > 1. The above inequality improves the known relation Hg(a,b) > Vab considerably. Note
that the minimum value of the right hand side of (2.9), as a function in s, is \ab (when s = 1/2).
Figure 1 shows the graphs of the both sides of (2.9) as functions in s € [0,1] for some values of a,b,
where p=1.1 and t, = 3.0237.

The following corollary also improves the Heinz mean - Geometric mean inequality:
Hy(a,b) > Vab, a,b>0

and
H,(A,B) > AtB, A,Bc B"

under a condition.
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FIGURE 1. The graphs of Hg(a,b) (solid curves) and the right hand side (dotted
lines) of (2.9) as functions in s € [0, 1], where p = 1.1 and ¢, = 3.0237; a = 3.8390,b =
1.3615, 114, = 1.6792 on the left figure and a = 0.9575,b = 96.4889, 11,5 = 10.0385 on
the right figure. The horizontal dotted lines denote v/ab which is the minimum value
of the two functions.

265

26

Corollary 2.1. For 0 <s <1 and a,b> 0, we have

Hy(a,b) > (1 + é(l —25)%(In Z)2> Vab. (2.10)

For0<s<1 and A, B € Bt with either B > aA or A > aB for a real number oo > 1, we have

H,(A,B) > (1 + é(l — 25)2(1na)2> AtB. (2.11)

Proof. 1t is easily shown that o, — % and t, — 1 as p — 1. Thus (2.10) follows from the first
inequality of (2.9).

To show (2.11), it suffices to consider the case B > a4, since Hs(A, B) = Hy(B, A) and AfB = BfA.
Letting a = 1 and assuming b > a > 1 in (2.10), we get

%(bs +017%) > (1 + é(l — 23)2(1na)2> Vb. (2.12)

Thus if B > oA, then for X = A~'/2BA~1/2 we have

1 1
§(XS + X175 > <1 + g(l - 28)2(lna)2> X2
from (2.12). Multiplying each side of the above inequality by A'/2 on its left- and right-hand sides,
we get (2.11). O
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