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CHARACTERIZATIONS OF ABEL GRASSMANN’S GROUPOIDS BY THE
PROPERTIES OF THEIR DOUBLE-FRAMED SOFT IDEALS

ASGHAR KHAN'*, MUHAMMAD IZHAR! AND ASLIHAN SEZGIN?

ABSTRACT. In this paper, we introduce the concept of double-framed soft ideals and investigate
properties of these ideals in regular, intra-regular, right regular and left regular AG-groupoids. We
also characterize intra-regular AG-groupoids in terms of the double-framed soft ideals.

1. INTRODUCTION

The uncertainty which appeared in economics, engineering, environmental science, medical science
and social science and so many other applied sciences is too complicated to be solved within traditional
mathematical framework. Molodtsov [1] introduced the concept of soft set which can be used as a
generic mathematical tool for dealing with uncertainties. Molodtsov pointed out several directions for
the applications of soft sets. Worldwide, there has been a rapid growth in interest in soft set theory
and its applications. Evidence of this can be found in the increasing number of quality articles on
soft sets and related topics that have been published in recent years. Maji et al. [2] described the
application of soft set to a decision making problem. Maji et al. [3] also studied several operations on
soft sets. Jun et al. [4] introduced the notion of soft ordered semigroup. At present, soft set theory is
applied to different algebraic structure. We refer the reader to the papers [5-13].

The idea of generalization of a commutative semigroup, (known as left almost semigroup) was
introduced by M. A. Kazim and M. Naseeruddin in 1972 (see [15]). Some other names have also been
used in literature for left almost semigroups. Cho et al. [16] studied this structure under the name of
right modular groupoid. Holgate [17] studied it as left invertive groupoid. Similarly, Stevanovic and
Protic [18] called this structure an Abel-Grassmann groupoid (or simply AG-groupoid), which is the
primary name under which this structure in known nowadays. There are many important applications
of AG-groupoids in the theory of flocks [19].

Recently, Jun et al. extended the notions of union and intersectional soft sets into double-framed
soft sets and defined double-framed soft subalgebra of a BCK/BCI-algebra and studied the related
properties in [21]. In [14], Jun et al. also defined the concept of a double-framed soft ideal (briefly,
DFS ideal) of a BCK/BCI-algebra and gave many valuable results.

In the present paper, we apply the idea given by Jun et al. in [21], to AG-groupoids and introduce
the concept of double-framed soft ideals in AG-groupoids and investigate their related properties. The
respective examples of these notions are investigated. Intra-regular AG-groupoids are characterized
using the DFS ideals of AG-groupoids.

2. PRELIMINARIES

A groupoid (S, ) is called an AG-groupoid if it satisfies the left invertive law:
(ab)e = (¢b)a for all a,b,c € S.

This structure is closely related with a commutative semigroup because if an AG-groupoid contains
right identity then it becomes a commutative monoid. An AG-groupoid may or may not contain a left
identity. If there exist a left identity in an AG-groupoid then it is unique.
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Every AG-groupoid S satisfies the medial law: (ab)(cd) = (ac)(bd) for all a,b,c,d € S. Every AG-
groupoid S with left identity satisfies the paramedial law: (ab)(cd) = (db)(ca) for all a,b,c,d € S. In an
AG-groupoid S with left identity, using the paramedial law, it is easy to prove that (ab)(ed) = (dc)(ba)
for all a,b,c,d € S.

In an AG-groupoid S with left identity, we have a(bc) = b(ac) for all a,b,c € S.

An AG-groupoid S is called AG**-groupoid if z(yz) = y(xz2) for all z,y,z € S.

Throughout this paper, S will represent an AG-groupoid unless otherwise stated. For nonempty
subsets A and B of S we have AB := {abla € A and b € B}.

A nonempty subset A of an AG-groupoid S is called sub AG-groupoid of S if A% C A.

A nonempty subset A of an AG-groupoid S is called left ( resp. right) ideal of S if SA C A (resp.
AS CA).

If A is both a left and a right ideal of S then it is called a two-sided ideal or simply an ideal of S.
We denote by L[a?], R[a*] and J[a?], the priciple left ideal, right ideal, two sided ideal of an AG-
groupoid S generated by a? € S. Note that the principal left ideal, right ideal, two sided ideals of an
AG-groupoid S generated by a? are equal. That is L[a?] = R[a?] = J[a?] = Sa® = a®S = Sa®S =
{sa? : s € S}. The reader is invited to read [25,26]

An AG-groupoid S is called;

i) right regular if for all a € S, there exist x € S such that a = (aa)z.

ii) left regular if for all a € S, there exist « € S such that a = z(aa).

iil) regular if for all @ € S, there exist € S such that a = (az)a.

iv) intra-regular if for all a € S, there exist x,y € S such that a = (za?)y.

3. SOFT SET (BASIC OPERATIONS)

In [6], Atagun and Sezgin introduced some new operations on soft set theory and defined soft sets
in the following way:
Let U be an initial universe, E a set of parameters, P(U) the power set of U and A C E. Then soft
set fa over U is a function defined by: fa : E — P(U) such that fa(z) =0if z ¢ A.
Here f4 is called an approximate function. A soft set over U can be represented by the set of ordered
pairs

fa={(z,fa(z)):x € E, fa(x)e P(U)}.
It is clear that a soft set is a parameterized family of subsets of U. The set of all soft sets over U is
denoted by S(U).
Definition 3.1. Let f4, fg € S(U). Then f4 is a soft subset of fg, denoted by faCfs if fa(z) C fp(x)
for all z € E. Two soft sets f4, fp are said to be equal soft sets if fAéfB and fBEfA and is denoted
by fa=/5. i
Definition 3.2. Let fa, fg € S(U). Then the union of f4 and fp, denoted by faUfp, is defined by
faUfp = faup, where faup(z) = fa(z)U fp(x), for all z € E. N
Definition 3.3. Let fa, fg € S(U). Then the intersection of f4 and fg, denoted by faNfp, is defined
by falfs = fanp, where fanp(x) = fa(z) N fp(x), for all z € E.
Definition 3.4. [22] Let fa, fg € S(U). Then the soft product of f4 and fp, denoted by fA5fp, is
defined by
U {faly)N fe(2)} if 3 y,2z € S such that x = yz
(faofB) (x) == a=y-
0 otherwise.

Throughout this paper, let £ = S, where S is an AG-groupoid and A, B,C,--- are sub AG-
groupoids, unless otherwise stated.
Definition 3.5. [21] A double-framed soft pair {(a,);A) is called a double-framed soft set of A
over U (briefly, DFS-set of A), where o and 8 are mappings from A to P(U).
The set of all DFS-sets of S over U will be denoted by DFS(U).

For a DFS-set ((«, B) ; A) of A and two subsets v and § of U, the v-inclusive set and the J-exclusive
set of ((a, B); A), denoted by ia(c;y) and eq(8; ), respectively, are defined as follows:

ia(a;y) = {z € Ala(z) 27}
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and
ea(B;6) == {z € A[f (x) C 0}
respectively. The set
DFa(a, )y = A{z € Ala(x) 27,8 (x) € 0}

is called a double framed soft including set [21] of ((«, B) ; A) .
It is clear that DF4 (a,ﬁ)(%é) = ia(a;y) Nea(B;9).

Let ((o,8);A) and ((f,9);B) be two double-framed soft sets of A over U. Then the int-uni
soft product [23] is denoted by ((«, 8);A) O {(f,g);B) and is defined as a double framed soft set

((aiof, Bog) ; S) defined to be a double-framed soft set over U, in which acf, and 33g are soft mappings
from S to P(U), given as follows:

U{oz z)} if 3 y,z € S such that x = yz,
asf: S — PU),x+— ¢ 2—y-
0 otherwise,

~ ﬂ {By)Ug(2)} if 3y,z € S such that x = yz,
Bog:S — PU),z— ¢ g=y=

U otherwise.

One can easily see that the operation “¢” is well-defined.
Let {(c, 8); A) and ((f, g) ; B) be two double-framed soft sets of A and B respectively over a common
universe U. Then ((a, 8); A) is called a double-framed soft subset (briefly, DFS subset) of ((f,g);B),

denoted by (e, 8); A) C((f,9);B), if

i) AC B,

" o and f are identical approximations. i.e. a(e) C f(e)

if) (Ve € 4) < B¢ and g¢° are identical approximations. i.e. S(e) 2 g(e)

For any two DFS sets ((«, 8) ; A) and ((f,g); A) of A over U, the DFS int-uni set [21] of ((a, ) ; A)
and ((f,g);A), is defined to be a DFS set ((anf, 8Ug) ; A) whereanf, and SUg are mappings given
by aNf: A— P(U),z = a(x)N f(z), fUg: A— P(U),z — B(r)Ug ().

It is denoted by (v, 8); A) M1{(f,9); A) = ((anf,BUg) ; A).

For a non-empty subset A of S, the DFS set X4=(xa,x%; A4) is called the double framed charac-

teristic soft set where

Uifxe A

XA:S—)P(U),:J:—>{ Difzd A -

Difze A

XA:S%P(U),x%{ Uifzd¢ A -

We have the following lemmas.
Lemma 3.1. (cf. [24]) If S is an AG-groupoid then the set (DFS(U), Q) is an AG-groupoid.

Lemma 3.2. (cf. [24]) If S is an AG-Groupoid then the medial law holds in DFS(U).

That is for (o, 8);5),{(f,9);5), ((h,k);S) and {(p,q);S) € DFS(U), we have

(acf) s (hop) = ((hop) of ) oa and (5og) o (koq) = ((kog) og) of.

Lemma 3.3. (¢f. [24]) If S is an AG-groupoid with left identity then the paramedial law holds in
DFS(U). That is for all {(a, 8);5),{((f,9);S), ((h,k);S) and {(p,q);S) € DFS(U),

(aof)o(hop) = (pof)o(hoa) and (Bog)o(keq) = (gog)o(kof)

Lemma 3.4. Let ((«,8);S),{(f,9); ),<( k); S) and ((p,q);S) € DFS(U) the;z,

S) s ;
i) {(0,8):5) o (((£.9):.5) M ({h. K): S)) = (((e0, B):8) o ((£.9) :5)) 1 (e B): 5) o { (. k): 5)
1) IF{(£.9)55) E (hK):S) then {(0,8):9) o {(£.)5S) C {(c, B):S) o (. k);S)
( mﬁ f£§(a 1B)5S) T {(£.9):5) and {(h,k); S) T {(p. ) S) then (v, B); S)o ((h, k);S) T {(f.9): ) o
p,q);S)-

Proof. Straightforward. O
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Lemma 3.5. Let A and B be two non empty subsets of an AG-groupoid S then the following properties
hold:

i) If A C B then X 4C Xp.

%) XAMNXpg=XunB-

Z’LZ) XA <>XB = XAB-

Proof. Straightforward. O

4. DOUBLE-FRAMED SOFT IDEALS

In this section, we define double-framed soft AG-groupoids, double-framed soft left (resp. right)
ideal of S over U and discuss their properties in regular, intra-regular, right regular and left regular
AG-groupoids.

Definition 4.1. [24] Let S be an AG-groupoid and {(c, 3); A) be a DFS-set of A over U. Then
((ar, B); A) is called a double-framed soft AG-groupoid (briefly, DFS AG-groupoid) of A over U if it
satisfies o (xy) 2 a(z) Na(y) and B (xy) C B(x) U B (y) for all z,y € A.

Example 4.1. Consider an AG-groupoid S = {0, 1,2, 3,4} with the following multiplication table:

N Y Y TN e
e i el el e )
L R RN
N R Y ) TS TN

e e i ]

Wi =Of

Consider a double-framed soft {(c, 8);S) of S over U =Z~ defined by:
@ (0) = {71} y (1) = {*]w =2,-3,—4,-5, 76} y & (2) - {717 -2, 73} y & (3) = {717 73} )
a(4) = {~1,-3,-5}.
B (O) = {_L —2,-3,—4, _5} B (1) = {_17 _2} ) 5(2) = {_17 -2,-3, _4} )
B(3)={-1,-2,-3,-4,-6},8(4) = {-2,—4}.
By routine checking it is easy to verify that ((«, 8); S) is a double-framed soft AG-groupoid of S over

T T
0 0
universal set. Define a double-framed soft set {(f,g); B) of S over U as follows:

ro={3 0 ][5 8 ]}=rero=m={[3 ] |5 |}
ro={[o o]0 0]}

H=1,
s0={|0 0 ][ o]}=r@em={ 5 0]-[5 7]}

Again consider U = ] |z € Zg}, the set of all 2 x 2 matrices with entries from Zs be the

O N
(el \V]

o o

=49
00] 1 1] [2 2
9(4):{[0 0] 1o 0]’_0 0]}
Since f(3-3)=f(2) 2 f(3)N f(3) and/or g(0-0) =g (4) € g(0) U g(0). Hence, {(f,9);B) is not a
DFS AG-groupoid of S over U.

Theorem 4.1. Let ((o, B); A) be a DFS-set over U. Then {(a, ) ; A) is a DFS AG-groupoid over U
if and only if

((a,8); A) O (o, B); A) E ((a, B); A) .

Proof. Assume that ((«,8);A) is a DFS AG-groupoid over U. Let a € A C S. If (ada) (a) = 0
and (8of) (a) = U, then obviously, (aoa) (a) C a(a) and (5506) (a) 2 B (a). Suppose that there exist
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x,y € S such that a = zy. Then

)@= U a@na@ic Jabw
= LJa(a)zoz(a)7

and

(838) (a) = () {B@)UBW}2 [ B(zy)

a=zxy a=ry

= () 8)=

a=zy

Thus, (aoa) (a) € a(a) and (§55) (a) 2 B (a) Hence ((a, 8) ; A) O (e, B); A) E (e, ) ; A) -
Conversely, assume that ((«, 8);A) O (o, 8); A) C {(«, 8); A) . Hence ada C « and G55 D S. Let
x,y € AC S and a = zy, then we have

a(zy) = a(a) 2 (aow) (a)

and
B(zy) = B (a) € (BoP) (a)
= () {B@)UBW)}CB@) UBW).
Hence, {(a, 8); A) is a DFS AG-groupoid over U. O

Theorem 4.2. For a DFS-set {(«, 8); A) of A, the following are equivalent:

(1) {(ar, B); A) is a DF'S AG-groupoid of A.

(2) The non-empty y-inclusive set and d-exclusive set of {(a, B); A) are sub AG-groupoids of S for
any subsets v and § of U.

Proof. Suppose that {(a, 8); A) is DFS AG-groupoid of A. Let v and ¢ be subsets of U such that
ia(a;y) # 0 # ea(B;9). Then there exist z,a € A such that a(z) 2 v and B(a) € §. Let p,q €
ia(c;7y) then a(p) O v and a(q) 2 7. Since {(a, ) ; A) is DFS AG-groupoid of A, hence a(pq) 2
a(p)Nalg) 2 yN~y =+~. Thus pg € is(a;v) and so i4(a;7y) is sub AG-groupoid of S. Now suppose
v,u € es(B;0) then S(v) C ¢ and S(u) C J. Since ((«, 5);A) is DFS AG-groupoid of A, hence
Blvu) C Bw) UB(u) CoUI = 4. Thus vu € eq(B;96) and so e4(8;9) is sub AG-groupoid of S.
Conversely, suppose the non-empty 7-inclusive set and d-exclusive set of {(a, 3); A) are sub AG-
groupoids of S for any subsets v and § of U. Let z,y € A such that a(z) = 71, a(y) = v, B(x) = 61,
B(y) = 02. Let us take v =1 N2 and 6 = §; U da..Now a(x) =41 D y1 Ny =7 and so x € ix(;7).
Similarly y € ia(a;7y). By hypothesis, i4(a;7) is a sub AG-groupoid of S, hence zy € ia(a;7)
and so a(zy) 2 v = Ny = afz) Naly). Also as f(z) = §1 C §; Ude = 6 then = € ea(B;0).
Similarly y € e4(5;0). By hypothesis, e4(8;d) is a sub AG-groupoid of S, hence zy € e4(8;d) and so
B(xy) C 6 =01 Ude = B(x) U B(y). Therefore ((a, B; A)) is a DFS AG-groupoid of A. O

For any DFS-set ((a, 8); E) of E, let {(a*, 8*); E) be a DFS-set of E defined by

o*: E— P(U), x—>{ o) lfgCeZE.(aW)
7 otherwise

. B(x) if € ep(B;9)
g E— P(U), r—= { p otherwise

where v, 0, and p are subsets of U with n C a(z) and p 2 S(z).
Theorem 4.3. If ((«, 8); A) is a DFS AG-groupoid of A over U then so is {(a*, *); A).
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Proof. Suppose that ((«, 8); A) is a DFS AG-groupoid of A over U then non-empty ~-inclusive set and
0-exclusive set of ((«, 3); A) are sub AG-groupoids of S for any subsets v and J§ of U. Let z,y € A.
If 2,y € ia(a;7y) then zy € ia(a;y) and hence a*(zy) = a(zy) 2 alz) Na(y) = o*(z) Na*(y). If
2 & ia(asy) or y & ia(asy) then a*(z) = or a*(y) = n. Hence a*(zy) 2 7 = a*(z) Na’(y),

Now if z,y € ea(3;0) then zy € ea(B;6) and hence 5*(zy) = B(zy) C B(z) U B(y) = B*(z) U B*(y)
It o ¢ ea(8;0) or y & ea(B;9) then §*(z) = p or B*(y) = p. Hence B*(zy) C p = F*(x) U B*(y)
Therefore ((a*, 5*); A) is a DFS AG-groupoid of A. O

The converse of this theorem is not true in general.

Example 4.2. Suppose there are ten patients in the initial universe U given by:
U = {p1,p2, D3, P41, D5, D6, P7, P8 P9, P10} -
Let E = {e1,ea,e3,e4} be set of parameters showing status of patients in which
ey stands for the parameter “chest pain”
eo stands for the parameter “head ache”
e3 stands for the parameter “tooth ache”
ey stands for the parameter “back pain”
with the following multiplication table

€1 | €2 | €3 | €4
€1 | €3 | €3 | €3] ¢€q
€2 | €4 | €4 | €3 | €3
€3 | €4 | €4 | €4 | €Eq
€4 | €4 | €4 | €4 | €4

Define a DFS set {(«, 8); E) by

{p1,p2,p3, 05} if x =e1
{p1,p2,p3, P4, 05} if x = ez
{plap3ap5ap7} fo = €3
{p1,p3, 05,07, D0} if = ey

a:E— PWU), z—

{p1,p3} ifz=-er
{p1,p3, 05} if v = ez
B PU), .
f:8— PU) T {p1,p2} ifx =e3
{p1,p2} if x =eq

then ip(a;y) = {es, ea} for v = {p1,ps, ps,p7} and ep(B3;0) = {es, ea} for 6 = {p1,p2}.
According to the definition, we have {(a*, 5*); E) is defined as

{p1,p3} ifz=-er
{p1,p3} ifx = ez
{p1,p3,05, 07} if x = e3
{p1,p3,p5,p7, P9} if & = ey

o E— P(U), xr —

{P1,p2,p3,p4,p5} if v = e
* B — P(U , N {plaanp3ap4ap5} fo = €2
p ) * {p1,p2} if z=e3
{p1,p2} if x=e4
By routine checking, we have ((a*,*); E) is DFS AG-groupoid. But {(a,); E) is not DFS AG-
groupoid because a(ez) = a(erer) 2 aler) Na(ez) or Bles) = Blerer) € Bler) U B(er).
Theorem 4.4. Let A be a nonempty subset of an AG-groupoid S. Then A is a sub AG-groupoid of S
if and only if the DFS-set X4 = ((xa,X%);A) is a DFS AG-groupoid of S over U.

Proof. Straightforward. O

Let {(«a, 8); A) and {((a, B); B) be two DFS-sets over U then (aa,Bv)-product of ((a,5);A) and
((a, B) ; B) is defined [21] to be a DFS-set ((aanp,Bavp); A X B) over U in which
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aanpg : Ax B— P(U), (x,y) = alz) Nay)

Bavp:AxB— P(U), (z,y) = B(x) U B(y)

Theorem 4.5. For any AG-groupoids E and F as set of parameters, let {(a, 8); E) and {(c, B); F') be
DFS AG-groupoids of E and F respectively. Then (an, Byv)-product of ((«, B); E) and {(«, B); F) is a
DFS AG-groupoid of E x F.

Proof. We note that E x F is also an AG-groupoid with the operation (a,b) * (¢,d) = (ac, bd) for all
(a,b),(c,d)e EXF .

Let (u,v),(s,t) € E x F, we have agap((u,v) * (s,1)) =
D au) Na(s) Nalv) Na(t) = a(u) Na(v) Na(s) Nal(t)
and

B () % (5,1)) = Bov e (us, vt) = Blus) U B(ut) € Bu) U B(s) U B(v) U A(H)

= B(u) U B(v) U B(s) U B(t) = Bevr(u,v) U Bpvr(s ).

Hence (an, Bv)-product of ((«, 8); E) and {(«a, 8); F) is a DFS AG-groupoid of E x F. O

Definition 4.2. A DFS-set {(a, 8); A) of A over U is called a double-framed soft left (resp. right)
ideal (briefly, DFS left (right) ideal) of A over U if it satisfies:
a(ab) D a(b) ( resp. a(ab) 2 a(a))
and (ab) C B (b) (resp. B (ab) C B (a)) for all a,b € A.

A DFS-set {(«, ) ; A) of A over U is called a double-framed soft two-sided ideal (briefly, DFS two-sided
ideal) of A over U if it is both a DFS left and a DFS right ideal of A over U.

apar(us,vt) = a(us) N alvt)
= apar(u,v) Napar(s,t),

Example 4.3. There are six women patients in the initial universe set U given by

U:= {plap23p3ap4ap5ap6}'

Let S :={eg,e1,ea} be the set of status of each patient in U with the following type of disease
eg stands for the parameter “headache”,
ey stands for the parameter “chest pain”,
eo stands for the parameter “mental depression”,

with the following binary operation * given in the Cayley table:

* €y | €1 | €2
€0 | €o | €0 | €0
€1 €62 €2 €2
€2 | €0 | €0 | €0
Then (S, ) is an AG-groupoid. Consider a DFS-set {(«, 8);S) over U as follows:

{plap2ap3} fo = €,
Oé:S—)P(U),.I‘P—} {p23p3} Z.fx:elv

{plup27p3} fo = €2,

and

{p2;pa} if x = eo,
B:S— PU),z+—— < {p1,p2,ps,pa} ifz=e1,
{p1,p2;pa} if v =ea.
Then one can easily show that {(c,8);S) is a DFS ideal over U. However, if we define another
double-framed soft set ((f,g);S) such that

{p1,p2,p6} ifx=eq
f:8— PU),z+— < {p1} ifx=e
{p2,p4,p6} if t=eq

and
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{p2,p1,p6} if v =eg
g:8— PU),z+—q {p1,ps} ifr=e
{p17p27p3} fo = €2

Then ((f,g);S) is not DFS ideal of S over U, because

f(e2xe0) = f(eo) = {p1,p2,p6} 2 {P2, P4, p6} = [ (e2)
and/or
g(e2*xeo) = f(eo) = {p2,pa,p6} L {1, 2,3, P4} = g (e2).

Proposition 4.1. Let ((«, 3); A) be a DFS-set over U. Then ((«, B); A) is a DFS ideal of S over U
if and only if o (zy) 2 a(z) U (y) and B (xy) C B(x)N B (y) for all x,y € S.
Proof. Let ((a, 8); A) be a DFS ideal of S over U. Then a (zy) 2 a (y),a(zy) 2 a(z) and 8 (zy) C
B(y),6 (zy) C B(x) for all 2,y € S. Thus, a(zy) 2 a(z) Ua(y) and B (zy) C #(z) N B (y) for all
x,y €S.

Conversely, suppose that o (2xy) 2 a(z)Ua(y) and 8 (zy) C B(x) NS (y) for all z,y € S. Then
a(zy) 2 az)Ua(y) 2 alz),aly ) nd B (zy) € B (x)NE(y) € B(x),B(y). Hence ((a, )5 A) is a
DF'S ideal of S over U. 0

Proposition 4.2. Let ((a, ();A) be a DFS-set over U. If {(a,3); A) is a DFS left (resp., right or
two-sided) ideal over U. Then {(a, 8); A) is a DFS AG-groupoid over U.

Proof. Straightforward. O
Proposition 4.3. If S is an AG-groupoid with left identity e then every DFS right ideal is DFS ideal.

Proof. Let ((a, 5); A) be a DFS right ideal of A over U. Now let z,y € A, then a(zy) = a((ex)y) =

a((yz)e) 2 a(yz) 2 aly) and B(zy) = B((ex)y) = B((yx)e) € B(yx) C S(y). Hence a(zy) 2 aly) and
B(xy) C B(y) for all z,y € A. Thus ((«, 8) ; A) is DFS left ideal and hence ((«, 8) ; A) is DFS ideal of
A over U. 0

The converse of the above theorem is not true in general.

Example 4.4. Let S = {1,2,3,4} with the following multiplication table:

== N Mo =
DN DN DN DN
=W N | W
DO | DO | >

=W N ] -

It is easy to see that 3 is left identity in S.
Consider a DFS-set ((«, B);S) over U =Z as follows:

A7 if x =1,

) Zif v =2,

a:S— PU),z+— 87 if v = 3,

27 if x = 4

and

8Z if x =1,

) 16Z if x = 2,

B:8— PU),z— 7 if =3,

A7 if x =4

Then one can easily show that (( a,B);S) is a DFS left ideal over U. Hawever ((a, B); S) is not DFS
right ideal over U because a(1) = a(41) D a(4) and/or B(4) = (14) € B(1
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Proposition 4.4. (cf. [2/]) Let A be a nonempty subset of an AG-groupoid S. Then A is an ideal of
S if and only if the DFS-set X4 = ((xa,x%);A4) is a DFS ideal of S over U.

Proof. Straightforward O

Theorem 4.6. (cf. [24]) A DFS set ((a, 8); A) is DFS left (resp. right ) ideal of A over U if and only
if Xao((e, B); A) E (e, B); A) (resp. (o, B); A) o Xa E ((a, B); A)).

Proof. Straightforward 0
Theorem 4.7. If ((«, 8);S) is a DFS left (resp. right) ideal of S over U then so is {(a*, *);S).

Proof. Suppose that ((«, 8);S) is a DFS left ideal of S over U then non-empty ~y-inclusive set and J-
exclusive set of {(a, 8);5) are left ideals of S for any subsets v and § of U. Let a,b € S. If b € ig(c;7)
then ab € ig(a;v). Thus a*(ab) = a(ab) 2 a(b) = a*(b). If b ¢ is(a;~y) then ab € ig(a;7y) or ab ¢
is(a;y). If ab € ig(a;~y) then a*(ab) = a(ab) D n = a*(b). If ab ¢ is(a;v) then a*(ab) = n = o*(b).
In either case a*(ab) D a*(b) for all a,b € S.

Now if b € eg(B;9) then ab € eg(B;0) and hence S*(ab) = S(ab) C B(b) = B*(b). If b ¢ es(B;0)
then ab € eg(B;9) or ab ¢ es(B;9). If ab € eg(3;6) then B*(ab) = B(ab) C p = *(b). If ab ¢ es(5;9)
then 5*(ab) = p = B*(b). In either case f*(ab) C 5*(b). Therefore ((a*, 5*);S) is a DFS left ideal of
S. over U.

In a similar fashion, we can prove the result for DFS right ideal. O

The converse of the above theorem is not true in general.

Example 4.5. Suppose U =7 and S = {0,1,2} with the following multiplication table

0(1]2
0(0]0]|0
11222
210100
Then (S,-) an AG-groupoid. Consider a DFS ((a, 8);S) over U as follows:
AZ, if x = 0
a:S— PU), xr— ¢ 6Z ifz =1
47, if x = 2
and
16Z if x =0
B:S5— PU), T — 6Zif x =1
16Z if = = 2
Then for v =6 = 4Z we have ig(a;7y) = es(5;9) = {0, 2}.
Now define ((o*, 5*); S) as follows:
AZ, if x = 0
a* S — P(U), xr— < 12Z ifx =1
47, if x = 2
and
16Z if x =0
g*: S8 — PU), T — Zifx=1
16Z if = = 2

Routine calculations shows that {(a*, 5*); S) is a DFS left ideal over U. But {(a, 8); S) is not DFS left
ideal over U since a(0) = a(01) 2 a(1) and/or 5(0) = B(01) € B(1).
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Theorem 4.8. For any AG-groupoids E and F as set of parameters, let {(«, 8); E) and {(«, 8); F)
be DFS left (resp. right) ideals of E and F respectively. Then (an, Bv)-product of {(a,B); E) and
((a, B); Fy is a DFS left (resp. right) ideal of E X F.

Proof. By definition, the (ax, Bv)-product of ((«, 8); E) and ((«, 8); F) isa DFS ((agar, Bpvr); E X F)
in which

agar: Ex F — PU), (x,y) = alx)Na(y) and Bgyr : E x F — P(U), (x,y) = B(z) U B(y).

We note that F x F is also an AG-groupoid with the operation (a,b) * (¢,d) = (ac,bd) for all
(a,b),(c,d) € EXF .

Let (u,v), (s,t) € Ex F, we have aprpr((u,v) % (s,1)) = agar(us,vt) = a(us) Na(vt) 2 a(s) Na(t) =

aE/\F(S7t)7
and Bryvr((u,v) * (s,t)) = Brvr(us,vt) = B(us) U B(vt) C B(s) U B(t) = Bevr(s,t). Hence (an, Bv)-
product of {(«, 8); E) and ((«, B); F) is a DFS left ideal of E x F. O

Theorem 4.9. A DFS-set of a right reqular AG-groupoid S is DFS left ideal iff it is a DFS right ideal
of S over U.

Proof. Let S be a right regular AG-groupoid and let {(«a, 8); A) be a DFS-left ideal of A over U. Now
let a,b € AC S, soa €S Butsince S is right regular so there exist an element x such that a = (aa)z.
Now a(ab) = a(((aa)z)b) = a((bz)(aa)) 2 alaa) 2 a(a) and Aab) = B(((aa)e)b) = A((bw)(aa)) C
B(aa) C B(a). Hence ((«, B); A) is DFS-right ideal of A over U.

Conversely, let {(«, 5); A) be a DFS-right ideal of A over U. Take a,b € A C S, so a € S. But
since S is right regular so there exist an element = such that a = (aa)z. Now a(adb) = a(((aa)x)b) =
o((bx) (aa)) = a((ba)(za)) 2 alba) 2 a(b) and Alab) = B(((aa)z)b) = A(bx)(aa)) = Al(ba)(za)) C
B(ba) C 5(b). Hence ((«, B); A) is DFS-left ideal of A over U. O

Proposition 4.5. A DFS-set of an intra-reqular AG-groupoid S is a DFS right ideal if and only if it
1s a DFS left ideal.

Proof. Let ((«a, B) ; A) be a DFS right ideal of A over U. Let a,b € A. Since a € S and S is intra-regular
AG-groupoid so there exists x,y € S such that a = (za?)y. Then we have
a(ab) = a(((za*)y)b) = a((by)(za®)) 2 alby) 2 a(b). Also S(ab) = B(((za®)y)b) = B((by)(za®))
B(by) C B(b). Hence ((«, 8) ; A) is DFS left ideal of A over U.

Conversely, assume that {(a, 3); A) is a DFS left ideal of A over U. Now a(ab) = a(((za® =
a((by)(za®)) 2 a(za®) 2 a(a®) 2 ala). Also B(ab) = B(((xa®)y)b) = B((by)(za®)) C ﬁ( %) ¢
B(a?) C B(a). Hence ((a, 8); A) is DFS right ideal of A over U. O

Proposition 4.6. A DF'S right ideal of a reqular AG-groupoid S is a DFS left ideal of S.

Proof. Let {(a, 8);S) be a DFS right ideal of a regular AG-groupoid S. Let x,y € S. Since z € S and
S is regular so there exist a € S such that = (za)x. Thus,

a(zy) = a(((za)r)y) = a(yz)(za)) 2 a(yr) 2 aly) and S(zy) = H(((za)z)y) = B((yz)(za)) C
B(yx) C B(y). Hence ((a, 5); S) is DFS left ideal. O

N

Proposition 4.7. Every DFS right ideal of a regular AG-groupoid S is idempotent.

Proof. Let ((«, 8); S) be a DFS right ideal of a regular AG-groupoid S. Then {(«, 8); S) o ((«, 5); S)
(0, B); 8) 0 X C (@ B); S).

Now we show that ((«, 8);.5) C ((«, 8); S) o {(e, 8); S) . Since S is regular, so for any € S, there exist
an element y € S such that x = (a:y)

We have (ada) U {a(a) Na(d)} D a(zy) Na(x) 2 alz) Nalz) = alx)

1M

r=ab

and (85)(x) = ﬂ {Bla)UB(b)} € B(zy) U B(x) € Bx) U B(z) = Blx).
r=ab
Hence ((«, 8);5) C {(o, 8); S) ¢ {(cv, 8); S) and so {(«r, 8); S) = ((«t, 8); S) ¢ {(«v, B); S), which is the

desired result.
O

Proposition 4.8. Let {(«, 3);S) be a DFS right ideal and {((f,qg);S) a DFS left ideal of S over U,
respectively. Then (v, 8);.5) O ((f,9):5) E ((a, 8):5) T {(f,9);5).
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Proof. Let ((a,8);S) be a DFS right ideal and ((f,g);S) be DFS left ideal of S over U. Then
((a, B); S) € Xg and ((f,9);95) C Xg always true.

We have ((a, 8); S) o ((f,9); 5) E ((a, 8); §) © X5 E ((, B); S)

and ((a, B); S) o ((f,9);5) E Xs0((f,9);5) E ((f,9);5) - It follows that ((e, 5); )  ((f,9);5)
(e, 8); S)11A(f,9)55) -

Definition 4.3. A DFS ((«a, 3); A) of A over U is called DFS semiprime if a(a) 2 a(a?) and (a)
B(a?) for all a € A.

N O

Theorem 4.10. For a non empty subset A of an AG-groupoid S, the following conditions are equiv-
alent:

i) A is semiprime.

it) The DFS characteristics function X 4 is DFS semiprime.

Proof. (i)=-(ii). Assume that A is semiprime. Let a € A. If a> € A then a € A since A is semiprime.
Thus ya(a) =U = xa(a?) and x4 (a) = 0 = x4 (a?).
If a® ¢ A then ya(a?) =0 C xa(a) and x4 (a?) = U 2 x4(a). Hence X 4 is DFS semiprime.

(ii)=>(i). Assume X4 is DFS semiprime. Let a® € A. Then U = y4(a?). But xa(a) 2 xa(a?) =U.
Hence xa(a) =U and so a € A.
Also x4(a) C x4 (a?) =0, so x4 (a) = 0. Thus a € A. Hence A is semiprime. O

Proposition 4.9. For any DFS AG-groupoid {(a, 3); A) of A over U, the following conditions are
equivalent:

i) {(a, B); A) is DFS semiprime.

i) a(a) = a(a?) and B(a) = B(a?) for all a € A.

Proof. (1)=(ii). Assume ((a, 3); A) is DFS semiprime and let a € A. Now a(a) 2 a(a?) = a(aa) 2
ala)Nala) 2 ala), so a(a) = a(a?). Also B(a) C B(a?) = B(aa) C B(a)UB(a) = B(a), so B(a) = B(a?).

(i1)=(i). It is obvious. O

Proposition 4.10. For an AG-groupoid S with left identity e, the following conditions are equivalent:
i) S is left reqular.
it) Fvery DFS left ideal of S is DFS semiprime.

Proof. (i)=(ii). Assume that S is left regular. Let ((c, 8);S) is DFS left ideal of S. Let a € S. Since
S is left regular so there exist « € S such that a = z(aa).

Now a(a) = a(z(aa)) 2 a(aa) = a(a?®) and B(a) = B(x(aa)) C B(aa) = B(a?). Thus ((a,[);S) is
DFS semiprime.

(ii)=>(i). Assume (ii) holds. Since Sa? is left ideal s0 Xgq2 = ((Xsa2, X%,2); Sa?) is DFS left ideal and
so by hypothesis Xg,2 = <(X5a2,X§a2)5 Sa2> is DFS semiprime.

Since S is AG-groupoid with left identity so a® € Sa? and hence U = xg42(a?) 2 X542(a) 2 Xga2(a?).
Thus Xgq2(a) = U Hence a € Sa?.

In the other case 0 = x§,2(a®) C x§,2(a) € x§,2(a?). So x%,2(a) = O which imply a € Sa*. Hence in
any case a € Sa? and so S is left regular. O

5. CHARACTERIZATIONS OF INTRA-REGULAR AG-GROUPOIDS IN TERMS OF DFS IDEALS
In this section, we give some characterizations of intra-regular AG-groupoids using their DFS ideals.

Proposition 5.1. For an AG groupoid S, the following conditions are equivalent:
i) S is intra-regular.
it) Every DFS ideal {(c, B); A) is DFS soft semiprime.
iii) a(a) = a(a?) and B(a) = B(a?) for every DFS ideal {(cv, B); A) for all a € A.

Proof. (i)=-(iii). Suppose that S is intra-regular. Let {(a, 3); A) is a DFS ideal which is semiprime.
Take a € A C S, so there exist x,y € S such that a = (za?)y. Thus,

ala) = al(za?)y) 2 a(ra?) = a(z(aa)) 2 alaa) D ala) and so a(a) = a(a?).

Now B(a) = B((za?)y) C B(xa®) = B(z(aa)) C B(aa) C B(a) and so B(a) = B(a?).

(iii)=(i). Assume that for every DFS ideal ((a,); A) of A over U, we have a(a) = «(a?) and
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B(a) = B(a?) for all a € A.

Since J[a?] is an ideal of S, so X ji42) is DFS ideal of S. Since a® € J[a?], we have

XJ1a) (@) = Xja2(a®) = U. Thus a € J[a?] = (Sa?)S. Also XJaz) (@) = X?[[aZ](a2) = (). In this case, too,
a € J[a?] = (Sa?)S. Hence S is intra-regular.

(iii)=-(ii). Obvious.

(ii)=(iii). Let ((a, B); A) is a DFS ideal which is semiprime. Now a(a) 2 a(a?) = a(aa) 2 a(a). Thus
a(a) = a(a?).

Also B(a) C B(a?) = B(aa) C B(a). Thus B(a) = B(a?). This completes the proof. O

Theorem 5.1. For an AG-groupoid S with left identity e, the following conditions are equivalent.

i) S is intra-regular.

it) LN R C LR for every left ideal L and every right ideal R of S and R is semiprime.

iii) ((o, B); AY T {(f,9); B) E {(«, B8); A) o ((f, g); B) .for every DFS left ideal {(a, 8); A) and every
DFS right ideal {(f,q); B) and {(f,qg); B) is DFS semiprime.

Proof. (i)=-(iii). Assume that S is intra-regular. Let ((«, 3); A) is DFS left ideal and ((f,g); B) is
DFS right ideal over U. Since S is intra-regular, so for a € S, there exist elements x,y in S such
that a — (za®)y = ((2(aa))y) = ((a(za))y) = (y(za))a = (y(za))(ea) = (ye)((za)a) = (va)((ye)a) —
(’Ia)((ae)y)

Now (aof)(a U {a(p) N f(¢)} 2 a(za) N f((ae)y) 2 ala) N f(ae) 2 ala) N f(a)

and (#°g)(a ﬂ {B(p) U g(a)} € Bza) Ug((ae)y) € Bla) U g(ae) C f(a) U g(a).

Hence (o 8 AV 1{(£.9)5 B) C (0, 8): ) o (1.9 B).

Now f(a) = f((za®)y) = f((x a2)(€’y)) = f((ye)(azx)) = f(a*((ye)z)) 2 f(a?)

and g(a) = g((za®)y) = g((za®)(ey)) = g{(ye)(@*z)) = g(a?((ye)x)) € g(a?).

Thus ((f, g); B) is DFS semiprime.

(iii)=(ii). Assume that (iii) holds. Let L and R be left ideal and right ideal of S respectively Then

Xy is DFS left ideal and X g is DFS right ideal. Thus by hypothesis X; M Xz C Xz and Xpg is
DFS semiprime. Let a € LN R then a € L and a € R. Hence U = xrnr(a) = (xr N xr)(a) C
(xz o xr)(a) = xrr(a). That is xpr(a) = U and so a € LR.

In the other case ) = xqr(a) = (x§ Uxk)(a) 2 (x§ o x%)(a) = x§g(a). That is x5 z(a) = 0 and
so a € LR. Hence in any case L N R C LR. By Theorem 4.10, since Xp is DFS semiprime, so R is
semiprime.

(ii)=-(i). Assume that (ii) holds. We prove S is intra-regular. Let a € S. Then a = ea € Sa, where
Sa is left ideal of S and a? € a2S and a2S is right ideal of S.

By hypothesis a?S is semiprime and so a € a?S. Thus a € Sana?S C (Sa)(a®S) = (Sa?)(aS) C
(Sa?)(SS) C (Sa?)S. Hence S is intra-regular. O

Lemma 5.1. For an AG groupoid S with left identity, the following conditions are equivalent:
i) S is intra-regular.
it) RN L = RL for every left ideal L and right ideal R of S and R is semiprime.

Proof. Proof is available in [25]. O

Theorem 5.2. For an AG-groupoid S with left identity e, the following conditions are equivalent:

i) S is intra-regular.

it) ((a, B); A T1{(f,9); BY = {(ar, B); AY © ((f, 9); B) .for every DFS right ideal {(c, 8); A) and every
DFS left ideal {(f,g); B) and {(a, B); A) is DFS semiprime.

Proof. (1)=(ii). Let ((«, 8); A) is DFS right ideal and ((f, g); B) DFS left ideal of S over U.
By Proposition 4.8, ((a, 5); 4) ¢ ((f, 9); B) E (@, 8); A) " ((f, 9); B)-

Next we have since S is intra-regular, so for each a € S, there exist ,y € S such that a = (xa?)y.

Thus a = (za )y—(( ))y—(( a))y = (y(za))a = ((ey)(za))a = ((az)(ye))a.
Hence (a5f)(a) = | {a(p) N B()} 2 a((az)(ye)) N (a) 2 alaz) N B(a) 2 ala) N H(a)

a=pq
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and (85g)(a) = () {B(p) Ug(9)} € B((az)(ye)) U g(a) C Blaz) U g(a) € B(a) U g(a),

and so ((a, B); A) N {(f,9); B) E ((a, B); A)  ((f, 9); B). Thus (e, 8); A) T ((f,9); B) = ((, B); A) ©

((f,9); B).
Also a(a) = a((za®)y) = a((za®)(ey)) = a((ye)(a’z)) = aa®((ye)z)) 2 a(a?),
and B(a) = B((xa®)y) = B((za®)(ey)) = B((ye)(a’x)) = B(a*((ye)z)) C B(a?). Thus ((a, B); A) is DFS

semiprime.

(ii)=(i). Assume (ii) holds. Let L be a left ideal and R be a right ideal of S. Then X, is DFS left
ideal and Xg is DFS right ideal. By hypothesis, Xz M X, = X ¢ X, and Xg is DFS semiprime.
Since X is DFS semiprime, so by Theorem 4.10, R is semiprime.

Let a € RNL, then a € R and a € L. Hence U = xgnr(a) = xr(a) N xr(a) = (xroxw)(a) = xrr(a),
so a € RL. Also 0 = x5~ (a) = x%(a) N x5 (a) = (xGox5)(a) = x%(a), so a € RL. In any case
RN L C RL. The other inclusion RL C RN L is obvious, since S is intra-regular.

Thus RN L = RL. This along with R is semiprime implies that S is intra-regular. O
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