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SOME COMMON FIXED POINT THEOREMS IN GENERALIZED
VECTOR METRIC SPACES

RAJESH SHRIVASTAVA!, RAJENDRA KUMAR DUBEY?, PANKAJ TIWARI!:*

ABSTRACT. In this paper we give some theorems on point of coincidence and
common fixed point for two self mappings satisfying some general contractive
conditions in generalized vector spaces. Our results generalize some well-known
recent results in this direction.

1. INTRODUCTION AND PRELIMINARIES

In 2003, Mustafa and Sims [6] introduced a more appropriate and robust notion
of a generalized metric space as follows.

Definition 1.1. [6]. Let X be a nonempty set, and let G : X x X x X — [0,00)
be a function satisfying the following axioms:
(1) G(z,y,2) =0if and only if z = y = z;
(2) G(z,z,y) >0, for all x # y;
(3) G(wy,2) > G(w,2,y), for all 2,, 2 € X;
(4) G(z,y,2) =G(z,2,y) = G(z,y,z) = --- (symmetric in all three variables);
(5) G(z,y,2) < G(z,w,w) + G(w,y, 2), for all z,y,z,w € X.
Then the function G is called a generalized metric, or, more specifically a G-metric
on X, and the pair (X, G) is called a G-metric space.

A Riesz space is an ordered vector space and a lattice. Let E be a Riesz space
with the positive cone Ey = {z € E: x > 0}. If {a,} is a decreasing sequence in E
such that inf a,, = a, write a,, | a.

Definition 1.2. The Riesz space E is said to be Achimedean if %an 4 0 holds for
every E .

Definition 1.3. A sequence {b,} is said to be order convergent (or o-convergent)
to b if there is a sequence {a,} in E satisfying a,, | 0 and |b,, — b| < a,, for all n,
and written b, 2% b or o — limb,, = b, where |a| = sup{a, —a} for any a € E.
Definition 1.4. A sequence {b,} is said to be order-Cauchy (or o-Cauchy) if there

exists a sequence {a,} in E such that a,, | 0 and |b,, — bp4p| < @, holds for all n
and p.

Definition 1.5. The Riesz space E is said to be o — Cauchy complete if every
o — Cauchy sequence in o — convergent.

For notion and other facts regarding Riesz spaces we refer to [1].
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2. VECTOR G-METRIC SPACES

In this section we introduce the following concepts and properties of Vector G-
metric spaces.

Definition 2.1. Let X be a non-empty set and E be a Riesz space. The function
G: X x X x X — E is said to be vector G—metric if it is satisfying the following
properties :
(VGM-1) G(z,y,z) =0if and only if z = y = z,
(VGM-2) G(z,y,2) < G(z,w,w) + G(w,y, z),
for all z,y, z,w € X. Also the triple (X, G,E) is said to be vector G—metric space.
For arbitrary elements z,y, z,w € X of a vector G—metric space, the following
statements are satisfied
(1) G(z,z,y) > 0, for all z # y;
(2) G(.’E,y,Z) > G(xvxay)7 for all T,Y,z2 € X7
(3) G(z,y,2) = G(z,2,y) = G(z,y,x) = --- (symmetric in all three variables).
Example 2.2. A Riesz space E is a vector G—metric space with G : EXEXE — E
defined by G(z,y,2) = | — y| + |y — z| + |z — z|. This vector G—metric space is
called to be absolute valued G—metric space on E.
It is well known that R? is a Riesz space with coordinatwise ordering defined by

(z1,y1) < (22,y2) <= 21 <29 and y1 < Yo

for (xlvyl)v (IQ,yQ) € RQ.
Again R? is a Riesz space with lexicographical ordering defined by

< — d <
— b) _—
(93171/1) ($2 yz) < T1 <T2 Or T1 =2 ana Yy < Ya.

Note that R? is Archimedean with coordinatwise ordering but not with lexico-
graphical ordering.

Example 2.3. Let G : R? x R x R? — R? defined by

G((w1,1), (72, 92), (x3,¥3)) = (ax™, By™)

where v* = |21 — x|+ |v2 — 23]+ |23 — 21| and y* = |y1 —y2|+ Y2 —ys| +]yz —y1|
also a, 8 are positive real numbers. Then G is a vector G—metric space.

Let G : R x R x R — R? defined by

G(z,y,z) = (aw, fw)
where w = |z —y|+|y—z|+|2—2|, a,8 > 0and a+F > 0. Then G is a vector
G—metric space.
Definition 2.4. A sequence {z,} in a vector G—metric space (X, G,E) vectorial

G —convergence to some x € E, written z,, SE x, if there is a sequence {a,} in E
such that a, J 0 and satisfying,

(1) Gz, zn,2) < ap,

(2) G(zp,z,2) < an,
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(3) G(.T,n,l'm, 17) < an,
for all n.

Definition 2.5. A sequence {x,} is called Gg —Cauchy sequence whenever there
exists a sequence {a,} in E such that a,, | 0 and G(z,, Zm,Tm) < a, holds for all
n and m.

Definition 2.6. A vector G-metric space is said to be complete if each Ggp —
Cauchy sequence in X is E — convergens to a limit in X.
Using the above definitions, we have the following properties.
If =, LN x, then
(1) The limit = unique,
(2) Every subsequence of {z,} E—converges to z,
G G,
(3) If also y, AN y and z, N 2z, then G (2, Yn, 2n) — G(z,9, 2).
When E = R then the concepts of vectorial G — convergence and convergence

in G—metric space are the same also the concepts of Gg — Cauchy sequence and
G — Cauchy sequence are the same.

Remark 2.7. Tt E is a Riesz space and a < ka where a € E; k € [0,1), then a = 0.

Proof. The condition a < ka means that —(1 — k)a = ka — a € E. Since a € E;
and 1 —k > 0, then also (1 — k)a € E;. Thus we have (1 —k)a=0and a=0. O

3. MAIN RESULTS

Theorem 3.1. Let X be a vector G—metric space with E is Archimedean. Suppose
the mappings S, T : X — X satisfying the following conditions,

(i) for all z,y,z € X and o, 3,7,0 € [0,1) such that 0 < a+p+~v+d <1
G(Tz,Ty(31t) < aG(Sxz, Sy, Sz) + BG(Sz, Tx, Tx) + vG(Sy, Ty, Ty) + 6G(Sz,Tz,T%)

or

G(Tx, Ty3d2) < aG(Sx, Sy, Sz) + BG(Sxz, Sz, Tx) + vG(Sy, Sy, Ty) + 60G(Sz,Sz,Tz)

(ii) T(X) € 5(X),

(iii) T(X) or S(X) is complete subspace of X.
Then S and T have a unique point of coincidence in X. Moreover, if S and T are

weakly compatible, then they have a unique common fixed point in X.

Proof. Let x¢ be an arbitrary point in X, since T(X) C S(X) so we can choose a
point 21 € X such that Sxy; = Tzy. In general we can choose Sz, 11 = Tx, = yYn
for all n.

Now, form 3.1 we have

G(an,sxn+175l‘n+1) = G(Txn—thnaTxn)

< (a + ﬁ)G(Swnflv Sz, an) + (7 + 6)G(an7 Tn+1, $n+1)
a+ 3
G(S%,&)an+1,5xn+1) S mG(an_l,an,an).

Letq:%,then0§q<1since0§a+,8+7+6<1. So

(3.4) G(Szp, Stpi1,Stnt1) < qG(Szp_1,Sxn,Szy).
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Continuing in the same way, we have

(3.5) G(SZpn, Stpi1,STny1) < ¢"G(Sxg,Sz1,ST1).
Therefore, for all n,m € N,n < m, we have by (VGM-2)

G(ym Ym, ym) < G(y7l7 Yn+1, yn-i-l) + G(yn+1a Yn+2, yn+2) + o+ G(ym—h Ym, yn)
< (" H+ " "+ 4+ TG (o, 1, 1)
n
< G .
= 1.y (y0ay17y1)

Now, since E is Archimedean then {y, } is an Gg—Cauchy sequence in X. Since
the range of S contains the range of T' and the range of at least one is G g —complete,

so there is w € X such that Sz, SE, w. Hence there exists a sequence {a,} € E
such that a, | 0 and G(Sz,,w,w) < a,. On the other hand, we can find u € X
such that Sw = w.

Let us show that Tw = u, we have

GTw,u,u) < GTw,Txn, Tr,)~+ G(Tx,,u,u)
< aG(Sw, Sz, Sz,) + BG(Sw, Tw, Tw) + (74 6)G(Sxp, Ty, TTy) + ani1
< (a+B4+v+d5+ Dayy.

Since the infimum of the sequence on the right side of the above inequality are
zero, then Tw = wu. Therefore, w is a point of coincidence of T" and S. If w; is
another point of coincidence then there is w; € X with w; = Tw; = Sw;. Now
from 3.1 it follows that G(w, w1, w;) = 0, that is w = w;.

If S and T are weakly compatible, then it is obvious that w is unique common
fixed point of T and S in X.

If S and T satisfies condition 3.2, then the argument is similar to that above.
However to show that the sequence {z,} is Gg — Cauchy sequence, we start with

G(Sxp, Stp,Stpt1) = G(Tp-1,Txn_1,Txy,)
< (a+B+7)G(STn_1,5Tn_1,5T,) + G(STp, Tni1, Tni1)
a+p+
G(S@?)mﬁﬁwn+lvsxn+1) < #G(smnflasxn>smn)-

Letq:%’3}'7,then0§q<1since0§a+ﬁ+’y+5<1. So

(37) G(anasx’rusxn-‘rl) S qG(Sx’rL—laS'r7L—1;S-Tn)~

Continuing in the same way, we have

(38) G(Sl'n,s.’fn,SJZn_Fl) S qnG(SZL’(),SZE(),Sl’l).
Then for all n,m € N,n < m, we have by (VGM-2) we prove the remaining part
of the proof. O

Corollary 3.2. Let X be a vector G—metric space with E is Archimedean. Suppose
the mappings S, T : X — X satisfying the following conditions,
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(i) for all x,y,z € X and o, B,7,6 € [0,1) such that 0 < a+S+~v+d<1
GT"x, T"y, T"z) < aG(S™x,S™y,S™z) + BG(S™x, Tz, T x)
+yG(SMy, Ty, T™y) + 0G(S™ 2, T™2,T™z)
or
GTmz, T"y, T"z) < aG(S™x,S™y,S™z) + BG(S™x, Sz, T x)
+yG(S™y, Sy, T™y) + 0G(S™ 2,82, T" 2)
(ii) T(X) € 5(X),
(iii) T(X) or S(X) is complete subspace of X.
Then S and T have a unique point of coincidence in X. Moreover, if S and T are

weakly compatible, then they have a unique common fized point in X, also T™ and
S™ are Gg — continuous at u. .

Proof. From Theorem 3.1, we see that 77 and S™ have a unique common fixed
point (say u), that is, T™(u) = u. but T(u) = T(T™(u)) = T™*(u) = T™(T(u)),
so T'(u) is another fixed point for 7™ and by uniqueness T'u = u.Similarly we can
show that Su = u. O

Theorem 3.3. Let X be a vector G—metric space with E is Archimedean. Suppose
the mappings S, T : X — X satisfying the following conditions,
(i) for all z,y,z € X and « € [0,1) such that,
GBIy, Tz) < a{G(Sx, Sy, Sz), G(Sz, Tx,Tz), G(Sy, Ty, Ty),G(Sz,Tz,Tz)}
or
G(B4Wy, Tz) < a{G(Sx, Sy, Sz), G(Sx, Sz, Tx),G(Sy, Sy, Ty),G(Sz,Sz,Tz)}
(ii) T(X) € 5(X),
(iii) T(X) or S(X) is complete subspace of X.
Then S and T have a unique point of coincidence in X. Moreover, if S and T are

weakly compatible, then they have a unique common fized point in X, also T and
S are Gg — continuous at u.

Proof. Let xg be an arbitrary point in X, since T'(X) C S(X) so we can choose a
point 21 € X such that Sxy = Tzg. In general we can choose Sx, 11 = Tx, = yn
for all n.

Now, form 3.9 we have

G(Szy, Stpi1,Stnt1) = G(Txp—1,Tx,,Txy,)

< a{G(an—laan75$n)7G(Smnaan—i—lvsxn-‘rl)}
G(Stpn, Stpi1,STni1) < aG(Szp_1,STn,Sx,)
(3.11) G(Sxpn, STpi1,5Tn+1) < aG(Sxp_1,STy, STy).

Continuing in the same way, we have

(3.12) G(Sxpn, STpi1,STnt1) < a"G(Sxzg,Sz1,Sx1).
Therefore, for all n,m € N,n < m, we have by (VGM-2)
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G(yna Ym, ym) S G(y’ru Yn+1, yn—i-l) + G(yn+17 Yn+2, yn+2) + ...+ G(ym—la Ym, yn)
< (@ +a™ a4+ o™ TG (Yo, y1, )
a”
<

1_ aG(y()vylayl)'

Now, since E is Archimedean then {y, } is an Gg—Cauchy sequence in X. Since
the range of .S contains the range of T' and the range of at least one is G g —complete,

so there is w € X such that Sz, — w. Hence there exists a sequence {a,} € E
such that a,, | 0 and G(Sz,,w,w) < a,. On the other hand, we can find v € X
such that Sw = w.

Let us show that Tw = u, we have

GTw,u,u) < GTw,Tx,,Txy)+ GTxy,u,u)

< amax{G(Sw, Sz, Sz,), G(Sw, Tw, Tw),

G(STpn, STpi1,STni1), G(STpn, SThi1, STni1)} + ani1
(a+ Day,

IN

Since the infimum of the sequence on the right side of the above inequality are
zero, then Tw = u. Therefore, w is a point of coincidence of T" and S. If w; is
another point of coincidence then there is w; € X with w; = Tw; = Sw;. Now
from 3.9 it follows that G(w, w1, w;) = 0, that is w = w;.

If S and T are weakly compatible, then it is obvious that w is unique common
fixed point of T" and S in X.

If S and T satisfies condition 3.10, then the argument is similar to that above.
However to show that the sequence {z,} is Gg — Cauchy sequence, we start with

G(Sxpn, Stp,Stpt1) = G(T2p-1,Txp_1,Txy,)
< amax{G(Szn_1,5Tn_1,5%y), G(STn, Tni1, Tni1)}
G(Smn,Sazn+1,an+1) § OLG(SZ’n_l,an_l,S’JJn).

Continuing in the same way, we have

G(Szy, Stp, Stni1) < a"G(Sxzo, Sxo,Sx1).

Then for all n,m € N,n < m, we have by (VGM-2) we prove the remaining part
of the proof.
(I
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