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FRACTIONAL OSTROWSKI TYPE INEQUALITIES FOR FUNCTIONS WHOSE
FIRST DERIVATIVES ARE s-PREINVEX IN THE SECOND SENSE

BADREDDINE MEFTAH*

ABSTRACT. In this paper, we establish an fractional identity. Using this new identity we derives some
fractional Ostrowski’s inequalities for functions whose first derivatives are s-preinvex in the second
sense.

1. INTRODUCTION
In 1938, A.M. Ostrowski proved an interesting integral inequality, given by the following theorem

Theorem 1.1. [10] Let f : I — R, where I C R is an interval, be a mapping in the interior I°of I,
and a,b € I°, with a <b. If |f'| < M for all x € [a,b], then

b x_LH)Q
f(a:)—bia/f(t)dt <M (b—a) i+((b§)2)] Va € [a,b]. (1.1)

In the last decades, the inequality (1.1) has attracted much interest by many researchers, and
considerable papers have been published concerning the generalizations, variants, and extensions of
the inequality (1.1), for more detail we refer readers to [4,7-9,13,16,17] and references cited therein.

Recently, lot of efforts have been made by many mathematicians to generalize the classical convexity.
Hanson [3], introduced a new class of generalized convex functions, called invex functions. In [1], the
authors gave the concept of preinvex functions which is special case of invexity, and many authors have
study their basic properties, and their role in optimization, variational inequalities and equilibrium
problems, we refer readers to [11,12,15,20,21].

Igcan [5] established the following Ostrowski inequalities for functions whose derivatives are preinvex

Theorem 1.2. [5, Theorem 2.2] Let A C R be an open invexr subset with respect ton: Ax A — R
and a,b € A with a < a+ n(b,a). Suppose that f : A — R is a differentiable function and |f'| is
preinvez function on A. If f' is integrable on [a,a + n(b,a)], then the following inequality

a+n(b,a)

@) - iy [ Tadu] < 252

6

A (3 () -2 () 2 (=2285=) ) 1 @
+(1-3 () +a () 1o

holds for each x € [a,a + n(b,a)].

IN

]
v

Theorem 1.3. [5, Theorem 2.8] Let A C R be an open invex subset with respect ton: Ax A — R
and a,b € A with a < a + n(b,a). Suppose that f : A — R is a differentiable function and |f'|? is
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preinvez function on [a,a + n(b,a)] for some fixzed ¢ > 1. If f' is integrable on [a,a + n(b,a)], then the
following inequality
a+n(b,a)
1

f@) = sy [ Fdu] <n(ba) (3)'F

a

_ 2(1_%) z—a)(3n(b,a)—2x+2a) 1 _ 3 %
x{(;fb,:)) (= a4 2 (275) 17O
2(1-4) /1 3
a+n(b,a)—x q a+n(ba)—x / q
+ (2epae) 0 (3 (2= )

1
+(6+@aﬂggww2”)www)}

holds for each x € [a,a + n(b, a)].

Kirmaci [7] established the following midpoint inequalities for differentiable convex functions

Theorem 1.4. [7, Theorem 2.2] Let f : I° C R — R be a differentiable mapping on I°, a,b € I° (I°
is the interior of 1) with a < b. If | f'| is convex on [a,b], then we have

b
s [ e = 7 (254)] < B2 (£ @]+ 17 O).

Theorem 1.5. [7, Theorem 2.5] Let f : I° C R — R be a differentiable mapping on I°, a,b € I° (I°
is the interior of I) with a < b and let p > 1. If |f’|ﬁ is convex on [a,b], then we have

/f s (e < 5 (5t) (@@ eiror) T

+ (@ i) 7).

Wang et al. [18] established the following midpoint inequalities for functions whose the power of the
absolute value of the first derivatives are preinvex

Theorem 1.6. [18, Theorem 3.1] Let A C R be an open invex subset with respect ton: Ax A — R
and let f : A — R be a differentiable function. If |f'|? is preinver on A for q > 1, then for every
a,be A with n(b,a) # 0 we have

a+n(b,a)

2a+n(b a)
) / Flu)du— (P50l
@ e\ (2@l m))
[n(b,a)]| f(@)|*+2] ' ®)]* i 2| (@) "+ ®]* ) @
< b (( glrelt), (Arallrelt)),

Theorem 1.7. [18, Corollary 3.2] Let A C R be an open invexr subset with respect ton: Ax A — R
and let f: A — R be a differentiable function. If |f'| is preinvex on A, then for every a,b € A with
n (b, a) # 0 we have

a+n(b,a)

[ fwdu g ()| < B p@) 4 |6

Motivated by these results, in this paper we establish an fractional identity, and then using this
equality we derive some Ostrowski’s inequalities for functions whose first derivatives in absolute value
are s-preinvex in the second sense.
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2. PRELIMINARIES

In this section we recall some concepts of convexity that are well known in the literature. Throughout
this section I is an interval of R.

Definition 2.1. [1/] A function f: I — R is said to be convez, if
flz+ (1 —=t)y) <tf(x)+(1—1)f(y)
holds for all z,y € I and all t € [0,1].

Definition 2.2. [2] A nonnegative function f: I C [0,00) — R is said to be s-convex in the second
sense for some fizxed s € (0,1], if the following inequality

Flta+ (1= t)y) < f(2)+(1— " F(y)
holds for all z,y € I and t € [0, 1].

Let K be a subset in R™ and let f: K — R and n : K x K — R" be continuous functions.
Definition 2.3. [20] A set K is said to be invex at x with respect to 0, if

z+1in(y,x) € K

holds for all z,y € K and t € [0,1].

K is said to be an invex set with respect to n if K is invex at each = € K.
Definition 2.4. [20] A function f on the invexr set K is said to be preinvex with respect to n, if

fl@+tn(y,z) < (L—t) f(z)+1f(y)

holds for all z,y € K and t € [0,1].

Definition 2.5. [19] A nonnegative function f on the invezr set K C [0,00) is said to be s-preinver
in the second sense with respect to n, for some fized s € (0,1], if

fle+in(y,z) <A =1)°f(x) +°f(y)
holds for all z,y € K and t € [0,1].

Definition 2.6. [6/ Let f € Li[a,b]. The Riemann-Liouville integrals J, f and J* f of order oo > 0
with a > 0 are defined by

€T

Td@) = g [ @0 0 2>
1 )
Bei@) = g [ =T @ b>a

€T

respectively, where T'(a) = [ e~'t*"1dt, is the Gamma function and J2, f(z) = Jp- f(z) = f(x).
0

3. MAIN RESULTS

In what follows np : K x K — R, and K C R an invex subset with respect to 7, and a,b € K° the
interior of K such that [a,a + 7n(b,a)] C K. At first, we prove the following lemma.

Lemma 3.1. Let f : [a,a + n(b,a)] = R be a differentiable function with a < a +n(b,a). If f' € L
([a,a + n(b,a)]), then the following equality for fractional integrals

((25)" + (1- 22)") f@) - EE5E (2 f(@) + Iz fa+ 1 (b,0)))

z—a

76,y 1
= n(b,a) t*f'(a+tn (b, a))dt — (1 =1 f'(a+tn(b,a))dt (3.1)
{ ac/a

n(f:a)

holds for all x € [a,a + n(b,a)].
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Proof. Integrating by parts right hand side of (3.1), we get

7(b,a) 1
n(b,a) /t“f’(a+tn(b,a))dt— / (1= f'(a+tn(b,a))dt
’ D
(i(%)af(x)*a / t*! f(a+ tn (b, a))dt
0

+
N
—
|
Sls
Nl
2o

) @ [ =0 fak b

n(b,a)

- (&) +(-#y) ) f@-a / %71 f(a+ tn (b, a))dt
0
1
+ / (1—=8)*"" fla+tn(ba))dt | . (3.2)
nz(fzz)
Using the change of variable v = a 4 tn (b, a), (3.2) becomes
7o) 1
na) | [ erarmeaa- [ 1-0" et o)
O €T a
n(b,a)
(e} «
= (&) +(-5) )@
x a+77(b7a)
g | [0 et [ k) a0 fwd
() + (1= 555) ") @) = e (T2 f(@) + T34 fla+n (b,a))),
which is the desired result. O

Theorem 3.1. Let f : [a,a+n(b,a)] = R be a differentiable function such that n(b,a) > 0 and
1€ L([a,a+n(bya)]). If |f']| is s-preinvex in the second sense for some fizred s € (0,1], then the
following inequality for fractional integrals

(22)" + (1= 22)") #la) - C&s (U2 fa) + 2 fla+ n (0.)
< n(ba) <(B() (at+1s+1)+ b (1- nﬂg;g)“““) 1£'(a)]

+(1(za)a+s+l+8(s+1 a+l)— B (s+1a+1)>|f/(b)|)
ats+1 \n(b,a) ’ e ’

n(b,a)

(3.3)
holds for all x € [a,a + n(b,a)].
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Proof. From Lemma 3.1, and properties of modulus, we have

()" + (1= 255)") s@) — e (72 f(a) + T2 fla+ 0 (b,0)))

IGO) 1

< n(va) / 1/ (a + tn (b,a))| dt + / (1= )" |f'(a+ tn (b,a))| dt
0 _z—a_
n(b,a)

Using the s-preinvexity of |f’|, we obtain

((255)" + (1= 25)") £@) - S8 (2 fla) + I3 fa+n (b,0)))

z—a
(b,a

n )
< n(ba) / (£ (1= £)° | f(@)] + % | /(b)) dt
0

v [ (=0 i@l a o e ) d

n(l:d)

w(ay 1
= o || [ea-vas [ om0 i)
0 7732?:2)
7,0y 1
+ /t“*sdH— /tS(l—t)“dt |f'(b)]
O n—

1 r—a atstl /
= (o) ((Bame (a+ 15+ 1)+ i (1- 25) 1/'(a)]

1 (2= )T B at 1) - B La+1)) /4
+ (ot (555)" +BGHLa+ )= Ba (s+La+1))10)),

7(5.a)
(3.4)
where we use the facts that
75,47
/ t*(1—t)°dt = BJ{J,% (a+1,54+1)
0
1
/ (1-0)*dt = a+£+1 (1 N 770217,3))0HFSH
7(5.a)
7,
[ = i ()™
0
1
/ts(l—t)o‘dt = B(s—i—La—l—l)—B%(s—i—l,a—i—l). (3.5)
7a)
The proof is completed. O

Remark 3.1. In Theorem 3.1, if we put o = s = 1, we obtain Theorem 2.2 from [5].
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Corollary 3.1. In Theorem 3.1, if we choose v =
holds for fractional integrals

2a++(b’a), then the following midpoint inequality

2

a a P (a a et
e X (T F0) + Ty o+ (00) )
< n(b,a) ((B% (a+1,s+1)+ W) I ()|

+ (s + Bls+ La+ 1) = By (s+La+1)) |f()])

1
2

Remark 3.2. In Corollary 3.1, if we put @ = s = 1, we obtain Corollary 3.2 from [18]. Moreover if
we take 1 (b,a) = b — a, we obtain Theorem 2.2 from [7].

Theorem 3.2. Let f : [a,a+n(b,a)] — R be a differentiable function such that n(b,a) > 0 and

'€ L(la,a+n(b,a)]) and let ¢ > 1 with % + % = 1. If |f'|" is s-preinvex in the second sense for
some fized s € (0,1], then the following inequality for fractional integrals

()" + (1= 255)") 1) — e (72 f(0) + T2 fla+ 0 (5,0)))

atl s+1
< n(b,a) ( z—a ) » (u) PN
B (S+1)%(o¢p+1)% n(b,a) n(b,a) |f (b)|

s s+1 %
X(@—&mJ+Wﬂ®q+Q—(%ﬁ)+)ﬁww)) (36)
holds for all x € [a,a + n(b,a)].

Proof. From Lemma 3.1, properties of modulus, and Holder’s inequality, we have

()" + (1= 2%)") 70) = B (2 (@) + T2 F(a+ 0 (b,0))

nagb_»g) r n’?b_ﬁ) ¢
<n(b,a) /FWﬁ /|fw+mmeﬁ
0 0

Q=

1 1

N (/)<1_tdet /"\f%a+tnw~n»qm

7(5,a) 7(,a)
xr—a
n(b,a)

— n(b,a) T—a a+% l q
T apt)r (n(b,a)) / |f'(a+tn(b,a))|" dt

1
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Since |f’|? is s-preinvex, we deduce

((255)"+ (1- 25%)") £@) - S (U2 (@) + 2 f(a+ 1 (b,0)))

x

IN

(ap+1)P

@a
a-&-% ! s
w0, | (2} | [ @ ir @+ el o d
0

1 :
s-gm) | [ avr@r e e a

z—a
n(b,a)

at s+1
_ n(b,a) z—a v z—a 1\ 19
B (s+1)§(ap+1)% (("(b’“)> ((n(b’a)) [F(0)]

(1= (1)) If’(a)|q>; b1 )
< () e (1= Gas) ) |f’(b)lq>é> ,

which completes the proof. O

Corollary 3.2. In Theorem 3.2, if we choose x = 2a++(b’a)

, then the following midpoint inequality
holds for fractional integrals

a b,a =1 (q a o
f(2 +Z( )) - 2 (n(ig);l) <J2a+n(b,a) - (a’) + J2a+7;(b,a)+f(a + 77 (b’ a))) ‘

2

1 1
< nv.a) (If’<b>|“+(25“1)|f’<a>q) T (If’<a>|“+(2”11)|f'<b>|“>q
- 2u+% (s+1)%(ap+1)% 2o+t 2o+t

Remark 3.3. In Corollary 3.2, if we choose o = s =1, and n(b,a) = b — a, we obtain Theorem 2.3
from [7].

Theorem 3.3. Let f : [a,a+n(b,a)] — R be a differentiable function such that n(b,a) > 0 and

'€ L(la,a+mn(bya)]) and let ¢ > 1. If | f'|? s-preinvez in the second sense for some fized s € (0,1],
then the following inequality for fractional integrals

(Gts) "+ (1= 785) ") £0) = e V-1 (0) + I Sact n )

(a+1)' "7
1 1
ots+1 g (a+1)(1")
1 x—a / q r—a q
vame () Or) (- )

a+s+1
(e (1= 3) " ¢
) (3.8)

Q=

- (B(s+ La+1)—B.w (s+1,a+ 1)) \f’(b)lq)

7(5,a)

holds for all x € [a,a + n(b,a)].
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Proof. From Lemma 3.1, properties of modulus, and power mean inequality, we have

((255)" + (1= 2%)") £@) - SES (2 fl@) + T3 fa+n (b,0)))

c—a =7 / a-a a
7(b,a) n(b,a)
< n(ba) /t“dt /t“\f’(aﬂn(b,a))lth
0 0
1-1 3
1 ! 1 ’
. / (1— )" dt / (1= )% |f (a+ tn (b,a))|" dt
nz<z7,3> f(biz)
(a+1)(1-% '
= | () " / £ |f'(a+tn (b, a))|" dt
(a+1)" @ 0

A [ =01t o) a

n(b,a
r—a
n(b,a)

Since | f’|? is s-preinvex, we deduce

(%) + (1= 2%)") £@) - S5 (2 fla) + I3 fa+ 0 (b,0)))]

1
< n(b,a) ( r—a )(a+1)(1Q)
- (a+1)1—% n(b,a)

a r—a
n(b,a) n(b,a)

x| 1 (a)|? /t“(lft)sdt+|f’(b)|q /t““dt +<1*,ﬁ;3)

Q=

)(a+1>(1—§)

1 1

< |1 (@) / (1 —t)oFsdt + | f' (b)) /ts(lft)adt . (3.10)

— r—a

) 7
Substituting (3.5) into (3.10), we obtain the desired result. O
Remark 3.4. In Theorem 3.3, If we take o = s = 1, we obtain Theorem 2.8 from [5].

Corollary 3.3. In Theorem 3.3, if we choose x = , then the following midpoint inequality

holds for fractional integrals

2a+n(b,a)
2

1 a a I« a o
201 Ie +Z(b7 -2 (n(br,r(z))tl) <J2a+77(b,a) -fla)+ J2a+n2<b.a>+f(a +n (b, a») |

2

1
b,a q
2<a+1>(1:7(%)() +1)1f% ((Bé (@+Ls+1If (@l + (aJrsHl)?‘”sJrl ‘f/(b)lq)

1
2

(s+1,a+ 1)) |f’(b)|‘I)3) .

Remark 3.5. In Corollary 3.3, if we put o = s = 1, we obtain Theorem 3.1 from [18].
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