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TYPE-2 FUZZY G-TOLERANCE RELATION AND ITS PROPERTIES

MAUSUMI SEN!*, DHIMAN DUTTA! AND ASHOK DESHPANDE?

ABSTRACT. In this short communication we generalize the definition of type-2 fuzzy tolerance relation
and consequently the type-2 fuzzy G-tolerance relation in type-2 fuzzy sets. The type-2 fuzzy G-
tolerance relation helps in finding the type-2 fuzzy G-equivalence relation. Moreover, we have studied
the notion of type-2 fuzzy tolerance relation in abstract algebra.

1. INTRODUCTION

Type-2 fuzzy sets are relatively new in the world of fuzzy sets and systems. Although they were
originally introduced in 1975 by L. A. Zadeh [21], type-2 sets did not gain popularity until their
reintroduction by J. M. Mendel [12]. These newer fuzzy sets were now thought of as an extension
of the already popular fuzzy sets (now labelled type-1) to include additional uncertainties in the set.
Type-2 fuzzy sets are unique and conceptually appealing, because they are fuzzy extension rather than
crisp. Type-2 fuzzy sets have membership functions as type-1 fuzzy sets. The advantage of type-2
fuzzy sets is that they are helpful in some cases where it is difficult to find the exact membership
functions for a fuzzy sets. There are wide variety of applications of type-2 fuzzy sets in science and
technology like computing with words [14], human resource management [9], forecasting of time-series

[11], clustering [1,17], pattern recognition [3], fuzzy logic controller [20], industrial application [4],
simulation [18], neural network [2], [19], and transportation problem [13].

The concept of cartesian product of type-2 fuzzy sets was given by Hu et al. [10] as an extension
of type-1 fuzzy sets. The properties of membership grades of type-2 fuzzy sets and set-theoretic
operations of such sets have been studied by Mizumoto and Tanaka [15], [16]. Dubois and Prade [6]-

[8] discussed the composition of type-2 fuzzy relations and presented a formulation only for minimum
t-norm which is, perhaps, an extension of type-1 sup-star composition. Type-2 fuzzy relations (T2 FRs
in short) were introduced in [12]. There are different kinds of applications of fuzzy relations in the
theory of type-1 fuzzy sets. The other motivation of this research is to investigate T2 FRs and their
compositions. A type-2 fuzzy tolerance relation is a type-2 fuzzy reflexive and symmetric relation, but
not necessarily transitive relation.

The main objective of this paper is to generalize the definition of type-2 fuzzy tolerance relation and
consequently the type-2 fuzzy G-tolerance relation in type-2 fuzzy sets. The type-2 fuzzy G-tolerance
relation helps in finding the type-2 fuzzy G-equivalence relation. We have studied the concept of type-2
fuzzy tolerance relation in abstract algebra.

The paper is organized as follows : Section (2) introduces some basic definitions related to the
concept. We have discussed type-2 fuzzy G-tolerance relation and type-2 fuzzy G-equivalence relation
in Section (3). Section (4) deals with the conversion of type-2 fuzzy tolerance relation. Section (5)
describes type-2 fuzzy tolerance relation in algebraic structures.

2. PRELIMINARIES

Let us define some preliminary concepts in this section.
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Definition 1. [21] Let X be a non-empty universe. Then a mapping A : X — F([0,1]) is called a
type-2 fuzzy set (T2 FS, for short) on X, characterized by a membership function p ;(x) : X — F([0,1])
and is expressed by the following set notation : A = {(z,5(z)) : x € X}. F([0,1]) denotes the set of
all type-1 fuzzy sets that can be defined on the set [0,1]. pz(z), itself is a type-1 fuzzy set for value of
x € X and is characterized by a secondary membership function f, : J — [0,1]. Therefore, A can be
represented as : A = {< x,{(u, fo(u)) :u € J} > x € X}, where J C [0,1] is the set of all possible
primary membership functions corresponding to an element x.

Let pa(z) and pp(z) be the secondary membership functions of two type-2 fuzzy sets in the universal
set X. The operations of union, intersection and complement of two type-2 fuzzy sets A and B using
the Zadeh’s Extension Principle [21] are defined below:

Union: AUB = pa(z) Upup(z)

Intersection: ANB=pa (x) Nup(x)

_ Z fxiu) n Z fxq(uw)

ued wEJ

_ fu) A g(w)
B Z u/\w

u,weJ

Complement: A=-p A( )

Z 'LL
u€J I-u
Containment: A C B (A J B)Ifua(x) < pp(z) (pa(z) > pp(x))

where U is denoted as join, MM is denoted as meet, — is denoted as negation operator, V is denoted as
max and A is denoted as min operator as defined by Mizumoto and Tanaka [16] in type-2 fuzzy sets
respectively.

Definition 2. [12] The cartesian product of two type-2 fuzzy sets, say A and B on X is defined as
(A x B)(z,y) = A(z) A B(y) for all z,y € X.

Definition 3. [12] Let A, B be two type-2 fuzzy sets on X and Y respectively, then the type-2 fuzzy
relation (T2 FR in short) of type-2 fuzzy sets A x B is the type-2 fuzzy subset of X x Y.

3. TYPE-2 Fuzzy G-EQUIVALENCE RELATION
Type-2 fuzzy reflexive, symmetric and transitive relations were discussed in [10].

Definition 4. Let Q be a T2 FR on X. Then Q is said to be type-2 fuzzy

(1) reflezive if Q(z, x) =1 foralzecX.

(2) antireflezive if Q(x z)=0 forallz € X.

(8) weakly reflezive if Q(x y) C Q( x) and Q(y, x) C Q(x,x) forallx,y € X.
(4) symmetric if Q(x,5) = Quz).

(5) antisymmetric_ zfQ satisfies Q(z, z)
(6’) transitive if Qo Q C Q, where Qo
QoQ(z,y) = SSE{Q(x’Z) AQ(z9)}-

=0 or Q(x,z) =0 for all z,y € X(x #y).
Q is defined by

Dhiman et al. [5] have extended the definitions of type-2 fuzzy reflexive relation and type-2 fuzzy
equivalence relations.
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Definition 5. /5] Q is said to be type-2 fuzzy G-reflexive if
(1)0 < Q(z,x) < 1, where Q(z,x) lies between (0,1);
(1) Q(z,y) < tiél)f( Q(t,t) for allx £y in X.

0 and 1 memberships are denoted as 1/0 and 1/1 in type-2 fuzzy sets respectively. 0 membership in
a type-2 fuzzy set means that it has a secondary membership equal to 1 corresponding to the primary
membership of 0, and if it has all other secondary memberships equal to 0. Similarly, the meaning of
1 is same as 0.

Definition 6. A type-2 fuzzy relation Q in X is a type-2 fuzzy G-tolerance relation in X if Q is type-2
fuzzy G-reflexive and symmetric in X.

Definition 7. [5] A type-2 fuzzy relation Q in X is a type-2 fuzzy G-equivalence relation in X if Q
1s type-2 fuzzy G-reflexive, symmetric and transitive in X.

Example 1. Suppose that in a biotechnology experiment, three potentially new strains of bacteria have
been detected in the area around an anaerobic corrosion pit on a new aluminum-lithium alloy used in
the fuel tank of a new experiment aircraft. In a pair wise comparison, the following similarity relation
Q is developed . For example, the first strain (column 1) has a strength of similarity to the second

strain of 8%} + 8%, to the third strain a strength of 8:—3 + %. Hence,

1,09 01,02 04, 05
TTos ortoz o0atos
5_ | 01,02 1,09 06, 06
Q=] o1+toz 1tos o7 Tos
04 ., 05 06, 06 07 08
0atos ortos o7 tos
Clearly, (i) Q(z,z) >0
(i1) Q(z,y) C tin)f(Q(t,t) forallz # vy in X.
€
Therefore, Q is a type-2 fuzzy G-reflezive relation.
Again, Q(x,y) = Q(y, x) for allz,y € X.
Hence, Q is a type-2 fuzzy symmetric relation.
Now,
1,09 01,02 04, 05 1,09 01,02 04 05
TT0s o01Toz 04T o0s T1Tos ortoz o0atos
5 A _ | o1 2 1,09 6 1 0. 01,02 1,09 o 6
QoQ=1077+52 1+os ortos|°o|ortoz T1Tos o7tos
04 , 05 06, 06 07 , 0.8 04 , 05 06, 06 07 , 0.8
04 T05 07 Toe orTos 0471705 0706 07T os

Considering the composition of first row of first matriz and second column of second matriz, we get
the first element of the second column of the new matriz which is calculated as follows:

(=}

2

1 0.9 0.1 0.2y__ 0.1 0.2 0.1 0.2 _ 0.1
G+o G +o2)=c1toztor to5=01 T 03

(=)

—_

Similarly, (% + % % + %): % + %
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N
—
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o
o
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o
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Again, (33 + 35)T[(38 + 25)= 04 4 02 4+ 02 4 05 044

Nou, [(§ + §3) LI + 83 LI + 33

e
o
=
o
ot

Therefore, ToT L T

Therefore, T is not type-2 fuzzy transitive relation.

Hence, T satisfies all the conditions of type-2 fuzzy G-tolerance relations.
Consequently, T is a type-2 fuzzy G-tolerance relation.
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4. TYPE-2 FUzZY G-TOLERANCE RELATION TO TYPE-2 FUZZY EQUIVALENCE RELATION

Type-2 fuzzy tolerance relation can be converted to type-2 fuzzy G-equivalence relation by compo-
sition. Let us observe this example below:

Example 2. Consider the earlier Example 1

1,09 01,02 04,05

1T09 o017T02 04aT05

- 01,02 1,09 06, 0.6

T= 1toz 1tos o7 tos

04 , 05 06, 06 07 | 0.8

0atos o7rtos o7 tos

We conclude that T is a type-2 fuzzy G-tolerance relation from Ezxample 1.
Now,

1, 09 01, 02 04, 05 1,09 01,02 04, 05
1tos o01To02 04T05 1t0os o0rToz os4tos
~g+s—-|01,02 1,09 06, 0.6 01,02 1,09 06, 06
ToT=|[g1toz 1T09 orTtos|°|ortoz 1To9 o7 T 06
04 , 05 06, 06 07 , 0.8 04 , 05 06, 06 07, 0.8
04705 07 toe o071 os 0471705 07 toe o7 os

Let us now form a new matriz 7 with the new elements found from the 7 o 7.
Suppose,

02 , 0.2 02,02 02, 0.2

T tos oatos o01tos
= _ 0.2 0.2 0.2 0.2 0.2 0.2
T= oatos T 1o 07 t 0%

02 , 02 02,02 05, 05
04 705 07 06 07 "08

We have noticed from the above matriz 7 that it satisfies all the conditions of type-2 fuzzy G-equivalence
relation and symmetric relation. We now check whether T satisfies the type-2 fuzzy transitive relation.

0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.2
T Too oiatos o01Tos T Too oatos 01T 05
= i_|o2,02 02,02 02,02 02,02 02,02 02,02
ToT=\lgitos 1 tos ortos|°|loatos T tos 07 T o6
0.2 0.2 0.2 0.2 0.5 0.5 0.2 0.2 0.2 0.2 0.5 0.5
011705 071706 o7 tTos 041705 o071t06 o7 tos
0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.2
T t05 01T05 o014t 05 T 1+05 01T05 017105
soz_| 02,02 02,02 02,02 02,02 02,02 02,02
TOoT = o1 Tos5 1 tos ortos C o4 To5 1 tos ortos |-
0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.5 0.5
0471705 07 T06 o7 Tos 02t0o5 071to6 o7 Tos
Consequently, ToT C T
Therefore, T satisfies the transitive property.

Therefore, T is a type-2 fuzzy G-equivalence relation.

Definition 8. Let N be an ordinary set and 7 be a type-2 fuzzy G-tolerance relation on N. Then a
type-2 fuzzy subset Q of N is called a type-2 fuzzy G pre-class iff Q@xQ C 7i.e.Q(x)AQ(y) E 7(x,y) for
all z,y € N.

Example 3. Let N={x,y,z}.Then, T is a type-2 fuzzy G-tolerance relation on M, defined by the
following matriz:
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Let Q be a type-2 fuzzy subset of N defined by Q(x) = 0%7 + %, Q(y) = % + %, Q(z) = % + 8%3,
Then,

Lol
X
O
|

‘o
S [
_|_

‘O
[\l
¢ ‘.O
A
_|_

‘O
[Nl 1)
O‘O
A
_|_
O‘O
[N

04 . 05 01 4, 02 03 04
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Clearly, Q x Q CE 7, and hence is a type-2 fuzzy G pre-class.
% A B NA P ~ P\ — 0.7 , 0.8
There can be another R of N larger than Q such that R(z)AR(y) C 7(z,y) e.g. R(z) = 5% + 55>
Ry) =51 +053 R(E)=053+055

Definition 9. Let 7 be a type-2 fuzzy tolerance relation on N. A type-2 fuzzy subset C of N is called
a type-2 fuzzy G-tolerance class if C' is a type-2 fuzzy G pre-class and there exists no type-2 fuzzy G
pre-class D of N s.t. C C D.

Example 4. From the Ezample 3, R is a type-2 fuzzy G-tolerance class while Q is not.

Definition 10. A type-2 fuzzy G-tolerance space is a pair (M, T), where M is an ordinary set and T
is a type-2 fuzzy tolerance relation defined on M.

5. TYPE-2 Fuzzy TOLERANCE RELATIONS IN ALGEBRAIC STRUCTURES

We shall investigate how type-2 fuzzy tolerance relations can be applied in abstract algebra.

Let an algebraic structure ${ = (A, §) be given, where A is the set of elements of this structure
and § is the set of operations on this set. If a type-2 fuzzy tolerance 7 on A is given, we say that 7,
is compatible with i or i is a 7 tolerance algebraic structure if and only if the following holds: Let
f € § and let f be an n-ary operation. If we have 2n elements x1, %o, ..., Tn; Y1, Y2, ---, Yn of A such
that (x;,y;) € 7 for i = 1,2, .....,n, then also (f(x1,x2,....xn), f(Y1,Y2, -, Yn)) ET .

Theorem 5.1. Let 4 = (A, §) be an algebra and 11,72 be two type-2 fuzzy tolerance relation on M
which are compatible with U. Then the relation 71 N Ty is a type-2 fuzzy tolerance relation compatible
with U.

Proof. Let f € § be an n-ary operation on U and let z1, o, ..., Zpn; Y1, Y2, ..., Yn be elements of M such
that (x;,y;) € mNmafori =1,2,...,n. Then (z;,y;) € 71 and therefore (f(z1, z2, ..., Zn), f(Y1,Y2, -, Yn))
1. Similarly, (f(z1, 72, ..., Tn),f (Y1, Y2,
woyYn)) € Ta. Therefore, (f(x1,z2,...,2n), f(y1,Y2, -sYn)) € 71 N T2. As f was chosen arbitrarily, this
holds for any f € § and 7, N 7y is a compatible tolerance relation on U.

O

Theorem 5.2. Let G be a group, and let a type-2 fuzzy tolerance T be given on its set of elements.
If G is a type-2 fuzzy T tolerance semigroup with respect to multiplication, it is also a type-2 fuzzy T
tolerance group.

Proof. Suppose that G is a type-2 fuzzy 7-tolerance semi-group then (z1,y1) € 7, (z2,y2) € T implies
that (z1x9,y1y2) € 7 for arbitrary elements x1, xa,y1,y2 of G. It is necessary and sufficient to prove
that (z,y) € 7 implies that (z~!,y~!) € 7 for G to be a type-2 fuzzy 7-tolerance group for arbitrary
elements z,y of G. Let us consider two elements z,y of G and let (z,y) € 7. Suppose the identity
element of the group will be denoted by e. Since 7 is a type-2 fuzzy reflexive, (z=1,271) € 7. As
(v,y) €7, (71, 271) € 7, we obtain (zz~!,yx~!) € 7, therefore (e,yz~1) € 7. Similarly, (y~1,y7!) €
7 and (e,yxr~') € 7. Therefore, (y~te,y lyz=!) € 7 which means (y~!,27!) € 7. As 7 is symmetric,
also (z71,y~1) e O
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Theorem 5.3. Let G be a type-2 fuzzy T tolerance group, e its identity element. The set H of the
elements x € G such that (e,x) € T is a normal subgroup of the group G.

Proof. Suppose that x € H,y € H then according to the statement of the theorem (e, z) € 7, (e,y) € 7.
Since, (e,xz) € 7, (e,y) € 7, we obtain (e,zy) € 7. The type-2 fuzzy reflexive relation of 7 implies
that (z71,271) € 7.We have (e,x) € 7 and (z71,27!) € 7 then (z71,e) € 7 or (e,271) € 7 and
consequently x=! € H. Therefore, H is a subgroup of the group G. Let z € G and (z,z) € 7. Since
(e,z) € 7 and (z,2) € 7 imply (2,72) € 7. Again, (271,271) € 7 and (2,22) € 7 implies that
(e,z71zz) € 7. Hence, 2 'xz € H for any # € H and z € G. Therefore, H is a normal subgroup of
the group G. O

Theorem 5.4. Let G be a type-2 fuzzy T tolerance group, e its identity element. The set H of the
elements x € G such that (e,x) € T is isomorphic to the group G.

Proof. According to theorem 3, the set H of all elements x € G s.t. (e,z) € 7 is a normal subgroup
of the group G. Let z € H,y € H then according to the statement of the theorem (e,z) € 7 and
(e,y) € 7. Let z € G and consider the class zH in the group G. Let 2’ € zH,y' € zH . This shows
that ' = zx,y’ = zy, where « € H,y € H. Since z,y € H so (z,y) € 7. Asz € G and (z,2) € T
because 7 is type-2 fuzzy reflexive. Again, (z,z) € 7 and this together with (z,y) € 7 implies that
(zx,2y) € 7, thus (2/,y’) € 7. Let us have two elements 21,22 of G such that z;H # z0H. Let
x1 € z1H,x9 € 290H . This means that z1 = z1y1 , T2 = z2y2 where y; € H,ys € H. Suppose that
(x1,2) € T which implies that (2191, 20y2) € 7. The relations (27, 27!) € 7 and (2191, 222) € 7 imply
(y1, 2y L 22y2) € T. Again, (y1, 2, '20y2) € 7 and (y; ', y; ') € 7 which implies that (e, z; '2zoy2y; ') € 7
and therefore, zflzgygyfl € H. As H is a subgroup of the group G and the elements y1,y2 € H,
(zl_lzgygyl_l)ylygl = zfle € H. But then zo € 2 H, [because z3 = zl(zl_lzg)andzl_le € H| and
therefore z1 H = zo H which is a contradiction to the assumption that z1 H # 2o H. O

Theorem 5.5. Let S be a 7 type-2 fuzzy tolerance semi group . T its right(or left, or two sided )
ideal. The set TT of the elements x of S such that (z,z') € T where ' € T, is a right (or left, or two
sided, respectively) ideal of the semi group S.

Proof. Let x € 7T, let T be left ideal of S. There exists ' € T such that (x,2') € 7. Now, let
y € S. As the relation 7 is reflexive, we have (y,y) € 7. Then (z,2’) € 7, (y,y) € 7 which implies that
(zy,2'y) € 7. But 2’y € T because o’ € T and T is left ideal. Therefore, zy € 7T and 7T is the left

ideal of the semigroup. Similarly, for right and two sided ideal.
O

6. CONCLUSION

We have introduced the type-2 fuzzy G-tolerance relation and showed that it can result to type-2
fuzzy G-equivalence relations by composition. We have also studied the concept of type-2 fuzzy G-
tolerance relations in abstract algebra.
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