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ABSTRACT. This paper addresses an initial boundary value problem for the damped Burgers equation in
weighted Sobolev spaces on half line. First, it introduces two normed spaces and present relations between
them, which in turn enables us to analysis the existence and uniqueness of a local mild solution and of a
global strong solution in these weighted spaces. The paper also studies the well-posedness of this equation

in a semi-infinite interval.

1. INTRODUCTION

Nonlinear partial differential equations arise in a large number of mathematical and engineering problems
[1,2,6,7,17,25,27]. A number of problems arising in science and engineering are set in semi-infinite domains,
such as fluid flows in an infinite strip, nonlinear wave equations in quantum mechanics and so on. Burgers
equation is one of the well-known equations in mathematics and physics, which is used to describe various
kinds of phenomena such as mathematical model of turbulence [3] and the approximate theory of flow through
a shock wave traveling in a viscous fluid [4].

In this work, we consider the space variable z in Q = [0,000), and the damped Burgers equation [20, 23, 28]
in the following form

Ot — Puz + 0Pz +Ap =0, (z,t) € QxQ, (1.1)

with the initial condition

¢(x,0) = po(x), =€, (1.2)
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and the boundary conditions

©(0,t) = lim ¢(z,t) = li_)rn wz(z,t) =0, teq, (1.3)

r—00

where A is positive constant. The analytical and numerical methods for solving (1.1) including the Pseudo-
spectral methods [24], mixed finite difference and Galerkin methods [5], Taylor-Galerkin and Taylor-collocation
methods [10], Chebyshev spectral collocation methods [15], modified extended backward differentiation for-
mula [13] and modified Legendre rational spectral methods among others [19] have received much attention.
For more details see [11,12, 16,21, 26], among others. But, less attention has been paid to the study of
existence and uniqueness of solution for Burgers equation.

Moreover, the study of solutions for the partial differential equations in bounded domains have achieved
great success and popularity in recent years, while the study of solutions for the partial differential equations
in unbounded domains have only received limited attention. In [8], Goubet and Shen studied the third-order
KdV equation in a framework based on the dual-Petrov-Galerkin method on finite interval. Also in [14]
Khanal et al. studied the fifth-order Kawahara equation in weighted Sobolev spaces on finite interval. This
work deals with the existence and uniqueness of local mild solutions and of global strong solutions for the

even-order equation posed on semi-infinite domains. Lu and Li [19] employed an algebraic mapping of the

form w(x) = 2—;} and proposed a set of Legendre rational functions which are orthogonal in (0, 00). In this
paper, two normed spaces with the weight function x(x) = %d%w(x) = ﬁ on the half line are introduced.
Then the weak formulation of the linearized equation is considered:

— Paz +Ap=g. (1.4)

The existence and uniqueness of solutions to the above formulation is established with any g in these weighted
spaces. Furthermore, by applying fixed-point argument we present the uniqueness of a local mild solution of
(1.1) in semi-infinite interval.

The outline of this paper is as follows. Section 2 addresses, the special case of (1.1) in the form (1.4), then
two normed spaces are introduced and their properties are investigated. Section 3 presents well-posedness
results in the weighted spaces and describe the uniqueness of a local mild solution in these spaces. Finally,

Section 4 addresses the existence of a global strong solution in weighted spaces.

2. HARDY INEQUALITIES IN WEIGHTED SOBOLEV SPACES AND REPRESENTATION OF BILINEAR FORMS

In this section, a weak formulation of the boundary value problem for the linear equation is presented as
follows:
—%mc‘i‘)\(ﬁ:g’ IGQ,

(2.1)
©(0,t) = limg 00 (x, t) = limy o0 o (2, t) = 0,



Int. J. Anal. Appl. 16 (2) (2018) 266

is presented. We first introduce some notations. Let LP(2) with p € [1,+00] denote the usual Lebesgue

space and H*(Q) the usual L-based space. Let H}(Q) denote the completion of C§°(£2) under H*-norm.

Define
() = {90 € HJ(Q) : /Qcpz(ac)x(:c)dx < oo} . (2.2)
U(Q) = {<p € P(Q): /ngi(x)x(x)da: < oo} . (2.3)
We define the bilinear form in ¥ x ¥ by
Herd) = [ erl@)o@r(a))ade + [ plalo(a)da, (24)

for any ¢ and ¢ in ¥. Thus, for any g € P the weak form of (2.1) is defined by

b(p, ¢) = (9. ¢)p, (2.5)

In addition, we write P(Q2) for L2 (2) and denote the inner product in P by (.,.)p. We present the existence

and uniqueness results for (2.1). For this purpose, we first present the following two Lemmas.

Lemma 2.1. The spaces ® and ¥ endowed with norm [|¢||2 () and norm |¢s|l12() are Hilbert spaces.

The embedding relations C§°(2) — ¥ — & are dense and continuous and the following Hardy type inequality

holds:
p*(z) 1 [ i)
p*(z) 64 @i(if)

Proof. It is clear that [|¢[| 2 ) and ||Q01HL§(Q) are norms in ® and ¥, respectively. To show that C§°(Q) is
dense in ¥(Q), it suffices to show C5°(Q2)" = 0. Let ¢ € Cg°(Q)". In this case, for any test function ¢, we

have

> 1
/0 @m(x)qu(x)mdm =0.

Then, straightway computations lead to ¢, (z) = a(z + 1)%. Since @, € L2(Q), it can be concluded that
a = 0. Integrating once again, we get ¢(x) = b. Then the boundary condition ¢(0) = 0 leads to b = 0. This

being so, Cg°(Q2)" = 0. In a similar manner, it can be shown that C§°(€) is dense in ®(2).

We now prove the Hardy inequality (2.6). Let z € I = (—1,1),z = %2 and ¢(2) = ¢(z). To prove the first

z

inequality, it suffices to show that

/¢2 V2dz < 3/(3Z¢(z))2(1 - 2)*d=. (2.8)

Using ¢(—1) = 0, for any z € I we have

P2 (2)(1 - 2)3 / 2.(¢2(2)(1 — 2)*)dz
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Therefore

P2 (2)(1 - 2)3 +3f1w2 (1—2)2d2—2f1w 10,0 (2)(1 — 2)3dz
<2(f7, P (2) (1 — 2)2dz) 2 (7, (8:4(2))2(1 — 2)*d2)3.

With letting z — 1, we get (2.8). Moreover, we have

/(m2(ﬁ4dx /W‘ )(1 - 2)?

(Oup(x))? 1 / 2 4
I dr = — 0.1(2))(1 — 2)*d=z. 2.9
| B =5 [(@vera-2) (29)
Hence, by combining (2.8) and (2.9), we obtain the first result. To see that ¥ < ®, one can apply (2.6),
Il = [ @) pde < o sup lot@)—
Q (x+1)2 — 2eQ z+1

The bound for sup,cq, |¢(z) =15

—+1/ can be obtained as follows.

5 I R TN L " 1 "
) (%)m —2/0 Qp(m)@x(x)(x_‘rl)de 2/0 ¥ ( )($+1)3d

1 1 1 1
<2 . 2 _
< 20ip(w) g lrellee@) g e + 2pla) s laelol@) sl
8
< zliellolelle.

Therefore
8
liells < Slielle-

O

Lemma 2.2. (Lax-Milgram Theorem) Assume that W C V be two Hilbert spaces with continuous and dense

embedding. Let b(v,w) denote a bilinear form V- x W and suppose that there exists m, M > 0 such that
b(v,w) < Mllv[wlw, — VvoeV,iweW. (2.10)
b(w, w) > m|wl||%, Yw € W. (2.11)
Then for each G € V* (the dual space of V'), there exists v € V' such that
b(v,w) = G(w), Yw € W. (2.12)

This theorem is useful in showing the existence and uniqueness of a solution for a given differential

equation. This general version of Lax-Milgram Theorem is due to Lions [18]; see also Lemma 4.4.4.1 in [9].
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Theorem 2.1. Let A > 3. Then, for each g € P, there exists a unique solution ¢ € ¥ such that, for all
pev,

Therefore, we able define an operator S : D(S) — P given by

where D(S) ={p € ¥, Sp e P}.

Proof. For ¢ € ¥ and ¢ € U, we check that b(p, ¢) as defined in (2.4) satisfies the conditions set in Lemma

2.2. Hence, form (2.4) we can write

b, ) = / (@) () () + / pr(@)0(2)x (2)d + X / () (@) x(2)d. (2.15)

By using (2.6) and (2.7), the various terms of (2.15) on the right can be written in the following way.

A) o [ B oy
[ er@on@n@r < (| Eant ([ L8t = eluloly.

' pr) o 1o f @) s
[ eet@pote e <2 [ PRt | )

2 [ ha) [ B 2
< S Elgani( [ Bt = Siellole.

) [ @)
[, starstontenis < (| ESpant(f oS

6, [ o) [ B 6
< 5 Zgant([ Lhant = Fielulely.

Combining these three results, we have

64
b 8) < (3 + SN el e (216)

In order to prove the weak coercivity (2.11), for all ¢ € U we have
o) = [ @i+ [ pu@pa @i+ | Faxes
2 2 2
[ palx) ¢* () / ©* ()
—/Q(ijl)zdx S/Q(erl)Sda?—&-)\ Q(erl)?dm

2

@z () 2
> = .
2 /Q (z 1)2d33 lllw

Thus, by the Lemma 2.2, there exists ¢ € ¥ such that b(p, ¢) defines a linear functional G on ¥:

G(¢) = b(g, ). (2.17)
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From (2.16),

1Gllg- = sup ICEI

— < allel|lw < oc. (2.18)
scv |[Bllw

Hence, the functional G is continuous. Thanks to Riesz Representation Theorem, there exists a unique
g such that G(¢) = (g,¢)p. Since, g depends on ¢, so we can write this dependence as Sy = g, where

S : D(S) — @ is a linear operator. Therefore

G(¢) = blp, ) = (Sp, o) p. (2.19)
and || S¢|lp < M||¢|lw which means that S is continuous. Also we have

IS¢l = sup LN 5 10D g0y (2.20)
ocw  ||Pllp e |0l

Hence, S is bounded below. We now show that the range R(S) of S is closed. Indeed, if {S¢,} € P is a

Cauchy sequence then so is {¢,} € ¥ and by (2.20) we obtain

lom — enlle < B2llS(0m — n)llp = B2l Sm — Senllp-

So that {¢,} converges to some ¢ € W. Since S is continuous, {Sy,} converges to S¢ which proves that
R(S) is closed. Furthermore, we show that S is surjective. If this was not true, there exists a g € R(S)*
with ¢g # 0 such that (Sp, po)p = b(p, @) = 0 for each ¢ € . But this is contradiction with (2.4). Thus
wo = 0 and R(S) = P. Using (2.20) we get

SR Tele R Tele iR T sele el el - el 22

We now show that there is at most one element ¢ € U satisfying (2.17). Assume the contrary, i.e., that

b(p1,9) = G(¢) and b(we, ¢) = G(¢) for all ¢ € U. Then by linearity,
blo1 —¢2,0) =0,  Vopel. (2.22)
According to Lemma 2.1, as C§° () is densely embedded in ¥, there is a sequence ¢, C5°(£2) such that
On = P1 — Y2, mn U.
From (2.21),
lenlld < b(en, on) = b(p1 = 92,9n) + b(wn — (P1 = 2), ¢n)
< Mllpn = (01 = 02)llwllenllw.

Letting n — oo, one has ¢, — 0 in ¥ and consequently

ler = @2lle < llenllw + [len = (p1 = @2)llw = 0 asn — oc.

Therefore, 1 = g in . O
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3. THE DAMPED BURGERS EQUATION

In this section, we consider the damped Burgers equation (1.1) with initial and boundary values (1.2)
and (1.3). We study the mild solutions of this equation. To this end, we show that —S is an infinitesimal
generator of a semi-group where S is defined in Theorem 2.1. Using classical theory of linear semi-group

and the Hille-Yosida Theorem as presented in [22] we establish the following theorem for the operator S.

Theorem 3.1. Let P, S and D(S) be defined as in the previous section. Then operator —S in the infinitesimal

generator of a semi-group of contraction e~ * in P.

Proof. According to the Hille-Yosida Theorem it is sufficient to check that S is closed, D(S) is dense in P
and [[((A—S5)"1g|lp < 1/lgllp for any A > 0. From (2.21) it follows that S~' is one to one. Thus, S is closed.
D(S) is dense in P, since C§°(2) C D(95).

Let ¢ = (A + S)"1g where g € P. Then (A + S)¢ = g and

(9, 0)p = (A + S)p,0)p = Algl|% + (Sp, ) p. (3.1)

From (2.20) it immediately follows that (S¢,¢)p > 0. Then by (3.1) we have

lelle < slgllp
([
Before studying the mild solution, lets define the bilinear form on ¥ x ¥ as
Alp,8) = (pd)s  (p,0) €T x V. (3:2)

A mild solution of the initial boundary value problem (1.1) is a function ¢ € H = C([0,T]; P) N L?(0,T; V)

satisfying

22 4+ Sp=—A(p, )
©(0) = wo

(3.3)

where pg € P and T > 0. Let K(t) = e where S is defined in the previous section. We plan to apply a

fixed-point argument to the integral equation

o) = Kthpo =5 [ Klt=)A(p o) (34)

For this purpose, we show that if T" is small enough, then

o(t) = F(e(t), (3.5)

is a contraction H, where the right side of (3.4) is denoted by F'(¢(¢)).
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Theorem 3.2. For any given @og € P, there exists T > 0 such that the problem (1.1) has a unique mild
solution in H. Furthermore, the following energy identity holds for all t > 0:

el + [ lemldr < leolt +€ [ e lellelolud
0 0

Proof. We first prove that for any (¢, ¢) € ¥ x U,

1A(p, 9)]

Let v € ¥, one obtains by integrating by parts

1 1
v < Cllellzzllol zllellg-

(A(p, 6),9)p = /Q (0(2)b(2))s(@)x(x)dz

~— | el @@~ [ plao@i@n @i 33
By using Cauchy-Schwarz inequality to bound the first term on the right-hand side of this equality, we have

/Q*”(xW(x)wI(w)x(x)dm _ /

1 1
[ o@)o@) ) e

z+1

1
< .
< lle(@llzzll()llw sup [¢(z) = |
To bound sup,cq |¢(m)%ﬂ|, apply (2.6) in Lemma 2.1 to obtain

P g =2 [ 0@6.(0) o2 [ o) s
< 20(0) —

(x+1)3
1

1 1
e+ 216 g lesle)
< Clo@) I plo) e

Gre e
Therefore

1 1
/Qw(fﬁw(z)%(x)x(z)dﬂ: < Clle(@)llz2 l¢(@)[| Bl o) 1§ 19 () |-
By using (2.6) in Lemma 2.1, the second term in (3.8) can be bounded similarly.

/ (@) $(@) (@)X (@)de = —2 / (@) () —— () —
Q Q

e+ 10 @+ 1)

< 30 (0)]2l100) s e sup o)

dz

T+ 1|
1 1

< Clle(@)l 2 l¢(@)[| Bl o) g 1 ()| w- (3.11)
Hence, by inserting (3.10) and (3.11) into (3.8), we obtain (3.7). Similar process show that

[A(p, o)

1 1
v < Cllollzllell pllell- (3.12)
We now prove that

lellz2 < llpollz2-

(3.13)
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Taking the L2-inner product of (1.1) with ¢(z) over the interval (0, c0), we obtain
| v@etads — [ ple)pm@is + [ P@)pala)ds=0. (314)
Q Q Q
Using mainly integration by parts, we can write the various terms as
1 d 1d 1d
d — - 2 d e 2 d = - — 2 . 3.15
| etaretorte =5 [ Lo =55 [ Pade =5 Lol (315)
- [ P@artae = [ Ga)dn = o) (3.16)
/ O (x)py(x)dz = 0. (3.17)
Q
Substituting (3.15)-(3.17) into (3.14), we obtain
d 2 2
Zle@)llze = =2lles(@)llz-- (3.18)
Using the Poincare inequality on the right-hand side of inequality (3.18), we attain
d 2 _ 2 2
Zle@llze = =2lles(@)llz2 < —2lle()]Z.- (3.19)
Integrating inequality (3.19) with respect to time from 0 to ¢, we get
@)z < e~ llpo(2)]|z2- (3.20)

Since pg € L?(Q) and t € [0,T],then (3.13) is achieved. Now, let us introduce the Banach space P with

norm

el = sup |lellp + lellz20,79)-
t€[0,T]

(3.21)

Let D = 2||¢ol|r2 and Bp = {p € H : ||¢||g < D}. We now prove that if T is small enough, then F' maps

Bp into itself. Let ¢ € Bp and F(y) satisfies

d

5 F (@) +5F(p) = —Alg, ¢).

Hence
d
@IIF(@)H% +2b(F (), F(p)) = =2(A(e, ), F(¢)) p-
According to the proof of Theorem 2.1, we get
20(F (), F(9) = 2| F(¢)]3-

By using (3.7),

2/(A(p, ), F(9)) Pl < 2[|A(p, )]

v || F ()] w

<3|F()ly + Clielz=lelpliels.
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Therefore

||F(go)|\%>+/ IF (o) [3dr < ||900||?:+C/ le(I1Z2 e plle(r) v dr.
0 0

If we choose T > 0 such that D? + 8Cv/TD* < D2, then
I1F(o)lla < D.
To show F'is a contraction, first note that
F(p) = F(¢) = /OtK(tT)(A(<P¢,<P) + A, o — ¢))dr.
Using once again (3.7) and (3.12) for A(¢ — ¢, ) and A(¢, ¢ — ¢), respectively
t
IF () = F(o)lIp + /O IF () = F(o)I%
t

< /O (Iellzalle = dllplle = dlle + 19122l = dllple — ¢llw)dr

< OVT(lelze + Igl1Z:)lle — ol
If T is further restricted to 62 = 20T < 1, then

1F(p) = F(o)lla < dlle — ¢lla-

Applying the contraction mapping principle completes the proof of the theorem. O

4. STRONG SOLUTIONS

In this section, we study solutions of the boundary initial value problem (1.1) in a stronger sense and

establish the global existence and uniqueness of such solutions.

Theorem 4.1. Let Ty > 0 and @ € P(Q2) be given. Then there exists T € (0,To] such that it possesses a
unique solution

¢ € C([0,T); P) N L*(0,T; V).
Moreover, if there exist a constant C = C(T') > 0 such that

[pollL2) < C; (4.1)

then the problem (1.1) has a strong solution on [0,T].
Proof. For ¢y € P, Theorem 3.2 assures that (1.1) admits the unique solution
¢ € C([0,T); P) N L*(0,T; ¥). (4.2)

For the global existence, we only have to show that the solution cannot blow up at any finite time 7. For

this purpose, we apply (3.13) to show that, for t € [0, T,

le@)llp < C(T)lleollp- (4.3)
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Taking the H-inner product of (1.1) with ¢ over the interval (0, c0), we get

[ earatona@s = [ c@pmoni+ [

2(@)s (2)x(x)dz + A / Pla)(@)dr=0.  (44)
Q

Q

The terms on the left can be written as

’

— T)0pe(2)x(x)dr = 2(z)x(z)dz ). (2)x (z)dx
/Qsouso()x()d /Q%()X()de/QsO()w()x()d

1 1" 1
_ 2 2 _ 2 2
=lell -5 [ SN @dr=llelh -3 [ PO @)
/ 2(2) g () x(2)dz = —3/ 3(2)x (2)dz = g/ S(a)—dg (4.6)
Substituting (4.5) and (4.6) into (4.4), we obtain
d 2 2 / 2 1 2 / 3 1 / 2 1
— =3 ———dx — - ———=dxr — A ———=dx. 4.7
The terms on the right-hand can be bounded as
| P e < [ Po) e = ol (18)
0 @+ ~ Jg (z +1)?
/ S(2)—dp < / S(2)—da —/ ()2 () ——da
o VP T ST e T LT sy
1 1 1 1
< slell + 5llelizllels < Slel? + 5lleollZ:llell?- (4.9)
Inserting (4.8) and (4.9) into (4.7), we have
d 10 1
el +llels - (gll@\l% + §H<Po||2m el + Allll?) < o.
On the other hand, since ||¢|lp < ||¢|lw, we conclude that
d 7 1
Dlolls — (4 3 leollza + M) <.
Applying the Gronwall’s inequality completes the proof of this theorem. O
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