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COUNTABLY INFINITELY MANY POSITIVE SOLUTIONS FOR EVEN ORDER
BOUNDARY VALUE PROBLEMS WITH STURM-LIOUVILLE TYPE INTEGRAL
BOUNDARY CONDITIONS ON TIME SCALES

K. R. PRASAD* AND MD. KHUDDUSH

ABSTRACT. In this paper, we establish the existence of countably infinitely many positive solutions
for a certain even order two-point boundary value problem with integral boundary conditions on time
scales by using Holder’s inequality and Krasnoselskii’s fixed point theorem for operators on a cone.

1. INTRODUCTION

The study of dynamic equations on time scales unifies existing results in differential and finite dif-
ference equations, and provides powerful new tools for exploring connections between the traditionally
separated fields. For details refer to the books by Bohner and Peterson [6], [7], Lakshmikantham et
al. [23] and the papers [1], [3], [19].

The boundary value problems with integral boundary conditions occur in the study of nonlocal
phenomena in many different areas of applied mathematics, physics and engineering, in particular, in
heat conduction, chemical engineering, underground waterflow, thermo-elasticity, plasma physics, [2],
[10], [11], [21], [22], [27], [33], [36] and reference therin. Recently, authors established the existence of
positive solutions to boundary value problems with integral boundary conditions on time scales; for
details, see [9], [12], [13], [18], [26], [28], [32], [34] and reference therein.

However, to the best of our knowledge, little work has been done on the existence of positive
solutions for higher order boundary value problems with integral boundary conditions on time scales.
We would like to mention some results of Karasa and Tokmak [20], Li and Wang [25], Li and Sun [24],
Cetin and Topal [8], and Sreedhar et al [31] which motivate us to consider the problem (1.6)-(1.7). In
2013, Karasa and Tokmak [20] established the existence of a positive solution of the following third
order boundary value problem with integral boundary conditions,

(o(—u22(1)* +a(0)f (¢, u(t) ut (1) = 0, € [0.1]r.
au(0) — bu®(0) = /0 g1(s)u(s)As, cu(l) + du®(1) = /0 g2(s)u(s)As, u>(1) = 0,

by using four functionals fixed point theorem. In the same year, Li and Wang [25] studied the existence
of a positive solution of the following nonlinear third order boundary value problem with integral
boundary conditions,

(qs(quf(t)))A +a(0)f (6 u(t),ut (1) =0, ¢ € 0,1]r,
au(0) — bu®(0) = / g1(s,u(s))As, cu(1) + du®(1) = / g2(s)u(s)As, u>(1) =0,
0 0

by applying a generalization of the Leggett-Williams fixed point theorem. In [24], Li and Sun studied
the following boundary value problem on time scales,

a®(t) +p(t)a” (t) = f(t,2°(t)), t € (0, T),
o(T)
2(0) = B27(T) = a / 27(5)Ag(s),
0

(1.1)

(1.2)

(1.3)
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where x° = z o g, and by using fixed point index theory the existence of infinitely many positive
solutions for (1.3) are obtained. In [8], Cetin and Topal investigated the existence of solutions for
integral boundary value problems on time scales,

Pl O] + a(0)o(t) = £(t.2(0), ¢ € by,
az(p(a)) ~ 5 (p(@) = [ ma(a(e) V5,2 (t) + 820 = [ ha(as) Vs,
p(a)

p(a)

(1.4)

by using Schauder fixed point theorem in a cone and by the method of upper and lower solutions. In
2017, Sreedhar et al [31] considered the 2n‘" order boundary value problem with integral boundary
conditions on time scales,

(=Dt (t) = f(t,u(t)), t € (0, 1),

; ! ‘ 1.5
u?’ (0) = u?’ (1) = / ai+1(a:)uA2 (x)Az, 0<i<n-1, (1.5)
0
where n act as positive. By using Avery-Henderson fixed point theorem, the authors established the
existence of even number of positive solutions for (1.5).
Motivated by the work mentioned above, in this paper we investigate the existence of infinitely
many positive solutions for the even order boundary value problem on time scales given by

(=)™ (1) = w(t) f (u(?)), t € [0, 1], (1.6)

satisfying the Sturm-Liouville type integral boundary conditions

1
i 1uBV(0) = B uAY)A(0) = / ais1(s)u®V) (5)Vs, 0 <i<n—1,
. . 01 . (L.7)
Y1V (1) 4 6 u AV A (1) = / biv1(s)uAY) (8)Vs, 0<i<n—1,
0
where n > 1,T is a time scale, f € C([0,+00),[0,+00)),w(t) € L%[0,1] for some p > 1 and has
countably many singularities in (0, %)T We show that the boundary value problem (1.6)-(1.7) has
countably infinitely many positive solutions by imposing suitable conditions on w and f. The key tool
in our approach is the Hdlder’s inequality and Krasnoselskii’s fixed point theorem for operators on a
cone.

2. PRELIMINARIES

In this section, we provide some definitions and lemmas which are useful for our later discussions;
for details, see [2], [4], [5], [6], [16], [30], [35].

Definition 2.1. A time scale T is a nonempty closed subset of the real numbers R. T has the topology
that it inherits from the real numbers with the standard topology. It follows that the jump operators
o,p: T—=T,

ot)=inf{reT:r>t}, pt)=sup{reT:r<t}

(supplemented by inf () := supT and sup® := inf T) are well defined. The point t € T is left-dense,
left-scattered, right-dense, right-scattered if p(t) =t, p(t) < t, o(t) =t, o(t) < t, respectively.

By an interval time scale, we mean the intersection of a real interval with a given time scale. i.e.,
[a, 0] = [a,b] N T other intervals can be defined similarly.

Definition 2.2. Let ua and pv be the Lebesgue A— measure and the Lebesque V—measure on T,
respectively. If A C T satisfies ua(A) = v (A), then we call A is measurable on T, denoted u(A) and
this value is called the Lebesgue measure of A. Let P denote a proposition with respect to t € T.

(i) If there exists By C A with ua(E1) = 0 such that P holds on A\E, then P is said to hold
A-a.e. on A.

(i) If there exists Fy C A with pv(E2) = 0 such that P holds on A\Es, then P is said to hold
V-a.e. on A.
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Definition 2.3. Let E C T be a V-measurable set and p € R =R U {—00, +co} be such that p > 1
and let f: E — R be V-measurable function. We say that f belongs to L%, (E) provided that either

/ P Vs <oo if peR,
B

or there exists a constant M € R such that
|fl <M, V—a.e. onE if p=-+co.

Lemma 2.1. Let E C T be a V-measurable set. If f: T — R is a V—integrable on E, then

/ vs_/f )ds + Y (ti — p(t:)) f(ta),

i€l
where Ip :=={i € I :t; € E} and {t;}ic1,I C N, is the set of all left-scattered points of T.

For convenience, we introduce the following notation throughout the paper: For 7 € (0, %)T,

Gi(t) =i + 6 — vit, Yi(t) == Bi + ast, d; := vifi + id; + iy,

i = (S8 55 4 [ [ s
-/ 1 |/ 1 Gi(s. )V w9 = - a6 O v = / LtV
v; */ bi(t)Yi()VE, vf ::;/Olbi(t)@(t)Vt,

— vi)$i(t) + vii(t) (1 — wi)hi(t) + uii(t)

0;(t) := , Gilt) == )

()= dl((l —u;)(1—v;) — u*v*) Gi(t) : di((l —u;)(1—v;) — ujv:‘)

07 =max0y(t), ;" == te[ﬂmg]T 0:(t), ¢ = max(i(t), ¢ 1= te[r,mfi}%T Gi(t),
1 1—7 1 1—7

a;‘ Z:/ ai(t)Vt, ai(T) Z:/ ai(t)Vt, b;k Z:/ bl(t)Vt, bl(T) Z:/ bz(t)vt7
0 T 0 T
1 1—7

g = / Gi(t, )V, gi(r) = [ Gi(t, )9, and Jy == [0, 1],
0 T

We make the following assumptions throughout the paper:

(H1) there exists a sequence {t;}72, (k € N), t; < {, hm ty =t" >0 and lim w(t) = +oo for all

k=1,2,3 o
(H2) w € L% (Jy) for some 1 < p < +oco and there exists m > 0 such that w(t) > m for all
[t*,1 — t*]T’

(H3) f: Jo x [0,400) — [0, +00) is continuous,

(H4) a;,b; € Ly (Jo) for all 1 < i < n, are nonnegative and (1 — u;)(1 — v;) — vjfu} > 0 for all
1 <i<n,on Jy,

(H5) iy Biy YVis 0; > 0 such that d; := Yil3i + ;0; + a;y; > 0 for each 1 < i < n.

The rest of the paper is organized in the following fashion. In Section 2, we provide some definitions
and lemmas that provide us with some useful information concerning the behavior of solution of
the boundary value problem (1.6)-(1.7). In Section 3, we construct the Green’s function for the
homogeneous problem corresponding to (1.6)-(1.7), estimate bounds for the Green’s function, and
some lemmas which are needed in establishing our main results are provided. In Section 4, we establish
a criteria for the existence of countable number of positive solutions for the boundary value problem
(1.6)-(1.7) by applying Krasnoselskii’s fixed point theorem in cones. Finally, we provide an example
of a family of functions w(t) that satisfy conditions (H1) — (H3).



COUNTABLE MANY POSITIVE SOL. FOR EOBVPS WITH IBCS ON TIME SCALES 201

3. GREEN’S FUNCTION AND BOUNDS

In this section, we construct the Green’s function for the homogeneous problem corresponding to
(1.6)-(1.7) and estimate bounds for the Green’s function.

Lemma 3.1. Let (H4),(H5) hold. Then for any h(t) € C(Jo), the boundary value problem,

—u”V(t) = h(t), t € Jo, (3.1)
a;u(0) — B;u™(0) = /01 ai(s)u(s)Vs, 1 <i<n, (3.2)
yiu(1) + d;u” (1) = /1 bi(s)u(s)Vs, 1 <i<n, (3.3)
has a unique solution ’
u(t) = 1 Ki(t,s)h(s)Vs, for 1<i<n, (3.4)
where, i
Ki(t,s) = Ga(t, s) + 0t /G (r, 8)a; (1) Vr + Gi(t /G v, 8)bi(r)Vr, (3.5)
for1<i<n,

Proof. Suppose that u is a solution of (3.1), then, we have

// r)VrAs+ At + B

_ /(t—s)h( )Vs+ At + B

where A = lim u®(t) and B = u(0). Using the boundary conditions (3.1), (3.2) we can determined A
and B as 77

A= d%/ [aibi(s) — viai(s)|u(s)Vs + Z—:/ [vi(1 =) + &;]h(s)Vs

0 0

- d%/o [(v; + 0:)ai(s) + Bibi(s)]u(s)Vs + 5:/0 [vi(1 = 8) + 6;]h(s)Vs

Thus, we have
u(t) = d%_ [/Ot(% + 0 — 7it)(Bi + cis)h(s) Vs + /tl(%. 8 — 58)(Bi + i) h(s)Vs]
T d% [/01[(% +0; = vit)ai(s) + (Bi + ait)bi(s)]u(s) Vs]
= ;i[/ot ¢i(t)Yi(s)h(s)Vs + /tl i(5)i(t)h(s)Vs]
+ d%_ /01[¢i(t)ai(5) + i (1) (5)]u(s) Vs,

from which, we obtain

1 1
/ Gi(t,s)h(s)Vs + ! @( )/0 ai(s)u(s)Vs—kd%wi(t)/O bi(s)u(s)Vs. (3.6)

After certain computations we can determlned,

/ ai(s)u(s)Vs = a (—:l;)lzz]_)ézv_:—)u—*f*u* (3.7)
vf Ai + (1 —u)B;
/ ! T w)(— o) —our (3:8)
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From (3.7) and (3.8), (3.6) can be written as

(1 —w)(1 —v;) —viul
1 viA;+ (1 —w)B;
—; t T
+ w()(l—ui)(l—vi)—vfuf

/Gts s)Vs+ qbz()

d;

(1 —vi)gi(t) +viult)
di (1 —w)(1 —v;) —vfuf) "
(1 —ug)i(t) + ujdi(t)
di((l —u;)(1—v;) — v;‘uj)

/Gts s)Vs +

+

B;

= /1 Gi(t, S)h(S)VS + ez(t)Az + Cz(t)Bl
0

:/Ola( S)h(s)Vs + 0,(t /(/Grs )h(s)Vs
Fa / (/ Gi(r, s) )h(s)Vs
- /0 1 {Gi(t, 5)+0,(¢) /0 Gl $)as(r)Vr

+ Gi(t) /01 Gi(r, s)bi(r)Vr] h(s)Vs
:/01 K;(t,s)h(s)Vs

where K;(t,s) is defined in (3.5). The proof is complete. O

Lemma 3.2. Assume that (H4),(H5) hold and for m € (0, ) define
mm{ it + By T+ 0
a;i+ B v+ 0

(i) 0 < Gy(t,s) < Gi(s,s) forall t,s € Jy,
(ii) < ni(1)Gi(s, s) < Gi(t,s) for allt € [7,1 = 7] and s € Jo,

} < 1. Then G,(t,s) for 1 <i < n, satisfies the following properties:

Lemma 3.3. Assume that (H4),(Hb5) holds. Then K;(t,s) for 1 <i < n, have the following proper-
ties:

(i) 0 < K;(t,s) < (1+6faf + (b *)G,(ss)foralltseJo,
(i1) 0 < my(7 )(1 + 0% a; (1) + (*bi(T ))Gl s,8) < Ki(t,s) forallt e [r,1— T]T and s € Jy

Lemma 3.4. Assume that (H4), (H5) hold and K;(t,s) for1 < j < n, is given in (3.5). Let Hy(t,s) =
K1(t,s) and recursively define

1
Hj(t,s) :/0 H; 1(t,r)K;(r,s)Vr, for 2<j<n. (3.9)

Then H,(t,s) is the Green’s function for the homogeneous boundary value problem
(=D)"uAY)" (1) = 0, t € Jo,

1
(AV)iA

aH_lu(Av)i(O) — Bixiu ait1(s )i(s)Vs, 0<i<n-—1,

'yHlu(Av)i(l) + JiuAY) A uAY) ( )Vs, 0<i<n-—1.

/01
- [
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n—1
Lemma 3.5. Assume that (H4),(H5) hold. Define g = H 9j,

Jj=1

n n n—1
¢=1] (L +65a;+¢05), ne =] i +0;"a;(r) + ¢7b;(7), g = [ 9:(7),
Jj=1 j=1 j=1

then the Green’s function H,(t,s) satisfies the following inequalities:

(i) 0 < Hy(t,8) < gdGr(s,s), for allt,s € Jy and
(ii) Hn(t,s) = nr9-Gu(s,s), for allt € [r,1 — 7] and s € Jo,

Proof. 1t is clear that Green’s function H,(t,s) > 0, for all ¢, s € Jy. Now we prove the inequality by
induction on n and denote the statement by p(n). From (3.5) we have

1 1
Hq(t,s) = G1(t,s) + 91(15)/0 G1(r,s)ar(r)Vr + Cl(t)/o G1(r,8)by(r)Vr
< Gi(s,8) + 91(t)/0 G1(s,8)ar(r)Vr + Cl(t)/o G1(s,8)b1(r)Vr

< <1+01(t) /01 a1 (r)Vr + ¢ (r) /01 bl(r)w)Gl(s,S>
< (146707 + (1b7) Ga(s, 9)
and for t € [r,1— 7.
Hy(t,s) = Gi(t, s) + 0 (1) /0 i 8)an (N + (1) /0 G, )by (7)Y
> Gyt s) + 01(t) /T T G ) ()Y + G (8) / G ()Y
> 1 (r)Ga(5.5) + 03 (0 ()Gas.9) | v

1—7

+ G (O ()G (s, 5) / by (1) Vr

T

> (1 co) [ aowrsam [ b1<r>w) 1 (7)G (5. )
> (1467 ar (1) + ¢7*01(7))m (1) G (s, 5)

Hence, p(1) is true. From (3.9), we have

1
Hyq1(t,s) = / Hp, (t,7) Kt (r,s)Vr
0
1
< /0 G (r,7)gd(1 + 051051 + g1 Uni1) Gmga (s, 8)Vr

1
< ( e r)Vr)g<z>(1 1@ + Co1B) g (5,8)
0

m m+1
< (Hgi) [T (0707 + G0) G s.9)
i=1

i=1
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and for ¢t € [1,1 — 7]

T
1
Hy4q(t,s) = H,,(t,r)Kyq1(r, s)Vr
0
1—7
> / N 97 G (75 7)1 (T) (1 + 9;;_1(17”_,_1(7’) + C:n*+1bvrb+1(7))Gm+1(57 s)Vr

1—7
2 gr (/ G (r, T)VT) N N1 (T) (1 + 0rp1am1 (1) + C’:;’j+1bm+1(7-))Gm+1(S’ 5)

m m—+1
> (H gi(T)> H N1 (T) (L + 0, a;(7) + ¢bi(1)) Grga (s, 5)

So, p(m + 1) holds. Thus p(n) is true by induction O
Let X denotes the Banach space Ciq(Jp, R) with norm ||ul| = mz}x\u(t)|. For T € (0, %)T, define the
cone Pr C X by redo

P, = {u € X :u(t) >0 and min  u(t) > 57”“(0“}7

te(r, 177—]’]1‘

where &, = %. For any u € P;, define an operator T : P, — X by

:/0 H,(t,s)w(s) f(u(s))Vs. (3.10)

Lemma 3.6. Assume that (H1)-(H3) hold. Then T(P.) C Pr and T : P, — P, is completely
continuous for each T € (0, %)T

Proof. Fix 7 € (0,%). Since w(s)f(u(s)) > 0 for all s € Jo,u € P, and since H,(t,s) > 0 for all
t,s € Jo, then T'(u(t)) > 0 for all ¢t € Jy,u € P-. On the other hand, by Lemma 3.5 we obtain

1
= /0 H,(t, s)w(s)f(u(s))Vs

min  u(t) min / H,(t,s)w(s)f(u(s)) Vs
elr,1— T]T t€[7‘ 1— T]T
2/ min  H,(t,s)w(s)f(u(s)) Vs
0 tE[T,lfT]l]T
_777'97/ Gn(s,s)w f( (S))VS
> & Tu(t)
for all t € Jp. Thus min_ wu(t) > & ||Tu|. So, Tu € P, and then T(P;) C P,. Next, by stan-

tE[T,l—T]T

dard methods and the Arzela-Ascoli theorem, one can easily prove that the operator T' is completely
continuous. The proof is complete. O

4. MAIN RESULTS

In this section, we establish the existence of countably infinitely many positive solutions for the
boundary value problem (1.6)-(1.7) by applying Krasnoselskii’s fixed point theorem in cones.

Theorem 4.1. [1}] Let B be a Banach space and let P C B be a cone in B. Assume that 21, are
open with 0 € Q1,1 C Qa, and let T : PN (Q2\Q1) — P be a completely continuous operator such
that either

1) ITu|l < |lull,uw e PN, and ||Tu| > ||u|,w € PN oDy, or
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(ii) [|Tul| > lull,uw € PNOQ, and || Tu|| < ||lul|,u € PN INs.
Then T has a fived point in PN (Q2\Q1).

Theorem 4.2. [}, 29] Let f € L% (J) with p > 1,9 € LL(J) with ¢ > 1, and % —I—% = 1. Then

fg€ LE(T) and | gl < 11z gl

where
1

[ [ peR
inf MER/\f|<MV—ae onJ} p = 00,
and J = (a,b]. Moreover, if f € le(J) and g € LE(J). Then fg € LL.(J) and 1falley < 1fllze llgllegs-

1fllzg =

We consider the following three cases for w € LY, (Jy) : p > 1,p = 1,p = oo. Case p > 1 is treated in
the following theorem.

Theorem 4.3. Assume that (H1)—(H5) hold, let {T}2 be such thattyi1 < 1 <tg, k=1,2,3,---
Let {Ri}72, and {ri}3>, be such that

Rk+1 < f-,—kT'k <Cr, < Ry, k€ N,

where
1

1}.
1—-m ?
Nrgrm [ Gn(s,s)Vs

C’zmax{

Assume that [ satisfies
1

9ol Gn(s, 9)lle lwliry,”

(A1) f(u) < MRy for allt € Jo,0 < u < Ry, where My <

(A2) f(u) > Cry forallt € [1g,1 — Tk]T7 & <u < rg.
Then the boundary value problem (1.6)-(1.7) has countably infinitely many positive solutions {u,}72 ;.
Furthermore, 1, < ||ug|| < Ry, for each k € N.

Proof. Consider the sequences {Q4 }7°; and {2}, of open subsets of E defined by
Q= {u € B:|u|| < R},

Qo ={uebB:||ul <rg}
Let {7%}%2, be as in the hypothesis and note that t* < tx41 < 7 < tg < 3, forall k € N. For each
k € N, define the cone P;, by

P, = {u € X :u(t) >0 and min u(t) > 57k||u(t)||}.

tE[Tk,l—‘rk]T
Let w € P, N 0%y . Then,
u(s) < Ry, = |lul|
for all s € Jy. By (Al),

1
<g¢p | Gu(s,s)w(s)Vs MRy
0

< 99[|Gn (s, s)ll Ly llwll Lz, M1 Ry,
< Ry.
Since ||u|| = Ry, for all u € P, N 0Qy i, then
[Tl < jul- (4.1)
Let s € [rk,1 — 7i|. Then,

r=llull Zu(s) > min - u(s) > & flull = &

SE[TK, 1—Tk]
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By (A2),

7l = e [, (1)) (u(2)

> max/ o H,(t, s)w(s)f(u(s))Vs

teJo Th

1—7k
> max/ H,(t,s)w(s)VsCry
tedo ),

1—7’1
>Crym  max / H,(t,s)Vs

tE[Tl,l—Tl]T )

1—7’1
> Nr gr,mCr,  max / Gn(s,s)Vs
tG[Tl,lle]T .
> 1 = |ull.
Thus, if u € P, N0Qs i, then
[Tl = Jluf.- (42)

It is obvious that 0 € Qg C Qo C Q1 k. By (4.1),(4.2), it follows from Theorem 4.1 that the operator
T has a fixed point u, € P, N (Ql)k\sz) such that ry < |lug|| < Rg. Since k € N was arbitrary, the
proof is complete. U

Now we deal with the case p = 1.

Theorem 4.4. Assume that (H1)—(H5) hold, let {1}, be such thattyi1 < T <tg, k=1,2,3,---.
Let {Ri}52, and {rp}52, be such that

Rk+1 < ffkrk <Cr, < Rk, ke N,

Assume that f satisfies
(B1) f(u) < MaRy, for all t € Jy, 0 < u < Ry, where

1
My < min{ , C’}
9olGnls, sl llwllLy

and (A2). Then the boundary value problem (1.6)-(1.7) has countably infinitely many positive solutions
{ug}32 . Furthermore, rj, < ||lug|| < Ry for each k € N.

Proof. For a fixed k, let € 1 be as in the proof of Theorem 4.3 and let v € P, N 0y ;. Again
u(s) < A = lul,

for all s € Jy. By (B1) and Theorem 4.3,
1
I Tul| = max/ H,(t, s)w(s)f(u(s))Vs
teJo Jo

1
< g¢/ Gr(s,8)w(s)Vs MayRy,
0
< 99lGn(s, s)llg llwll Ly MaRy,
< Ry.
Thus,
[Tu] < [lull,
for u € Pr,, N0 . Now define Qo x = {u € B [ju]| < ri}. Let u € Pr,N0y y and let s € [1x, 1—7x]p.

Then, the argument leading to (4.2) carries over to the present case and completes the proof. O

Finally we consider the case of p = co.
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Theorem 4.5. Assume that (H1) — (H5) hold. Let {Ry}?2, and {rp}3>, be such that
Rk+1 < fﬂ“k < CTk < Rk, ke N,

Assume that [ satisfies
(E1) f(u) < M3Ry, for all t € Jy, 0 < u < Ry, where

1
M; < min{ , C}
9olIGn(s,s)llry llwll e

and (A2). Then the boundary value problem (1.6)-(1.7) has countably infinitely many positive solutions
{u}$2,. Furthermore, vy, < ||ug|| < Ry for each k € N.

Proof. By (E1),

1
|1 Tul| = max/ H,,(t, s)w(s)f(u(s))Vs

teJ

< g¢/o Gr (s, 8)w(s)Vs MsRy,
< gollGn(s, )y lwl g Ms Re
< Ry.
This shows that if u € P, N0 k, where Qq = {u € B : ||u|| < R}, Then,
[Tull < Jlul.-

Define Qg = {u € B: |u|| < ri} and let v € P;, N 0Qs . Then, the argument employed in the proof
of Theorem 4.3 applies directly to yield

[Tul] = [ful].
By the Theorem 4.1, completes the proof. O

5. EXAMPLE

In this section, we provide an example of a family of functions w( ) that satisfy conditions (H1), (H2)
corresponding to the cases p =1 and p = 2. Let T = [0, 2] U { % %} U [%, 1] and consider the family
of functions w(t,€) : T — (0, +o0] given by

1
XVkaVkl ZfOStS*,
t—tk| 2
1 5
w(t,e) = f — <t< =,
" TR
L Fo<i<a
vy = ’
g Yes'E
where
k-1
5 1
to= — th=to—> ' k=1,2,3,-,
0716 KT ;(¢+2)4
1
vo =1, szi(tk+tk+1)7 k:17273u""
At first, it is easily seen that w(t,€) > w(l,¢e) = ‘1_1%|6 =5t = i < %, ty — thy1 = m, k=
1,2,3,---, and note that >_;7, & = g—g.

. S — 1 5 7t 21 7+ 1

k—o0
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We claim that if e = %, then w(t,e) € LL[0,1]. Note that > p | 5 = ° we have

1 1 1
/w(t,e)Vt:/ w(t,e)VtJr/ w(t,e)Vi
0 0 1
o] 1
X[V, vi-1] 1 3 1) <3 >
Vi+ | —=Vit+ || -— 2z |w| =€
A T / =T (-2)-(5
(3N, (L3[4 (54 (5.
4 5 4’ 5 4 5’ 6 5 6’

o0

Z/Vk,1 1 1 1
= 7w+/ Vi
=P )

+[1><106+3><46+><<10> +><3€]

10 20 3
S |
k=1 L/ Vk (tk - t)ﬁ te t — tk 1—¢ 51 € 30176

1 3 10 1

Tn 10¢ — 4¢ _— . . 3¢

+ [10 % - 20 X + X 3 ) + X ]
— [ [" 1 W .
= [ / LI VA / w}
k=1 M (tk - t)e th (t — tk)

1 1 1 3 1 10\ 1
o 106—1 X 4™ 1 - - x 3€7 1
+1—6[51—€ 301_5}4{ 5 T <3) TR

00 1—e¢ 1—e
1 te — tht1 tp—1 — tg 1 1 1
| () () e we

k=1
3 1 10\¢ 1
10~ 1 X 4€~ 1 o - i 36—1
+ [ T3 20 ( 3 ) BT }
1 > 1 1 1 1 1
_ Z n -
21 6(1 6) (k‘—|— )4(1 €) (k—|—1)4(1 €) 1 —¢|pHl—e 301—¢

2
3 1 10 1
107+ S x4ty — - — x 3!
+ * ) X + % ( 3 ) + 10 }

1 1
VIS [t + G|+ 156V~ VB0 + 6(VI0+3) + VB(VIO + 2]

29 1
- 2(77—4) + 55(24V5 — 3V30 + 6V10 +2v3 + 18],

which implies that w(t,€) € L [0, 1].
Next, we claim that if € = i, then w(t,e) € L% [0,1]. In this case, we need the cauchy product,

Zak Zbk = ch, (51)
k=1
where
k
C = Z anbk,nJrl. (52)
n=1

Note that

[euomee [ [Emie fonm

2
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we use (5.1) and (5.2) and the fact that, if X NY = 0, then x[X] - x[Y] = 0 to simplify the integrand,

oo
[ XVk,Vk 1} Z XVn, Vg— 1 [Vk7n+1a Vi — n XVk7Vk: 1 Qe
€.,

=t | T Bl - teanl A -l

and so (5.3) may be written as

1
Vk,Uk; 1 2
/0 tth—E / T — T Vt+/1w(t,e)vt

2

B e e[
e G

oo tr 1 Vig—1 1
= 7Vt+/ Vt}
Z |:/Vk (tk _ t)2e t (t _ tk)Qe

+

11 1 3 1 (10 |
_ 102671 e 42671 o -V . 32671
1— 2 [5126 30126] * [ Ty 2073 + 10
1 X[ [ te—t R e =t 1 1 1
_ Z k— iyl R Sl n 1
12 2 2 1 2¢ |52 3012

k=1
3 1 /(10 1
1026—1 426 1 7 -V 7 326—1
+ [ 5" o0\ 3 E 10
1

_ 1 i 1 N Lt 1
= 21_25(1 _ 26) Pt (k’ + 2)4(1726) (k 4(1—2¢) 1 —2¢|Hl-2¢ 301—2¢

+1)
3 1 10 1
1 2671 426 1 7 -V 7 2e—1
+ { 0 5 X + 2 X 3 + 0 x 3

1
_JZ[ S s OVE - VB + g l6(VID+3) 4 V(IO + )

=\f2<7;— 4> +$[24\f—20\/6+6(\/ﬁ+3)+\/§(\/E+2)],

which implies w(t, €) € L0, 1].
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