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A NEW NUMERICAL TECHNIQUE FOR SOLVING SYSTEMS OF NONLINEAR
FRACTIONAL PARTIAL DIFFERENTIAL EQUATIONS

MOUNTASSIR HAMDI CHERIF!* AND DJELLOUL ZIANE?

ABSTRACT. In this paper, we apply an efficient method called the Aboodh decomposition method to
solve systems of nonlinear fractional partial differential equations. This method is a combined form of
Aboodh transform with Adomian decomposition method. The theoretical analysis of this investigated
for systems of nonlinear fractional partial differential equations is calculated in the explicit form of
a power series with easily computable terms. Some examples are given to shows that this method is
very efficient and accurate. This method can be applied to solve others nonlinear systems problems.

1. INTRODUCTION

Over the last three decades, fractional calculus has been enormously developed and taken on in many
fields of scientific research. One of the main reasons is its application in many scientific disciplines.
The fractional calculus by its tools remains a very suitable means for the resolution of the differential
systems. These generally translate mathematical or physical models of the many natural phenomena
that surround us. Integro-differential equations and fractional differential systems have recently proved
to be very useful in the field of physics, engineering, control processing for visco-elastic systems,
diffusion, .... We find that many researchers have been interested in solving this kind of linear and
nonlinear differential equations also systems of fractional differential equations. Consequently, the
investigation of the exact solutions to nonlinear equations play an important role in the study of
nonlinear physical phenomena, although the nonlinear differential equations are the most complex in
the solution compared with linear differential equations.

Integral transformations such as Laplace, Sumudu, natural, Elzaki and Aboodh are unable to solve
the nonlinear differential equations. So, we find some researchers are working on the combined of these
transformations with many methods, among them we find the Adomian decomposition method. This
method was introduced in the 1980s by George Adomian (1923-1996), and it was applied to many
problems ( [1]- [4]). The Adomian decomposition method was coupled with Laplace transform method
[14], with Sumudu transform method [9], with Elzaki transform method [10], with natural transform
method [11] and with Aboodh transform method. Aboodh transform is derived from the classical
Fourier integral. Based on the mathematical simplicity of the Aboodh transform and its fundamental
properties, Aboodh transform was introduced by Khalid Aboodh in 2013, to facilitate the process of
solving ordinary and partial differential equations in the time domain. This transformation has deeper
connection with the Laplace and Elzaki transform [8]. The coupling of Adomian decomposition method
with Aboodh transform method has been applied for solving linear and nonlinear equations [17], to
solve system of linear and nonlinear partial differential equations [13] and for solving time-fractional

diffusion equation [16].

The objective of this study is coupling the Adomian decompositionmethod (ADM) with Aboodh
transform in the sense of fractional derivative, then we apply this modified method to solve some
examples related with systems of nolinear fractional partial differential equations.
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2. BASIC DEFINITIONS

In this section, we give some basic notions about fractional calculus, Aboodh transform and Aboudh
transform of fractional derivatives which are used further in this paper.

2.1. Fractional calculus. We give some basic definitions and properties of the fractional calculus
theory as the Riemann-Liouville fractional integrals and Caputo fractional derivative (see [6], [7]).

Definition 2.1. Let Q = [a,b] (—0c0 < a < b < 400) be a finite interval on the real axis R. The
Riemann-Liowville fractional integral I§, f of order o € R (a > 0) is defined by

U N0 = i | D 120 ax0

(Lo N)t) = f()
Here T'(+) is the gamma function.

Theorem 2.1. Let o > 0 and let n = [o]+1. If f(t) € AC™ [a,b], then the Caputo fractional derivative
(°Dg, f)(t) exist almost evrywhere on [a,b]. If o ¢ N, (°Dg f)(t) is represented by

¢ ) (7)dr
(D5 f)(#) = ¢ ! )/O (f (r)d (2.1)

(n—a t — 7)e—ntl’

where D = L and n = [o] + 1.

Remark 2.1. In this paper, we consider the time-fractional derivative in the Caputo’s sense. When
a € RT, the time-fractional derivative is defined as

0%u(z,t)
(‘Difu)(z,t) = T Hra
1 t m—a—1 3mu(-’1577')
mfo(t_ﬂ e, m—1l<a<m,
O u(x,t) .
otm [l o = Tn7

where m € N*.

2.2. Definitions and properties of the Aboodh transform. The Aboodh transform was defined
by K. S. Aboodh [12] in 2013. In this section, we give some basic definitions and properties of this
transform (see [12], [15], [16]).

The Aboodh transform is defined for functions of exponential order. We consider functions belonging
to a class B, where B defined by

B= {u(t) o lu(t)] < MeFMif te (—1) x [0, 00,j =1,2; M, ki, kg > 0}.

Definition 2.2. The Aboodh integral transform of the function u in B is defined by the integral
equation

Alu@®))=UW) = 1/oO u(t)e tdt; t>o0, ve (ki,ka). (2.2)

v
The variable v in this transform is used to factor the variable t in the argument of the function u.

Proposition 2.1. The Aboodh transform of the time-fractional derivative in the Caputo’s sense is
defined as

- o 5= uM(0)
A[(°Dgyu)(t);v] = v*Alu(t)] — Z Stk
k=0
And the Aboodh transform of the function u(x,t) with Caputo fractional derivative of order « is
given by

n—1l<a<n, n=12,... (2.3)
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= u®) (2, 0)
U2—a+k: ’
k=0

A[(°Dg u)(z,t);v] = v*Afu(z, t)] — n—1l<a<n, n=12,... (2.4)

2.2.1. Somme properties of the Aboodh transform
. 1. The Aboodh transform of the nth derivative of u(t) is given by

L u®)(0)
n n u
A )] = Unlo) = 0" Au®)] - 3 5t (2.5)
k=0

2. Some elementary functions and their transformations

u(t) | Afu(t)]

1 [

t |

" [ 25, n=0,12,

I ECONTY

3. ANALYSIS OF FRACTIONAL ABOODH DECOMPOSITION METHOD

To illustrate the basic idea of this method, we consider the general system of nonlinear fractional
partial differential equations of the form

Dgu(z,t) + Rw(z,t) + Nu(z,t) = hy(z,t), 3.1)
f (z,t) + Ru(z,t) + Nw(z,t) = ha(z,t), ’
where n — 1 < a, 8 < n,n=1,2,... and the initial conditions
" tu(x,t) _f ( _
_ulzt) = fuo1(z), n=1,2,..
a“*altw(; n] "’ (3:2)
[W}tfo =gn-1(z), n=12..

cD&u(x,t), D w(z,t) are the Caputo fractional derivatives of the functions u(z, t), w(z, t) respec-
tively, R is the linear differential operator, N represent the general nonlinear differential operator, and
hi(x,t), ha(xz,t) are the source terms.

Applying the Aboodh transform on both sides of (3.1) and using the differentiation property of this
transform (2.3), we obtain

Afu(e, 1) = L S0l w2G@0) 4 1A [y (2,8)] — LA [Rw(z, t) + Nu(z, 1)),
n—1 w®
Alfw(,0)] = 5 SH2d e 4 LA [h (e, )] — & A[Ru(z,t) + Nu(z, )]
Taking the inverse Aboodh transform on both sides of equations in system (3.3) and then by using
initial conditions (3.2), we have

(3.3)

v(z,t) = G(z,t) — A7 (L A[Rw(z,t) + Nu(z,t)]),

w(z,t) = H(z,t) — A7 (5 A[Ru(x, t) + Nw(z,1)])

where G(z,t) and H(x,t) are represents the terms arising from the nonhomogeneous terms and the
prescribed initial conditions. Now, we represent solutions as the following infinite series

t) = Zun(x,t) ,w(a, t) Z wp (2, 1) (3.5)

and the nonlinear terms can be decomposed as

(3.4)

Nu ch, Nuw(z,t) ZD (3.6)

n=0
where C,, and D,, are Adomian polynomials [5], and they can be calculated by the formulas given
below
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i= A=0 = A=0

Using (3.5) and (3.6), we can rewrite (3.4) as

Z;::O Un(,T, t) = G(.’L‘, t) - A_ [[va [R Zn 0 Wn, + Zn 0 H] . (38)
anown(x,t) :H(m,t)—A* B [Rzn 0“n+zn oD ]
By comparing both sides of (3.8), we get

uy(z,t) = —A7 [ L A[Rwo(, t) + Col]
up(z,t) = —A~' [ L A[Rwi (z,1) + C4] (3.9)
and
wo(z,t) = H(z,t),
wy(z,t) = —A~1 ﬁA [Ruo(zx,t) + Dol ,
wa(z,t) = —A~' [ LA[Ruy (2, t) + Di]] (3.10)
We continue in this manner to obtain the general recursive relations
Upy1(7,t) = —A7 [ L A[Rw, (2, t) + Cpl], n>1 (3.11)
Wp1(w,t) = —A71L Ul A[Rup(z,t)+ Dy]|, n=1" ‘

Finally, the approximate solution is calculated by

= lim Zunxt w(z,t) = lim anxt (3.12)

N—o0 N—o00

4. APPLICATIONS

In this section, we apply the Aboodh decomposition transform method for solving systems of non-
linear fractional partial differential equations.

Example 4.1. Consider the system of monlinear partial differential equations with time-fractional
derivatives

¢ Du(x,t) + w(z, hug(z, t) +u(z,t) =1, 0<a<l1

cDPw(x,t) — u(z, hwy(z,t) —w(z,t) =1, 0<B <1 (41)
with the initial conditions
u(z,0) = e®
w(z,0) =e™ " (4.2)
For a = 8 =1, the exact solution of (4.1) is given by
R
u(z,t) =e (4.3)

w(x,t) =et™?

Applying the Aboodh transform on both sides of (4.1) and using its differentiation property, we get
Alu(z,6)] = & +

Alw(z,t)] =

Taking the inverse Aboodh transform on both sides of (4.4), we obtain

] v sa A []‘ - (1’, t)ux(x, t) — ’LL(LC, t)] ,
e+ LA+ ulz, thws (@, t) + w(z,t)].

’U2

(4.4)
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u(z,t) = e* + F(a+1) — At ( L Alw(z, t)ug (z,t) + u(a:,t)]) ,

w(z,t) =e * + F(,8+1) + A7 (L Au(z, thwa (2, ) + w(z, 1)]) .

We represent the approzimate solution as the following infinite series

t) = Zun(:c,t), w(z, t) = Z wp (2, 1) (4.6)

Note that these nonlinear terms

Wiy = i C, , uwy = iD” (4.7)
n=0 n=0

(4.5)

are the Adomian polynomials (see [5]). The first few components of C,, and D,, polynomials are
given by

Co = Woloe,

C1 = wol1y + W1z,
Co = woloy + Wallpy + W11z,

And
Dy = ugwog,
Dy = ugwiz + uiwWog,
Do = ugway + Uswoz + U1Wiz,

Substituting (4.6) and (4.7) in (4.5), we have

S ) = € ity — AT (AL G+ Y0 g a2, 1)

00 —z B _ . (48)
Zn:o wp(7,t) = e + m +A (Uﬁ [Zn oDn + Zm own(m t)])
By comparing both sides of (4.8), we can easily generate the recursive relations
uo(@,1) = € + a+1)
up (z,t) = =A™ (5 A[Co + uo(z,1)]
ug(a,t) = —A~! U% [C1 + uq (z,1)]
ug(z,t) = —A (L A[Cy + uQ(x,t)] (4.9)
Upt1(z,t) = —A~1 (U%A[C’n + un(x,t)]) , n>0.
And
_ P
wo(xat) =e€ + T(B+1)
wy(z,t) = A1 (%A [Do + wo(x,t)])
way(x,t) = A71 (U%A [D1 + wl(x,t)])
ws(z,t) = A~ (5 A [Dy + wa(a, 1)) (4.10)

Wny1(z,t) = A7 (A Dy + wi(2,1)]), n>0.

The first few components of the unknown functions u,(z,t) and w,(z,t) are given as follows



NONLINEAR FRACTIONAL PARTIAL DIFFERENTIAL EQUATIONS 193

_ _ _1+e" a e® _ ja+t £2e
ui(z,t) = T+t T Tt - Wﬁﬂ)
_ —1+e"%,3 e’” atp 4 77
wi(z,t) = FEryt ~ tagEm T TeEr
And
2+e* et —1 +8 [+ B+ 1)e” tPoth
) = — 2 ——— _4® 1+ 2e”
00 = Taarn’ TTessrn’ T\ T Tarnr@en)Tarsn t
T(a+28 + 1) 2av20 _ € awap BT
T3+ Dl(at B+ Dl(2a+26+1) D(a+26+1) PBa+1)
94w 25 1+e® +8 B r(a + B+ 1)(3% 1o+2p
t = 7t 715& 2 - *
wa(@,?) T+ Ta+s+D ¢ T+ DI+ Tlar2p+1)
F(QOé + ﬁ + 1)6_:6 t2a+2ﬁ + Ltza'i‘ﬁ + l
T(a+ Dl(a+ B+ D2+ 26 +1) Fa+8+1) T3 +1)

In the same manner, we can find the other components.

Finally , the series solution of the unknown functions u(x,t) and w(z,t) of (4.1) are given by

e’ 1+e” 1
— T _ o 20 a+p
u(, 1) T Ta+) TR+’ Te+prn’ T

T 1)e® 2a+8
(1+2€m+ (a+ B+ 1Le ) ! +

MNa+1DI'B+1)) T2a+4+1)

Pla+26+ e 20426 _ € atep _rr +

T(B+ DI (a+ B+ 1) (2a+28+1) T(a+26+1) IBa+1) ™

n e * 4 —14+e® 26 e "
rg+1) res+1) MNa+5+1)

(1o Flp sty e

—

w(z,t) = e AR

Ta+OMB+1)) Tla+2p+1) |
IF'2a+p+1)e " 20426 | e"* a8 | 38 n
T(a+ Do+ B+ )I(20 + 26 + 1) T(2a+B+1) s+

When a =1 and =1, the series solutions of (4.1) are

u(z,t) = up(x,t) + uy (2, t) + ua(x,t) + ... = €* (1 —t+ tz—z, - g—?: + ) =¥t
w(z,t) = wo(w,t) +wi(x,t) + wa(z,t) +... =% (1 +t+ ;—2; + g—s, + ) = e ot

which is the exact solution of nonlinear system given in (4.3).
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Example 4.2. We consider the following system of nonlinear partial differential equations with time-
fractional derivatives

‘Difu = —u — hywy + hyw,, 0<a<1

cD’h=h, 0<fB<1 (4.11)
CDzw:w—umwx—uywy, 0<y<1
with the initial conditions
u(r,y,0)=z+y; hry0)=1+z-y; wy0)=-r+y (4.12)

Taking Aboodh transform with its differentiation property of (4.11) subject to the initial conditions
(4.12), we have

Afu) = 25 + L A[—u — hywy + hyw,],
Al ="ty L), (4.13)
Alw] = =2 + LAw — upw, — uyw,] .

Now, we apply the inverse Aboodh transform on both sides of (4.13), we obtain

u(z,y,t) =zv+y+ A (LA u—h 2Wy + hywy])
h(lL‘,y, )—1+£C*y+A (UﬁA[h])a (414)
w(z7y7t) = —1’+y+A (U‘YA[w = U Wy — uywy]) :

We represent solutions as the following infinite series

u(@,y,1) Zunscy , h(z,y,t) Zh 2,y 1), w(w,y,t) anw% t). (4.15)

Note that these nonlinear terms
= ZA" ; hywy = Z B, ; uzw,; = ZC" P UyWy = Z D, (4.16)
n=0 m=0

are the Adomian polynomials [5].
Substituting (4.15) and (4.16) in (4.14), we have

Z;:O:Oun(xv:%t) :x+y+A ( A[_ ZZO Oun_Z;.LO:OA”—"_Z;.r?:OB”])’

P oh(ﬂfy,)flJr!E*erA P(or AR o hal) s (4.17)
Z?:own(mayvt)__z"'y‘FA ( A[Z Own_ZE:OC”_ZZO:OD”])'

By comparing both sides of equations (4.17), we can easily generate the recursive relations

UO(JJ,y,t) =+ Yy
ul(l‘7yat) = A1 U%A [_UQ — Ay + BO]
us(x,y,t) = A7V (L A[—uy — Ay + B
U3(£L',y,t) = A1 (%A [*UQ — A2 -+ B2]> (418)

And
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hO(xaya ):1+$—y
hi(z,y,t) = A71 U%A [ho])
ho(z,y,t) = A" (55 A [h])
ha(w,y.t) = A" (35 A lha]) (4.19)
hn+1(m7y7t) = A_l (,U%A [hn]) , N >0
Finally
wo(z,y,t) = —x+y
wy(z,y,t) = A1 (E%A [wo — Co — DO])
w2(x7y7t) = Ail (U%A [wl - Cl - Dl])
w3(xay7t) =A"! ( 1 A [U/Q —Cy — DQ]) (420)

W1 (m,y,t) = A71 (iA [wp, — Cp — Dn]) , n>0.

vY

The first few components of the unknown functions u,(x,y,t), hy(x,y,t) and wy(z,y,t) are given
as follows

Ui (xa Y, t) =A"! (U%A [7’[1,0 7(1h0zw0y + hOyU)Om])

=—(z+ y)r(;ﬂ)
ha(,y,t) = A7 (35 Alhol)

wl('ry yvt) = A_l (U%A [wO — Upz Woxr — uwaOyD

A
=(-z+y) F(f\+1)

The second component of each solution series is given by the following formulas

us(z,y,t) = A7 (S A[—uy — hogwiy — higwoy + hoywiz + hiywos))

= (= + 9) 1t
ho(z,y,t) = A7' (L Alh])
=(1+xz-— y)lﬂ(%il)
wy(z,y,t) = A" (%A (W1 — Uz Wiz — U1 Wor — UoyWiy — ulywa])

tZ)\

= (=2 +¥) oD
We continue the calculations to find

US(x7y7t) = A71 (U%A [_UQ - A2 + BQ])
2o

= —(@+Y) reary

(4.21)
un (2,9, 1) = (=1)"(2 + ) 7iary
hy(@,y,t) = A7 (5 A[hal)
=1+~ y) e 22)

' np
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w3($ay7 =A" ! (U’Y w2 - 02 - DQ])

3
(=2 +9)rExm

(4.23)

tnA

wn(7,y,1) = (=2 + Y) 7oy
Finally , the series solutions of the system (4.11) are given by

u(z,y, ) = Do Un (2, Y, t)
=(x+vy) (1 — (a+1) + F(ztj:H) — F(giil) +.. % % + ) (4.24)
= (@ +9) ol 1ty = (@ +9)Eal(—1%).
ha,y,t) = 3020 ha(2,y,t)

_ t? 258 35 P
=(1+z-y) (1 + v T sy tresn T Tt T )

= (4o —y) Yot mady = (L+2 =) Bs(t).
(13 y7 ) - Z Own(x y7 )
=(—z+y)(1+ RN 8 NI (2 N (2l
Yy F(A+1) T2 +1) T T3+ Tt 1o (4.26)
= (—z+y) X, % (—z 4 y) Ex(t)).

(4.25)

Where, E,, , Eg and E are the Mittag-Leffler functions.
Whena=1, =1 and A = 1, we get

u(z,y,t) = (z +y)Ea(—t) = (x +y)e".
h(z,y,t)=(1+z—y)Es(t) = (1+z— ) t (4.27)
w(z,y,t) = (- m‘i‘y)Ek() (—z+y)e'.
These are the exact solutions of nonlinear system (4.11).

5. CONCLUSION

In this work, the Aboodh transform method combined with Adomian decomposition method has
been successfully applied to solve systems of nonliner fractional partial differential equations. The
approximate solutions obtained by this method are compared with the exact solutions. Thus, the
results show that this method is a powerful mathematical tool for solving systems of nonlinear fractional
partial differential equations in other areas of science.
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