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ABSTRACT. We generalized the concepts in probability of rough Cesaro and lacunary statistical by intro-
ducing the difference operator AS of fractional order, where « is a proper fraction and v = (Ymnk) is any
fixed sequence of nonzero real or complex numbers. We study some properties of this operator involving
lacunary sequence 6 and arbitrary sequence p = (prst) of strictly positive real numbers and investigate the
topological structures of related with triple difference sequence spaces.

The main focus of the present paper is to generalized rough Cesaro and lacunary statistical of triple
difference sequence spaces and investigate their topological structures as well as some inclusion concerning

the operator Ag.

1. INTRODUCTION

A triple sequence (real or complex) can be defined as a function z : N x N x N — R (C), where N, R and
C denote the set of natural numbers, real numbers and complex numbers respectively. The different types

of notions of triple sequence was introduced and investigated at the initial by Sahiner et al. [10,11], Esi et
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al. [1-3], Datta et al. [{],Subramanian et al. [12], Debnath et al. [5] and many others.
A triple sequence © = (Zunk) is said to be triple analytic if
1
SUPm n,k |x'rnnk:| mEntk < 00.
The space of all triple analytic sequences are usually denoted by A3. A triple sequence x = (x,,,x) is called
triple gai sequence if

((m~+n+k)! | Zmnk )"L+'1"+k — 0 as m,n, k — oo.

The notion of difference sequence spaces (for single sequences) was introduced by Kizmaz [6] as follows
Z(A)={z=(ap) Ew: (Azxy) € Z}

for Z = ¢, ¢y and £, where Az, = x), — 241 for all k € N.

The difference triple sequence space was introduced by Debnath et al. (see [5]) and is defined as

Axmnk: = Tmnk — Tm,n+1,k — Tm,n,k+1 + Tmn+1,k+1 — Tm+1,nk + Tm+1,n+1,k + Tm+1,n,k+1 — Tm+1,n+1,k+1

and A%k = (Tmnk) -

2. SOME NEW DIFFERENCE TRIPLE SEQUENCE SPACES WITH FRACTIONAL ORDER

Let T'(«) denote the Euler gamma function of a real number «. Using the definition I' (o) with o ¢

0,—1,—2,—3,---} cab be expressed as an improper integral as follows: I'(a) = [ e *2* 1dx, where o
{0, -1, -2, -3, p prop g ;

0

is a positive proper fraction. We have defined the generalized fractional triple sequence spaces of difference

operator

oo oo 00 1)u+v+w T (a + 1)
mn m+u,n+v w- 2.1

In particular, we have

. 1 1

(1) Az (zmnk) = Tmnk — 7g¥m+1n+1,k+1 —

.. _1 5

(11) A7z (xmnk) = Tmnk + 16 Lm+1,n+1,k+1 + -

2 . . .

(iil) A3 (Zymnk) = Tmnk — %xm+1’n+1’k+1 — -+-. Now we determine the new classes of triple difference

sequence spaces Af () as follows:

{x Tonk) € WP (A?/x) € X} , (2.2)

« _ (=D T (1)
where AS (Zmnk) = 3020 20m0 Do o Fo) T (o (utotw)F1) Lmtuntvh+w and

X € X (@) = (Agzmne) = pone (852) = [Fs (((m+ 4 R[5

)]

Proposition 2.1. (i) For a proper fraction o, A*: W xW x W — W x W x W defined by equation of

(2.1) is a linear operator.
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(i) For o, B > 0, A (Aﬁ (zmnk)) = AB (2ynk) and A (A7 (Zpnk)) = Trnk-
Proof: Omitted.

Proposition 2.2. For a proper fraction o and f be an Musielak-Orlicz function, if X? (x) is a linear space,

3A . )
then x; 7 (x) is also a linear space.

Proof: Omitted

3. DEFINITIONS AND PRELIMINARIES

Throughout the article w?, x3 (A), A3 (A) denote the spaces of all, triple gai difference sequence spaces
and triple analytic difference sequence spaces respectively.
Subramanian et al. (see [12]) introduced by a triple entire sequence spaces, triple analytic sequences spaces

and triple gai sequence spaces. The triple sequence spaces of x® (A), A3 (A) are defined as follows:
2 (A) = {x cw?: (m+n+ k) |Azpe) ™™ S 0asm,n, k — oo} ,

A3 (A) = {x € w3 i supmnk |A:cmnk|1/m+"+k < oo} .

Definition 3.1. An Orlicz function ([see [7]) is a function M : [0,00) — [0, 00) which is continuous, non-

decreasing and conver with M (0) = 0, M (z) > 0, for x > 0 and M () — o0 as x — oo. If convezxity of

Orlicz function M is replaced by M (z +y) < M () + M (y), then this function is called modulus function.
Lindenstrauss and Tzafriri (/8]) used the idea of Orlicz function to construct Orlicz sequence space.

A sequence g = (gmn) defined by
Gonn (v) = sup {[o] & = (Fruni) () s 0> O}, m b = 1,2,
is called the complementary function of a Musielak-Orlicz function f. For a given Musielak-Orlicz function
f, [see [9] ] the Musielak-Orlicz sequence space ty is defined as follows
ty = {x ew? : It (|Tmni)™ " = 0asm,n, k — oo} :
where I is a convex modular defined by
I (z) = Z;.::l Zqomozl Zk“;l Srmnk (|9Cmnlc|)1/m+n+’c 2T = (Tmnk) € Ly

We consider ty equipped with the Luremburg metric

1/m+n+k)

d (% y) = Zfi:l fo:l ZZL Fmnk (Izmnﬂmk

18 an exteneded real number.

Definition 3.2. Let a be a proper fraction. A triple difference sequence spaces of ASx = (Ai’;xmnk) is said

to be A strong Cesaro summable to 0 if
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1My pw—s 0o ﬁ S o >y |A,°y‘xmnk, 0| = 0. In this we write ATk oL ASxynk. The set of

all A5 strong Cesaro summable triple sequence spaces is denoted by [C,1,1,1].

Definition 3.3. Let a be a proper fraction and B be a nonnegative real number. A triple difference sequence
spaces of ASx = (Ag‘xmnk) is said to be A rough strong Cesaro summable in probability to a random
variable Az : W x W x W — R x R x R with respect to the roughness of degree 8 if for each e > 0,

M yyw—so0 7o Somet Domet Sopey P (|A?‘/xmnk,()‘ > B+¢€) = 0. In this case we write TANGH —>[BC’1’1’1]PA

Af‘,l‘mnk- The class of all BAS— strong Cesaro summable triple sequence spaces of random variables in

proability and it will be denoted by B[C,1,1,1]74.

4. ROUGH CESARO SUMMABLE OF TRIPLE OF Af;

In this section by using the operator A;l, we introduce some new triple difference sequence spaces of rough
Cesaro summable involving lacunary sequences 6 and arbitrary sequence p = (p,g:) of strictly positive real
numbers.

If o be a proper fraction and 8 be nonnegative real number. A triple difference sequence spaces of
ASX = (A?Y‘xmnk) is said to be AJ— rough strong Cesaro summable in probability to a random vari-
able ASX : W x W x W — R x R x R with respect to the roughness of degree 3 if for each € > 0 then define
the triple difference sequence spaces as follows: (i)

C(ASp)y =200 i i P (fmnk Hﬁ 2 mnkyel,a A5X
C (A?Y‘,p)(9 %20,1,1,1]*“ C (Ai’y‘,p)e. The class of all 5C (Ag,p)e — rough strong Cesaro summable triple

Prst
} >0+ e) < 00. In this case we write

sequence spaces of random variables in probability and it will be denoted by 8[C, 1,1, 1]PA .

(i)
ClAS,pl, =202, Y0l Y2 P (ﬁ D (mnkyel o, frmnk [|asx|”] =B+ 6) < 00. In this case we write
C [Ai‘,p} 0 _>£30,1,1,1]PA C [A;ﬂp]e . The class of all 5C [Ai’;,p]g — rough strong Cesaro summable triple se-
quence spaces of random variables in probability.

(iii)

Ca (83,9)5 = P (frum |

Ch (A;“, p) o - The class of all BC\ (Aﬁ, p) , — rough strong Cesaro summable triple sequence spaces of ran-

1 AO&X Prst > I th t C AO‘ [C,l,l,l]PA
T 2 (mnk)el, AF > B+ ¢€) < oo. In this case we write Cp (AS,p), —4

dom variables in probability.
(iv)
Ca [A3:2]y = 7o Zimnwyera P (fonni [|A5X

Ch [Ag, p] o The class of all 5Cy [A;", p] 0 rough strong Cesaro summable triple sequence spaces of random

PA
Prt] > B+ €) < oc. In this case we write Cy [A;’,p]e —>ch’1’1’1]

variables in probability.
(v)

N (A5,p)p = limrstosoot s Zmnkyet,, P (i [|A5X,0 s

pm] > B8+ e) = 0. In this case we write V (Ag‘,p)e =5




Int. J. Anal. Appl. 16 (1) (2018) 20

N (A?Y‘, p) g L he class of all BN (A?Y‘, p) 0 rough strong Cesaro summable triple sequence spaces of random

variables in probability.

Theorem 4.1. If a be a proper fraction, B be nonnegative real number, f be an Musielak-Orlicz function and
(prst) is a triple difference analytic sequence then the sequence spaces C (Aﬁ’;,p)e, C [Af;,p]e, Ch (A?j,p)e,
Ch [A,‘j‘,p]e and N (A?Y‘,p)e are linear spaces.

Proof: Because the linearity may be proved in a similar way for each of the sets of triple sequences, hence

it is omitted.

Theorem 4.2. If a be a proper fraction, 8 be nonnegative real number, f be an Musielak-Orlicz function
and (prst) , for all r,s,t € N, then the triple difference sequence spaces C [Ai’;,p]g is a BK-space with the
luzemburg metric is defined by

d(2,Y); = 2uto 2oe0 2oweo fmnk [%vzﬁ;w] +

1/p
hm“”w‘*m uvw ZT 1 ZS 1 Zt 1 fmnk |: (m Z(nl,n,k)EImt A?ytm|p) > 6 + 6} ;1 < D-
Also if prst = 1 for all (r,s,t) € N, then the triple difference spaces Cy [A;“,p}e and N (Aﬁ,p)e are BK-

spaces with the luzemburg metric is defined by

d(x’y)Q - Zu OZ’U Ozw Ofmnk [Wuvéuvﬁww] +
Z(Mnkelrw fmnk[ ‘Af;mD ZB+6]

Proof: We give the proof for the space Cy [Aij,p}e and that of others followed by using similar techniques.

LMoo e hm

Suppose (z™) is a Cauchy sequence in Cy [Ag,p]
in Cp [A%p]

g Where z™ = (zije)" and z™ = (x;”’;e) are two elements

o- Then there exists a positive integer ng (€) such that |z™ —z™|[ — 0 as m,n — oo. for all
m,n > ng (€) and for each i,j,@ € N. Therefore

11 12 g 11 « 12
Tovw  Tuvw - A’y A A’y ij0
21 22 «@ 21 « 22
LTovw  LTuvw - e A’y ijl A’y ijl

and

are Cauchy sequences in complex field C and Cy [Af‘/,p] respectively. By using the completness of C and

Ch [Ai’;,p] we have that they are convergent and suppose that Ty = Tie in C and (A?y‘ ZO — Yije N

Ch [Aﬁ,p]e for each i,j,¢ € N as n — oo. Then we can find a triple sequence space of (x;5¢) such that
Yije = A"‘J;ijg for 1, j,ﬁ € N. These xfﬂ can be interpreted as

Tije = A,Llje S S A =

o YD S szl AYYu—mw—nw—ks (Y1-m1-ni—k = Y2-m2-n2—k = = Yooo = 0) . for sufficiently large
(i,7,0); that is,
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Aa 11 Aa 12

Yy 7.][ 2]2

a,.21 A% 22

'ymijf o' z_]@

(a57) =

converges to (Aﬁwijg) for each i,5,0 € N as n — oo. Thus |t™ — x|y — 0 as m — co. Since Ca [Ag,p]e 18

a Banach luzemburg metric with continuous coordinates, that is |x" — x|, — 0 implies Ty — l‘ijg‘ — 0 for

each i,j,£ € N as n — 00, this shows that Cy [Af‘{,p]g is a BK-space.

Theorem 4.3. If a be a proper fraction, 5 be nonnegative real number, f be an Musielak-Orlicz function
and (prst) , for all r,s,t € N, then the triple difference sequence space C (A,‘?,p)g 1s a BK-space with the
luzemburg metric is defined by

d(2,Y)3 = Paro Doco Loweo Smnk [T ] +

P
lzmu”w‘ﬂ)o uvw Zr 1 Zs 1 Zt 1 fmnk |: (‘m Z(m,n,k’)elmt A?;‘CC‘ ) > B +e€
Also if prst = 1 for all (r,s,t) € N, then the triple difference spaces Cy (A?‘/7p)9 is a BK-spaces with the

1/p
| s

luxzemburg metric is defined by
wvw Xuvw
d($7y)4:Zu OZU OZU} Ofm"k [’Y uvw :|+

limu’uw%oomfmnk |:P( Rorst Z(mn k)elrst A -'L‘D Z B + 6:| .
Proof: The proof follows from Theorem 4.2.

Now, we can present the following theorem, determining some inclusion relations with out proof, since it is

a routine verification.

Theorem 4.4. Let o, & be two positive proper fractions a > € > 0 and 8 be two nonnegative real number,
f be an Musielak-Orlicz function and (prst) = p , for each r,s,t € N be given. Then the following inclusions
are satisfied:

(i) C’(Aﬁ;,p)a - C(Aﬁ,p)e ,

(ii) C [AS,p], € C[AY,p], ,

(i) C(Af’;,p)g C C(A‘;,q)e, 0<p<aq.

5. ROUGH LACUNARY STATISTICAL CONVERGENCE OF TRIPLE OF A;‘

In this section by using the operator A, we introduce some new triple difference sequence spaces involving

rough lacunary statistical sequences spaces and arbitrary sequence p = (p,.s;) of strictly positive real numbers.
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Definition 5.1. The triple sequence 0; 0, = {(m;,n¢, kj)} is called triple lacunary if there exist three in-
creasing sequences of integers such that
mo =0,h; =m; —m,._1 — 00 as i — 0o and
no=0,hy =np —ng_1 — 00 as £ — oo.
kozo,hij:kj—kj,lﬁoo as j — 0.
Let m; g5 = myngkj, hipj = hi%, and 0; ¢ ; is determine by

P _ ks
Ligg =A{(m,n, k) :miy <m <mjandng_y <n <ngandk;—y <k <k}, qi= 3", 00 = 75,0 = 5,5

Definition 5.2. Let a be a proper fraction, f be an Musielak-Orlicz function and 6 = {mrnskt}(rst)eNUO
be the triple difference lacunary sequence spaces of (Aﬁank.) is said to be AS— lacunary statistically
convergent to a number 0 if for any € > 0,

limmt%ooﬁ H(m,mk’) € Lst : frank HA?;X”W’“’OH > e}{ =0, where

Ky

Lo = {(m,n, k) :m,1 <m <mpandns_y <n <ngandk;_y <k <ki},q = 7,05 = -, @ = 3

m,_1 s ns—1’ -1

In this case write Ai?X —S0 Aﬁz.

Definition 5.3. If a be a proper fraction,  be nonnegative real number,f be an Musielak-Orlicz function
and 0 = {mrnskt}(rst)eNUO be the triple difference sequence spaces of lacunary. A number X is said to be
AS — Ng— convergent to a real number 0 if for every e > 0,

Uiyt o0 T— > omel, Ynel, 2kel, fmnk HA'O;Xm”k’ GH = 0. In this case we write AS X pnk —No Q.

rst

Definition 5.4. Let « be a proper fraction, B be nonnegative real number,f be an Musielak-Orlicz function
and arbitary sequence p = (ppst) of strictly positive real numbers. A triple difference sequence spaces of
random variables is said to be AS— rough lacunary statistically convergent in probability to ASX : W X W x

W — R x R x R with respect to the roughness of degree B if for any €,0 > 0, lim,si— 00

L (m,n, k) € Lrst : P (| frnnk (|AS (Tmnk) Pret > B4€) > 6 = 0 and we write A* X,k S0 It
hrst Y vy B
will be denoted by BSE .

Definition 5.5. Let « be a proper fraction, 5 be nonnegative real number,f be an Musielak-Orlicz function
and arbitary sequence p = (ppst) of strictly positive real numbers. A triple difference sequence spaces of
random variables is said to be AS— rough No— convergent in probability to ASX : WX W xW — RxRxR
with respect to the roughness of degree B if for any € > 0, limrstqooﬁst Y omel, 2anel. 2okel,

|{P ([fmnk (‘A;*ankmpm >0+ e)}’ = 0, and we write Angnk —>g‘f AgX. The class of all B — Ng—

convergent triple difference sequence spaces of random variables in probability will be denoted by BNE .

Definition 5.6. Let « be a proper fraction, B be nonnegative real number,f be an Musielak-Orlicz function
and arbitary sequence p = (prst) of strictly positive real numbers. A triple difference sequence spaces of

random variables is said to be AJ— rough lacunary statistically Cauchy if there exists a number N = N (¢)
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in probability to ASX : WX W x W — Rx R xR with respect to the roughness of degree (3 if for any €,6 > 0,

lzmrst—)oo

s [{(man k) € Lt = P ([frun (| A5 (@mni = 28)[)] " > B+ €) > 6} =0.
Theorem 5.1. Let o be a proper fraction, B be nonnegative real number,f be an Musielak-Orlicz function
and arbitary sequence p = (prst) of strictly positive real numbers, 0 < p < 0o. (i) If (Tmni) — (N (a2, p)a)
for prst = p then (2pni) = (A2 (S9)) . (i1) If & € (A2 (Sp)) , then (k) — (N (A2, p)e).
Proof:  Let @ = (wnni) € (N (A3,p),) ([frnk (|A2X e )] > B+ €) }| = 0. We have
s Lmniyet, [P ([Fmnk (A Xomnk])]"™ 2 B+ )} >

[{(m. 1, k) € Lst 2 P ([Fnnt (A5 (@) )] 2 B+ €) 2 6} (B&“)p-
So we observe by passing to limit as 7, s,t — oo,
limyst oo i | { (M, 1, k) € Tgt = P ([ frni (|A (@mnk)[)]7" = B+€) 2 6} <
()P (zzm,st%omZ(m)n,k)ew | A%z e |”) = 0. which implies that . — (A% (S9)) -

Suppose that x € AY (A?) and (zpmnk) = (A (S)) . Then it is obvious that (ASz) € A® and

rst

1
hrst

{(mm,k) € lg: P([fmn;C (’A‘; (xmnk)|)]pm > ﬂ—i—e) > 6}| — 0 as r,s,t = oco. Let € > 0 be given
and there exists ugvowg € N such that

[{(mn,k) € Lrst 2 P ([frane (AT @nni) )] 2 8+ 5) 2 5} < grmarmyys T 2

where Y00 S S NuvwTuvw| = 0, for all 7 > ug,s > vo,t > wo. Further more, we can write

’Aaxmnk‘ <d (Aaa:mnk,y) <d (Agx, y)AS =d(x, y)AW. Forr,s,t > ug,vg, Wo.

P (Stmmien, o (185 X )]”) +
( y)Aax

o (Z(mnk)@élm,« [frmnk (| AS Xmni])] ) P (hrst (5+ )+hmw+§> = €+ 0. Hence
(xmnk) - (N (Af\;‘,p>9).

A

e Zmnk et P ([fmnre (A5 Xk )]7) =

'rst

Corollary 5.1. If a be a proper fraction, S be nonnegative real number,f be an Musielak-Orlicz function

and arbitary sequence p = (prst) of strictly positive real numbers then the following statements are hold:

(i) SNA3 C A2 (Sg) VA (M%), (i) AT (Sp) NAS (A3) = A2 (wd) .

Theorem 5.2. Let a be a proper fraction, B be nonnegative real number,f be an Musielak-Orlicz function
and arbitary sequence p = (pyst) of strictly positive real numbers. if T = (Tyni) is a AS— triple difference
rough lacunary statistically convergent sequence, then x is a AS— triple difference rough lacunary statistically
Cauchy sequence.

Proof: Assume that (Tpni) = (A% (Sp)) and €,6 > 0. Then

[{(m,n,k) € gt « P ([frnk (| AS@mnk|)]"" > B+ 5)}| for almost all m,n,k and if we select N, then
{(m,n,k) € L« P ([frnk (|A22N|)]"" = B+ §)}]| holds. Now, we have

{m,n,8) € Lo = P ([fronk (185 (@i = 2)])]")}] <

5 [{0nn.k) € Lot = P ([Frne (|AS2mni )] = 8+ 5) }| +

1
5
1
5
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% |{(m,n,k) €l.g:P ([fmnk (|A,Oy“a:N|)]pm > B+ %)H < %(ﬁJre) = ¢, for almost m,n, k. Hence (Tmnk)

is a A5 — rough lacunary statistically Cauchy.

Theorem 5.3. If a be a proper fraction, B be nonnegative real number,f be an Musielak-Orlicz function and
arbitary sequence p = (prot) of strictly positive real numbers and 0 < p < oo, then N (A%, p), C A (Sp).
Proof: Suppose that © = (xymnk) € N (A;‘,p)e and

H(m,n, k) € Ist : P ([ fronk (’Agxmnk‘)]p > B+ 6)}‘ Therefore we have

mme Dbyt P ([Fmnse ([852mni])]") 2 75 Emnmyer,., B+ 2

P [ ) € o+ P ([ (A )] > B+ (54 €

So we observe by passing to limit as r,s,t — o0,

limpst oot [{(m.11,k) € Lgt : P ([frnn (|AS (@mnr)])]” = B+ €) > 6} <

it (P (oo 2t Soniren ot (185 @nni)))7) ) =0 implis that

r € AT (Sp). Hence N (A,‘?,p)e C A5 (Sp) -
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