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FUNCTIONAL SEQUENTIAL AND TRIGONOMETRIC SUMMABILITY OF
REAL AND COMPLEX FUNCTIONS

M.H. HOOSHMAND*

ABSTRACT. Limit summability of functions was introduced as a new approach to extensions of the
summation of real and complex functions, and also evaluating antidifferences. Also, limit summand
functions generalize the (logarithm of) Gamma-type functions satisfying the functional equation
F(z + 1) = f(z)F(x). Recently, another approach to the topic entitled analytic summability of
functions, has been introduced and studied by the author. Since some functions are neither limit
nor analytic summable, several types of summabilities are needed for improving the problem. Here,
I introduce and study functional sequential summability of real and complex functions for obtaining
multiple approaches to them. We not only show that the analytic summability is a type of functional
sequential summability but also obtain trigonometric summability (for functions with a fourier series)
as another its type. Hence, we arrive at a class of real and complex function spaces with various
properties. Thereafter, we prove several properties of functional sequential, and also many criteria for
trigonometric summability. Finally, we state many problems and future directions for the researches.

1. INTRODUCTION

In the theory of indefinite sum, antidifference and finite calculus, obtaining some special solutions
of the difference functional equation

VF(z):=F(x)— F(zx—1)= f(z) ; z € E, (1.1)
is very important, where E is the domain of a real or complex function f or a subset of C (analogously
for AF(z):= F(x+1) — F(z) = f(z), where A is the forward difference operator, e.g., see [1]).

But the author discovered an approach to the solution of the equation (on 2001) when he tried to
generalize the Bohr-Mollerup theorem and Gamma-type functions (see [2,3,5]). The following are its

summary.
Let f be a real or complex function with domain Dy O N* ={1,2,3,---}. Put

5y = {alo+ N* € Dy},
and then for any = € ¥ and n € N* set
Rn(f,x) = Ru(x) := f(n) — f(z +n),

fo, (@) = foen (x) = f(n)+ Z Ry(z).
k=1

The function f is called limit summable at o € X if the functional sequence { f,, ()} is convergent
at = x9. The function f is called limit summable on the set S C X if it is limit summable at all
the points of S.

Now, put

fol) = fo,(2) = Tmn fo, (2), R(z) = R(f,2) = lm Ro(f.2).

Therefore Dy, = {x € Xy|f is limit summable at z}, and f,, = f, is the same limit function of f,,
with domain Dy, .
The function f is called limit summable if it is summable on ¥;, R(1) =0 and Dy C Dy — 1. In this
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case the function f, is referred to as the limit summand function of f. If f is limit summable, then
.chr = Df —1 and

fa(x) = f(fE) + fa($ - 1) ; Vo€ Df~
Therefore, if f is limit summable then its limit summand function f, satisfies (1.1).
The paper [2] states a framework for studying the limit summable functions including basic conditions,
many criteria for limit summability, uniqueness conditions for its summand function and so on.

Example 1.1. If |a| < 1, then the complex function f(z) = a* is absolutely limit summable and
fo(z) = =2=(a®* —1). Also, if 0 <b# 1 and 0 < a < 1, then the real function g(x) = ca® + logy x is

ga(x) =

limit summable and
One can see the topic of limit summability in [2,5].

cal(ax —1) +log, I'(x + 1).

Since some of the important special functions are not limit summable, recently, another type of
summability entitled ”analytic summability” has been introduced in [4]. We obtain it again in this
paper (as a type of functional sequential summability).

2. FUNCTIONAL SEQUENTIAL SUMMABILITY

Let § = {6,(2)}52 be a linearly independent functional sequence of complex (or real) functions on
E CC. Put
Sg(6) := Span(d) = Span(dp(z), d1(x), d2(x), ).
Similarly, if § = {0, (z)}72, and 8 = {B,(z)}2L, are two functional sequences on E such that 6 U S is
linearly independent, then we may set

SE(5’ B) = Span(5 U 6)7

(Sg(01,- -+ ,d;) can be defined analogously).
Now, let § = {0, (2)}32, be as mentioned and A = {A,(z)}22, a functional sequence satisfying

An(@) = Ap(w—1)=6,(z) ; € E, neNy={0,1,2,-}. (2.1)

Since there are infinitely many such functional sequence A (because (1.1) has the general solution
F(z) = F,(x) + ¢(x) where F), is an its solution and ¢ any 1-periodic function), we fix one of them.
The equation implies each A, (x) is defined on E U (E — 1).

Also, since A is linearly independent (see proof of Theorem 2.2), we may put

S%(6; A) = 8§%(8) := Span(A) = Span(Ap(x), Ay (z), Aa(z), -+ ),

and so SZ () = Sg(A). Note that we use the notation S%(d) when A is well-known in the topic and
there is no any risk of confusion.

Example 2.1. If 6,(z) = 2", then 6,(2) and
Bpt1(z+1) — bptq

An(z) = n+1

satisfies the conditions, where By, (z) is the Bernoulli polynomial and b, = By, (1) (see [4]). Here SE(9)
1s equal to the space of all polynomials with zero constant.

Note. In continuation, we consider 6, E, A, Sg(J) and S%(J) with the mentioned conditions.

Lemma 2.1. We have f € Sg(9) if and only if there exists a unique F' € S(0) satisfying the difference
functional equation (1.1).

(Notation. Hence we shall denote F' by f,,, or simply f, when there is no any risk of confusion.)

Proof. It f € Sg(6) then there exist d,,, - ,0,,. € d and coefficients ¢,,, - ,¢p,, such that f =
>l niOn,. Putting F = > 7 ¢, Ap, we have F € SZ(§) and F satisfies the equation. Also, if
G € S87%(9) satisfies (2.1) then G = Ei dy; An,, for some coefficients d,,, - -, dp,,, and

> enybn, =F(z) = Fz—1) = f(z) = G(z) =Gz = 1) = Y _dpm,0,,(x) ; x € E.
k=1 =1
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Hence, independence of § implies t = r and {cpn,, -+ ,¢n,. } = {dm,, -+ ;dm,}. Therefore,

G = icnkAnk =F
1

The converse is obvious (by (2.1)). O

Definition 2.1. Let f(z) = Y o cn0n(z) be convergent on E. We say the function f is (8, A)-
summable (or simply §-summable) if the series Y o cnAn(z) is convergent on E (the terms uniformly
and absolutely §-summable are defined analogously). Moreover, if it is the case, then we may put

o0

faa(x) = fo(x) = ZCnAn(‘r)a

0

and call it §-summand function of f on E (this symbol agrees with the above notation , i.e., if f € Sg(d)
then the function f, that is gotten from Lemma 2.2 and this definition are the same)

Now, we set

Sg(8) :=={f: E — C|f is J-summable}

S5(8) = {fos|f € SE(6)}

It is obvious that Sg(d) C Sg(d) C the space of all functions with a Fourier series on F, and S%(§) C
Sp(0).

Theorem 2.1. The sets Sp(d) and S5(8) are functions spaces and the map
o=05:Sp(8) = S5(0),

defined by o(f) := fo, is a surjective linear map with SE(5) C o(Sg(9)). Also, we have

(a) fo satisfies the difference functional equation (1.1).

(b) The surjective linear map o is bijective (and so Sg(8) = Sp(8)) if and only if & = {6, ()},
is infinitely linearly independent (i.e., Yo" cpdp(z) = 0 on E implies ¢, = 0, for all n € Ny, e.g.,
8 (z) = a™ or 6, (x) = € ). Therefore, if this is the case then Sg(8) = o(Sg(d)).

Proof. Tt is obvious that Sg(8) and Sp(8) are vector spaces and o is a surjective linear map from
SE(6) to S,(8). Then, Lemma 2.2 implies S%(5) C o(Sg(d)). Now, note that linearly independence
(resp. infinitely linearly independence) of é on E implies linearly independence (resp. infinitely linearly
independence) of A on EU (E — 1). Because if ) ¢y, Ay, (t) =0 for all t € EU (E — 1) then

ch].An].(x) =0, chjAn].(x —1)=0; VzeE.
Therefore

chJ nJ — chj nJ )=0; Ve e E,

and so all ¢, are zero.
Now, if f,g € Sg() then f(z) = >0 cndn(x), g(z) = Y0 dndp(z), for all z € E, and f,(z) =
>0 enAn(), go(x) =3 0" dnAy (), for all z € EU(E —1). So

oo

folx) = folx —1) = ch(An(a:) —Ay(z—1)) ch n(z) = f(x) ; Ve € E.

0

Also, if o(f) = o(g), then Y ;" (¢n — dn)Ap(z) =0 on EU(E — 1) and so ¢, — d, = 0 (because § is
infinitely linearly independent), which means o is injective. Hence the proof is complete. O
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2.1. Analytic summability. Let 6,(z) = 2" (¢ € C) and consider all terms of Example 2.1 on
an open domain D = E C C. Then Sp(§) is a subspace of all analytic functions on D. Also,
f(z) =Y " cnz™ € Sp(d) is -summable if and only if the series

ic Bn+1(z + 1) - bn+l
5 " n+1

is convergent on D, and this is the same ” Analytic summability of f” from [4]. Therefore (according
to [4]) we denote it by f,, instead of f,, and call this f ” Analytic summable”, and also denote the
space by Sp(A). Theorem 2.4 implies 04 is a surjective linear map from Sp(A) to Sp(A), and so
Sp(A) = SUD (A) that is a new result about analytic summability. One can see many criteria, results
and open problems about this type of functional sequential summability in it.

Example 2.2. The exp function is analytic summable in C and
e’} N n+1

1 n k
expy(2) = ZEU _J\}gnoozz n! k! nJrl E)! W 1= R i+
n=0
N+1 N e’} e’}
=dm > > gwr T 2w
n=1 k=n—1 n=1 7=0

n

€ =z e ;
:e—le:e—l(e -1

n=

So exp, ,(2) = ;5 (e* — 1) (details can bee seen in [{]).

3. TRIGONOMETRIC SUMMABILITY

Now, we can introduce another important type of functional sequential summability in two ways:
(a) Consider v = {e"*}>2 _  (x € R, n € Z). Here, the indices set Ny is replaced by Z. Therefore, in
the definition of functional sequential summability, f has the Fourier series form f(z) = Y>> c,e™®.

Putting T',,(z) = =5—(e™* — 1) for n # 0 and Tg(x) = coz , one see that I, satisfies the conditions

ein 1

(for all real numbers z). Hence, f is y-summable on E if and only if the following series is convergent

ch n(®); z €L, (3.1)

(b) Put 6 = {cos(nz)}>, and 8 = {sin(nx)}>2, (z € R). The sequence § U § is infinitely linearly
independent. For every positive integer n, put
An(z) = cos(nx) + cos(n) — cos(nx +n) — 1’
2(1 — cos(n))
sin(nx) + sin(n) — sin(nz + n)
2(1 — cos(n)) ’

B, (r) =

and also Ag(x) =1, Bo(x) = 0.

It is easy to see that they satisfy the conditions.

It is obvious that f is d, f~summable on E (i.e., f € Sg(6,3)) if and only if it has the Fourier series of
the form f(z) = % + Y7, an cos(nx) + by, sin(nz) and the following series is convergent

Zan n(2) + b, B, (2). (3.2)

Now, let

Z cpei™® =22 4 Z an, cos(nz) + by, sin(nx).

n=1
It is easy to see that the series (3.1) is convergent if and only if (3.2) is convergent, and so we arrive
at the following definition.
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Definition 3.1. Let E, f, v and §, be as the above. We call f trigonometric summable (on E) if
the series (3.2) (or equivalently (3.1)) is convergent. Also, we put

f"“”g() folz): +Zan (@) + 0n B ( —00$+chn s x €FE,

and call it trigonometric summand of f (on E).

Now, we prove many equivalent conditions for trigonometric summability and also several criteria
for trigonometric summability of functions with a Fourier series.

Theorem 3.1. (Some criteria for trigonometric summability of real and complex functions) Let

flz) ==+ Z an cos(nx) + by, sin(nx) Z cne™

1s defined on E C R. Forn # 0 put
A, =a, — cot(g)bn , B, =b, + cot(g)an , Ch=cp,— icot(g)cn.

Also, set Ay = ag, Bg = Cy=0. Then

(a) The following statements are equivalent:

- f is trigonometric summable on E;

- The series Y .o | A, cos(nz) + By sin(nz) — A, is convergent (to 2f,(z) — apx) on E ;

- The series Y Cre™ — C,, is convergent (to fy(x) — cox) on E;

- The series > oo csc(2) sin(%E)(ay, cos(nZL) + b, sin(nZEL)) is convergent (to fn(z) — 2aox).

(b) If the Fourier series Y - | Bycos(ng) — Apsin(n¥) (i.e., the series is gotten from the Fourier
series of f, replacing a,, by, cmd x by By, Ap and —5 respectwely) is absolutely convergent, then f is
absolutely trigonometric summable and

1 = z
|fo(a )—*aox|<Z|B cos(n ) Ansin(nz)].
n=1
c) If the Fourier series —4n cos n“”fJrl + o _sin(nZtl) (i.e., the series is gotten from the
n= 1 sin( %) sin( %) 2 9
2
Fourier series of f, replacing an, b, and x by =22~ —to and ZHL respectively) is absolutely con-
sin(Z)’ sin(%) 2
2 2
vergent, then f is absolutely trigonometric summable and
nZ +1 b ., x+1
ola) — gaoe] < Z|bl jcos(n ™) + gty sinn )l

Proof. By using the identity 5200 — cot(%), we obtain (for all n > 1)

1—cos(n)
2A,(x) = cos(nx) — 1 + COt(g) sin(nz) = 251n( ){cot(2 ) cos(%) — bm(%)}
= CSC<§)Sin(nw + g) -1= 2080(%)8in(%)cos(nx; Y

2%, (x) = sin(nx) + cot(%)(l —cos(nz)) = 251n(n ){cos( ) ) + cot(2 ) sin(%)}
= cot(g) - Csc(g) cos(nz + g) = ZCSC(g) sin(%) sin(nx; n),
o, (z) = (1 — icot(g))(em —1).
Therefore,
Zan n () 4 0By ( ZA cos(nx) + By sin(nz) — A,
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and
> . > . x € . €T
Z Ay (cos(nz) — 1) + By, sin(nx) = 2 Z 81n(n§){Bn cos(ng) — A, s1n(n§)}
n=1 n=1
oo
r+1 b, . z+1
z:: Sm 2) cos(n 5 )+ sn(2) sin(n 5 )).
Now one can obtain the results, directly. 0

The above theorem together with the identity A2 + B2 = (a2 + b2)csc?(%) imply the following
corollary.

Corollary 3.1. Let a,, and b, are two sequences of real or complex numbers.
2 2
(a) If one of the series 3., Lanltlbnl 500 v Gt convergent, then the function f(x) = % +

n=1 [sin(%)| n=1 [sin(%)]
Yoo 1 ap cos(nx) + by, sin(nz) (is defined in R) is absolutely and uniformly trigonometric summable on
whole R and

fo(z) = lULOQS—I—%Zzozlflncos(mc)—&—B sin(mc) A,

SaoxT + Y 1csc(2)51n( ) (an, cos(nEt) 4 by, sin(nZft))
3002 + 7 sin(ng)(By cos(ng) — A, sin(nf))

= cm:—i—Zi C, e“m—C’n

and
fo(x) = Z nB,, cos(nx) — nA, sin(nx).
n=1
Hence, f!(x) has a Fourier series in R.
Note. If > | a, — cot(%)b, (=)~ An) is convergent then trigonometric summability of the

function f(z) = % + 307 | an cos(nx) + by, sin(nz) is equivalent to convergence of the Fourier series
oo Ay cos(nz) + By sin(na) , and so f,(z) — $agz (if exists) has a Fourier series.

Example 3.1. Consider the real function

flz) =1+ ,i Sir;(zg) cos(nz) + ir;l(ﬁ sin(nx)

It is defined on whole R and by using the above results, f is absolutely and uniformly trigonometric
summable and

folw) = a = T 23 AR O, ) 4 (B )

5 ) sin(nx)

1 esc?(2 nx r+1 r+1
=z+ Z 2(2) sin( 5 )(cos(nT) +sin(nT))

n=1 n
—et Y GG,
Also
by cos(%) + cse(g) cos(§) — csc(G)
folx)=1 ,;1( p ) cos(nx) + ( - )sin(nz) ; = €R,
and
= 2 T 2
folw) ol <3 =T S @l < T4l ; veR
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At last, there are some important questions for future studies of trigonometric, analytic and limit
summability of functions (similar to the open problems of [4]).

Open problem 1. Let f be an analytic function defined on open domain D = E . If f is both
analytic and trigonometric summable, then is it true that f,, , = fo, on D?

Open problem 2. Let f be a function with a Fourier series on E with the property N* C E C .
If f is both limit and trigonometric summable, then is it true that f, = f,,  on E?

Open problem 3. If f is trigonometric summable on £ = Dy, then under what conditions is it a
unique solution of the equation (1.1) with the initial property f,(0) =0 ? (compare to the uniqueness
Theorem 3.1, Corollary 3.4 of [2] and Theorem A, Corollary 3.4 of [3]).

Finally, as another future direction for the researches, one may study and discover other functional
sequential summability (by taking some appropriate functional sequences § = {0, (z)}22, ), and also
intersection of the spaces of limit, trigonometric and analytic summable functions. Note that every
constant function f(x) = ¢ lies in the intersection and oy(c) = g.4(c) = 0,4(c) = cx.
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