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ABSTRACT. The convergence of Fourier series of a function at a point depends upon the behaviour of the
function in the neighborhood of that point and it leads to the local property of Fourier series. In the proposed
paper a new result on local property of |A; §|;-summability of factored Fourier series has been established
that generalizes a theorem of Sarigél [13] (see [M. A. Sariégol, On local property of |A|i-summability of
factored Fourier series, J. Math. Anal. Appl. 188 (1994), 118-127]) on local property of |A|g-summability

of factored Fourier series.

1. INTRODUCTION AND MOTIVATION

Suppose Y a, be a given infinite series with sequence of partial sum (s,) and let A = (an,) be a lower

triangular matrix with nonzero diagonal entries. Then A4 defines the sequence-to-sequence transformation
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from the sequence s = (s,,) to A(s) = (A,(s)), with

An(s) :Zanvsv. (1.1)

v=0
A series ) a,, is summable |A|; (k > 1) if, (see [13])
S ann " 7FAR(s) = An—1(5)]F < o0, (1.2)
n=1

and the series Y a,, is summable |A;§|; (k > 1) if, (see [6])
D ann " FF A (s) = An_i(s)]F < 0. (1.3)
n=1
Let us consider two lower triangular matrices A and A associated with A as follows:

n
dnv :Zan'm (n,U:O,172,...,)
r=v

and

(ny = Gpy — Gn—1,0- (n=1,2,3,...,).

In special case, when A = (N, p,) then | A, §|z-summability reduces to |N,p,;d|x-summability and for
k=1, (IN,pn;d|) is equivalent to |R, p,,; §|-summability (see [2]). Also, if we take A = (C, a) with (o > —1),
then |A, 0|,-summability becomes |C, &, (v — 1)(1 — 1/k)d|i, in Flett’s notation. Furthermore, for double ab-
solute factorable summability matrix (see [11]).

We use the notations
Acy, = ¢, — cpt1 and Acm, = Cpy — Cn—1,0, C—1,0 =0, (n,v=0,1,2,...,).
A sequence ()\,) is called a convex sequence if,

A2(\,) >0 for every n € Z,

where
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A%(\,) = A(An) — AAng1) and A(N,) = Ay — A
Let f(t) € L(—m,m) be a 27 periodic function. Without loss of generality let us consider that ag = 0
in the Fourier series expansion of f(t) that is,

" e = o. (1.4)

—T

Thus the Fourier series expansion of f(¢) becomes:
f) = Z(an cosnt + b, sinnt) = Z Ap(t). (1.5)
n=1 n=1

It is well known that the convergence of the Fourier series at ¢ = z is a local property of f [16] (i.e., it
depends only on the behavior of f in an arbitrarily small neighborhood of z) and hence the summability of
the Fourier series at t = = by any regular linear summability method is also a local property of f. Moreover,

as regards to the approximation of Fourier series of functions see the recent results [9], [10] and [5].

2. PRELIMINARIES

Dealing with Riesz summability and local property of Fourier series, Mohanty [12] has established that

|R,log(n), 1|-summability of a factored Fourier series

An
Z log(n + 1) (2.1)

of a function f(t) at any point ¢ = x is a local property of the generating function of f(¢) but the summability

|C, 1] of this series is not. Subsequently, replacing the series (2.1) by

An(t
> Toglog(n L1 bg(é ZL NG (6 >1). (2.2)

Matsumoto [7] as obtained a new result on local property of |R, p,, 1]-summability.
Generalizing the above result Bhatt [1] proved the following theorem:

Theorem 2.1. Suppose (\,) is a convex sequence such that > % is convergent, then the |R,log(n),1]-

summability of a factored Fourier series > A, (t)\, log(n) at any point t = x is a local property of f(t).
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By replacing the factor A,log(n) in a most general form, Mishra [8] has proved the following theorem.

Theorem 2.2. Suppose (p,) be a sequence satisfying following conditions:

P, = O(npn)v

PnApn = O(pnpn-‘rl)-
Then the |N, p|-summability of a factored Fourier series

o0

A (O Pr(npy) ™! (2.3)

n=1
at any point t = x is a local property of f(t), where (A,) is a convex sequence.
Replacing |V, p,|-summability in Mishra’s result, Bor [3] proved a more general form on |, p,|x-
summability method. Quite recently, Bor [4] introduced the following result on |N,p,|r-summability of
a factored Fourier series at any point ¢ = z as a local property of f(¢) under more appropriate conditions

then those given in the theorem.

Theorem 2.3. Let the positive sequence (py,) and a sequence (\,) be such that

{2l + [0 < oo

3=

[eS)
n=1

(XE 4+ DA £ o0,

NE

3
Il
-

where X,, = (npy) "L P,. Then the [N, pp|p-summability of a factored Fourier series Z A XnAn(t) at any

n=1

point t = x is a local property of f(t).

Later Sarigdl (see [13]) has proved the following
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Theorem 2.4. Suppose that A = (an,) is a positive normal matriz satisfying

an—1,v 2 Any, (n § v+ 1)
Gno =1 (n =0, 1,2,...,)

n—1
Z a'uvdn,vfl = O(ann)u
v=1

Az, =O0(n™),

where X, = % If a sequence (\,,) satisfying following conditions

T (nann

Do HIN ]+ P FEXN S oo

n=1
[eS)

SO(XE 4 1)]AN,| < oo

n=1

oo
Then the | Al-summability of a factored Fourier series Z AnXnAn(t) at any point t = x is a local property

n=1
of f(t).

Again to improve upon and generalize Theorem 2.4, Sulaiman [14] has proved the following theorem for

a normal matrix.

Theorem 2.5. Let A = (an,) is a normal matriz satisfying

|dn,v+1| S ‘ann|a

oo

Z |&n,v+1| < oo,

n=v+1

n—1
Z |avv||&n>v+l| = O(lanan
v=1
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1

where XTL = m

>

n=1

[e's)
n=1

3 If a sequence (\,) satisfying the following conditions

n” I A} S o0,

X Adn| < 0.

oo
Then the | Al|,-summability of a factored Fourier series Z A XA (t) at any point t = x is a local property

of f(t).

n=1

3. MAIN RESULT

In the present paper, we have established a new result on local property of | A, §|x-summability of factored

Fourier series Z An XAy (t) in the form

n=1

Theorem 3.1. Suppose A = (any) is a positive normal matriz such that

where X,, = (ml
tUn

(o)
DT HIAF A+ P [P0 < oo

n=1

o0

D

n=1

of a theorem as follows.

an—l,v Z an,u (TL g v+ 1)7
Qp,0 = 1 (’fl =0,1,..., );

n—1
Z avv&n,vfl = O(ann)§
v=1

m—+1

Z dn,v+1aggk = O(UM);

n=v+1

m—+1

37 apdt|Aan,| = 0(F),;

n=v+1

Tan If a sequence (N\,) satisfying the following conditions

(zF + 1)|AN, % £ .

(3.4)

(3.5)
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o0
Then the |A, §|,-summability of a factored Fourier series Z AnXnAn(t) at any point t = x is a local prop-

erty of f(t). "

Remark 3.1. The element a,, = 0 for each n,v. In fact, it is easily seen from the positiveness of the

matrix, (3.1) and (3.2), that ago = 1,

v—1
lpy = Qpo — avfl,O + Z(anij - anj)
§=0
v—1
=2 (n1j—an;) 20 (1=v=n)
j=0

and equal to zero otherwise.
In order to prove the above theorem we need the a lemma as follows.

Lemma 3.1. Suppose that the matriz A and the sequence (\,) satisfy the conditions of the theorem, and
that (s,) is bounded. Then factored Fourier series Z A X A (t) is summable to | A, 0|, (k= 1, § = 0).

n=1

Proof. Let (T},) be an A— transformation of Z AiX;An(t), then
i=1

n

n n % n n
Tn = § UniS; = § Qpj E )\'UX'U = E A1;)(1) § Upi = dnv)\an
=0 i=1 v=1 v=1 i=v 1

v=

n

ATn = Tn - Tn—l = Z(anv - an—l,’u))\va = de}/\va

v=1 v=1
n—1
AT‘n - Z(&nv)\va)Sv + ann)\anSn
v=1

but, A(GnpAeXy) = A XpAdny + A(AXy)an vt1

= M Xy Adpy + (X ANy + AX A1) a0 011
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n—1 n—1 n—1
ATn = Z dn,v-{-leA)\vSv + Z dn,v+1)\v+1AXv5U + Z AanvAvXUS’U + ann/\”X’ﬂSn
v=1 v=1 v=1

=Thw1+Tho+Ths+Ths, (say).

To complete the proof, it is sufficient to show that by using Minkowski’s inequality

> apF T, F < 00 (m=1,2,3,4).
n=1

Using Holder inequality and (3.1), (3.2), (3.8),

Let

m—+1
1-k—6k k
L = E Ann |TTL,1|
n=2

v=1

m+1 n—1 k
=S i (S a x|

n=2 v=1

m—+1 n—1 k
=0(1) Y al, ok {Z an,v+1X,,|AAU|}
m+1 n—1 n—1 k-1
=0(1) Z a;rfk Z dn,v-ﬁ-le‘A/\v‘ {(ann)_l Z CAln,v-i-1|A/\v|} :
n=2 v=1 v=1
Since,

n

&n,erl = Z (anr - anfl,r) = Z(anfl,r - an,r)

r=v+1 r=0
n—1
§ § (an—l,r - anr) = an—l,O - anO + Gpn = App-
r=0
n—1 n—1

= npr1 AN £ ann D [AN] = O(ann).
v=1 v=1
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m—+1 n—1

I =0(1) Z aﬁgk Z CALn,v-i-qul;C|A/\v|
n=2 v=1
m—+1

_ oS XEAN] S drantt
v=1

n=v-+1

=0(1) > XF|AN [v*

v=1

= 0(1).

Using Holder inequality, and (3.3), (3.4), (3.6), (3.7),

m—+1
1-k—06k k
I = E :a’nn |Tn,2|
n=2

m—+1 n—1 k
g Z G}L;k_gk {Z &n,v+1|>\v+1|Axv|svl}

n=2 v=1

m+1 n—1 k
=0(1) Y al,tok {Z dn,MIAmlava}

n=2 v=1

m+1 n—1 n—1 k—1
= O(l) Z (ann)_5k Z dn,v—i—l |Av+1 ‘kavaf {(ann)_l Z avvdn,v-i-l}

n=2 v=1 v=1

m+1 n—1
=0(1) Z (ann)_ék Z &nﬂﬂrl|)\v+1‘kavaz];c

n=2 v=1

m m—+1
= O(l) Z aUUlej|)‘v+1 ‘k Z a;gk&n,v+l

v=1 n=v+1

= 0(1) Z a‘?)’l)Xq])C|>\1)+1 ‘kvék

v=1

"1
=0(1) )~ X} [fo*

v=1

—=0(1).
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Using Holder inequality, and (3.1), (3.2),

m—+1
1—k—6k k
I3 = E Apn |Tn13|
n=2

[IA

v=1

m—+1 n—1 k
> ap ok {Z |Aam||AU|XU|sD}
n=2

m—+1 n—1 k
=0(1) Y a0k {Z |Aam,|)\v|Xv}
n=2

v=1

m+1 n—1

n—1 k-1
=0(1) Z a&fk Z ‘Aanv||>‘v|szlzc {(ann)l Z |Aanv|} .
v=1

n=2 v=1

We know

n—1 n—1
Z |Aanv‘ == Z(an—l,v - anv)
v=1 v=1

= an—l,O - af’n,O + ano — Gn—-1,0 + ann

= ano — An—-1,0 + tpn < Gnnp-

m—+1 n—1

I;=0(1) Z a;gk Z |Aanv||)‘v|kXil;C
n=2

v=1

m m—+1

=0(1) Y I XE DT 0% Aay,|

v=1 n=v+1
m

=0(1) Z Aol ¥ XE0Fa,,
v=1

= 0(1).
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Finally, using (3.7),

oo

L= a7, 4

n=1

o0
s Z ai;kiék {@nn|An] Xnlsn[}*
n=1

oo

=0(1) Z avlz;k_gk {annp‘ann}k
n=1

=0(1) Z(ann)_ékann|)‘|er]§

=1

3

> 1
_ —bkiy\k vk ©
=0(1) Z(ann) Ry Xnn

Thus the proof of the above Lemma is established.

Proof of the Theorem 3.1. Since the convergence of the Fourier series at a point is a local property of
its generating function f(t), the theorem follows by formula from chapter II of the book (see details [17])

and from the above Lemma 3.1.

Applications. Now we apply the theorem to the weighted mean in which A = (a,,) is defined as

Any = pp Py Y, when (0 £ v < n) where P, = pg + p1 + ... + pn; therefore, it is well known that
o = Py (P — Py_1)
and
nvi1 = (PoPp1) ' pu Py

One can now easily verify that taking 6 = 0 the conditions of the theorem reduce to those of Theorem 2.3.

We may now ask weather there are some examples (other then weighted mean methods) of matrices
A that satisfy the hypotheses of the theorem. For this, apply the theorem to the Cesaro method of order «
with (0 £ a £ 1) in which A is given by [15]
_ A

tny = — 5
n
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It is well known that

«
n
and
. vAN~,
Apy = Ao Ao .

It is now seen that by taking account of A = F(Zi:—l) conditions (3.1)-(3.8) are satisfied. Therefore the

above theorem is same as the following result.

Corollary 3.1. Let k > 1 and 0 < o < 1. If (\,) a convex sequence satisfying following condition-

S:

oo
Z nak—(x—k{‘Mk + |)\n+1|k}n5k g 0,
n=1

Z |AN,|n%* < .

n=1

Then the |C, o, (a — 1)(1 — $)8|, summability of a factored Fourier series Z M XnAp(t) with X,, = ATa at
n=1

any point t = x is a local property of the generating function f(t).

4. CONCLUSION

The result obtained here is more general in the sense that, by substituting 6 = 0, the |A; §|-summability

reduces to | A|i-summability.
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