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ABSTRACT. In this paper, we consider a new class of analytic functions which is defined by means of a
Ruscheweyh g-differential operator. We investigated some new results such as coefficients inequalities and
other interesting properties of this class. Comparison of new results with those that were obtained in earlier

investigation are given as Corollaries.

1. INTRODUCTION

Let A denote the class of functions f analytic in the open unit disk
E={z:2€C and |2z| <1}
and satisfying the normalization condition
f(0)=0 and f'(0)=1.
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Thus, the functions in A are represented by the Taylor-Maclaurin series expansion given by
o0
fe)=2+4) anz", (2€E). (1.1)
n=2

Let S be the subset of A consisting of the functions that are univalent in E. Given functions f, g € A, f is

said to be subordinate to g in E, denoted by
f=g o [f(z)=<g(2) (z € E),
if there exists a function w € Py where
Po={weAd: w(0)=0, and |w(z)|<1 (z€F)},

such that

If g is univalent in F, then it follows that
F()<g(z) (:€E), = f(0)=0and f(E)C g(E).
Kanas and Wisniowska [5,6] introduced the conic domain Q, k > 0 as
O = {u+iv:u>k (u1)2+v2}.

We note that ) is a region in the right half-plane, symmetric with respect to real axis, and contains the
point (1,0). More precisely for k = 0, Qg is the right half-plane, for 0 < k < 1, Q is an unbounded region
having boundary 9, a rectangular hyperbola; for £k = 1, ; is still an unbounded region where 0€; is a
parabola, and for k > 1, £ is a bounded region enclosed by an ellipse. The extremal functions for these

conic regions are

142 —
=, k=0,
2
1+%(log}fé) : k=1,
pr(2) = 1.2
¢ (2) = cosh{(% arccos k) log i_é} - %, 0<k<1, (12)
u(z)
: s " d k2
o sin <2K(f€) Jo Vit® tkn?t’-’ + e k> 1

where

_ 2= VR
1—+/kz

and k € (0,1) is chosen such that k = cosh (7K'(k)/(4K(k))). Here K(k) is Legender’s complete elliptic

integral of first kind and K’(x) = K(v/1 — x2) and K’ (¢) is the complementary integral of K (t) for details
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see [1,5,6] and more recently [9,12,14]. If py (2) = 1 + Ly (k) 2 + Lo (k) 22 + ...,z € E. Then it was shown

in [6] that for (1.2) one can have

12_14]:27 0 S k < 1
Li(k)=¢ 3, k=1, (1.3)
7‘_2
AK2(1)2(14+1)Vt’ k>1,

Ly (k) = D (k) L1 () ,

where
A4z 0<k<l
D(k)=3 %, k=1, (1.4)
(AK(1))* (¢ +6t+1)—7>
24K (t)2(14+t)Vt k>1,

with A = %arccos k.

Furthermore a function p is said to be in the class k — P [A, B], if and only if

(A+1Dpr(z) —(A-1)

PE) X B ()= (B-1)

k>0,

where py is defined in (1.2) and —1 < B < A < 1. Geometrically, the function p € k — P[A, B] takes all
values from the domain Q[A, B], —1 < B < A <1, k > 0 which is defined as:

uta o= {o (= rrn) > e |

or equivalently Q;[A, B] is a set of numbers w = u + v such that
(B2 —1) (u® + %) —2(AB —1)u+ (A2 = 1)]?
> k [(72(B+1) (u? +0?) +2(A+B+2)uf2(A+1))2+4(A7B)sz].

This domain represents the conic type regains for detail see [11]. It can be easily seen that 0 — P [A, B] =
P[A, B] introduced in [4] and k — P [1,—1] = P (px) introduced in [5].

‘We now recall some basic concept details of the g-calculus which are used in this paper. Throughout this
paper we assume g to be a fixed number between 0 and 1.

For any non-negative integer n, the g-integer number n, [n, ¢| is defined by:

1—q”

- =1+q+...+¢", [0,q=0. (1.5)

[n7 Q] =

The g-number shifted factorial is defined by [0,¢]! = 1 and [n,q]! = [1,4] [2,¢] ... [n, q] . Clearly, lim1 [n,q] =n
q—

and lirq [n, ¢]' = n!. In general we will denote [t, q] = 11_—:1; also for a non-integer number. Let f € A, and let
q—

the g-derivative operator or g-difference operator be defined by

f(gz) = 1 (2)

Oaf (2) = (g—1)=

(€ E).
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It is easy to observed that for n € N:={1,2,3,...} and z € F
02" = [n,q) 2" 1.
Let the g-generalized Pochhammer symbol be defined as
t.q],, =[t.qdt+1.q[t+2,q ...t +n—1,q],
and for ¢ > 0 let the g-gamma function be defined as

T,(t+1)=[t]T,(t) and T,(1)=1.

The study of opretors play in important role in Geomatric Functions Theory. Several diffierential and
integral operators were introduced and studied, see for example [2,3,13]. Kannas et al. define Ruscheweyh

g-differential operator as follow:

Definition 1.1. [7] For f € A, let the Ruscheweyh q-differential operator be defined as follows:

Ry f(2) = f(2) * Fyaia(z), (2 € B, A>—1) (1.6)
where
(+N
RENRIE 7Z+Zn—1 ,q)'Ty, 1—|—)\)
= [A+17 ]n—l n
=z+ )
nz:; [n_ 17(]}'
=z+ Zapn,lz". (1.7)
n=2
Where
Fq(""')‘) _ [)‘+1aQ]7L—1

T LTI+ ) [n—1,q

From (1.6) we obtain that
Ryf(2) = f(2), Ryf(2) = 20,f(2)

and

20 (= £(2)
[m, q]!

Making use of (1.6) and (1.7), the power series of R} f(z) is given by

Ry f(z) = , (m € N).

n+/\) - [)‘+17Q]n71
= "= ——a,z". 1.8
Z+Z n—1 q'F 1+/\) n* Z+1;2 [n—1,4q]! n® (18)
Note that
z
hmF a1(z) =
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and

z
(1 — )M

Thus, we can say that Ruscheweyh g¢-differential operator reduces to the differential operator defined by

lim R) f(2) = f(2) =

q—1

Ruscheweyh [16] in the case when ¢ — 1. It is easy to check that

auEm+m@>—<1+[2ﬁ)f;Ma@>—PgﬂEm+ma. (1.9)

Making use of (1.6), (1.9) and the properties of Hadamard product, we obtain the following equality

[)\,Q] 1 [Aaq]
q)\> Ry f(2) - ?Rﬁf(Z) (1.10)

20 (Rf]‘f(z)) = (1 +
If ¢ — 1, the equality (1.10) implies
2 (BM(2) = (1+ X RMUf(2) — ARM(2).

which is the well known recurrent formula for Ruscheweyh differential operator.
Using Ruscheweyh differential operator various new classes of convex and starlike functions have been defined.

Now by using Ruscheweyh g¢-differential operator we introduce the following class of functions.

Definition 1.2. A function f(z) € A is said to be in the class k—US¢(N, A, B,B8), k>0,-1< B <AL,
if and only if

(B-1)G(z) —(A-1) (B-1)G(z) —(A-1)
gR((B—Fl)G(z)—(A—Fl)) >k’(B+1)G(z)—(A+1) -1
where
20,R) f(z)  Z*02R)f(2)

O Tmre PRyG
or equivalently

zang‘f(z) zQGSRZ‘f(Z) B

R/ (2) + 5 R3/(2) € k— P[A, B]. (1.11)

Remark 1.1. [t is easily see that

lm k —US,(0, A, B,0) =k — ST(A, B)

q—1-

where k — ST (A, B) is a functions class, intrioduced and studied by Noor and Sarfraz [11].
Each of the following lemmas will be needed in our present investigation.

Lemma 1.1. [15] Let h(z) = 14 .7 | ¢,2™ be subordinate to H(z) =1+ > | Cy2™. If H(z) is univalent
in E and H(E) is convez, then

len] < |Ci], n>1.
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Lemma 1.2. ([8], [10]) If q(2) = 1 + c12 + c22®+... is an analytic function with positive real part in E,

then

’02 —wvei| < 2max {1,[2v — 1|} .

The result is sharp for the functions

14 22 142
q(z) = 12 q(z) = 11—
Lemma 1.3. [8] Let the function w € E be given by
w(z) =c1z+ 2 +... 2€E.

Then for every complex number v,
|02 — vcﬂ <1+4(v|-1) |cl|2.

Lemma 1.4. [11] Let k € [0,00) be a fized and

then
qe(2) =14+ H(k)z + Ho(k)2® + ...,z € E.
and
H, :=H (k) = A;BLl(k),

4

where Ly(k) and D(k) are defined in (1.3) and (1.4).

2. Main Results

Theorem 2.1. A function f € A and of the form (1.1) is in the class k —US,(X, A, B, B), if it satisfies the
condition
{2(k +1){1 = [n,q] = Bn,ql[n — 1, 4]}
> Pntlan| < |B—Al. (2.1)
+{(B+1) [n,q] + Bn,qlln — L.q] — (A+1)}}

where -1 < B<A<1,8>0andk > 0.
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Proof. Assume (2.1) is hold, then it suffices to show that
20qR)f(2) | ,2202R) f(2)
29, z z<0 z
(B+1)< ;g;‘(’;() > R‘I;‘{sz )>—(A+1)
<1,
zangf(z) zzagRéf(z)
(B_l)< Ry f(2) +A Ry f(2) >_(A_1) 1
- z A z 22 2 A z -
(B+1)< 8;;;(2() Ly i“;‘zf; >>—(A+1)
We have
2 A 2 z2¢2 A Z
" (B—1)< 3;;;(2() L5 i"ﬂjj )>—(A—1) B
z Af(z 2282R) f(=
(B+1)< 6;;;3(1() L5 i‘?;‘izf)( )>—(A+1)
289 R f(z) PE 202 R} f(2)
(B— ”( ;mz) Ry f(2) >_(A_1) -
z z 2202 R f(z
" (TR o
< (ht1) (B —1) (20, R>‘ f(z)+ 5225‘3R;‘f(z)) —(A- 1)R;1\f(z) T
- (B+1) (20, R’\f(z) + B2202 R (2) — (A+ DRy f(2)
I RA(2) = 20,R)1(2) = BORRA (2
(B+1) (zaqRéf(z) + ﬁzQBgRéf(z)) —(A+ 1)Rq)‘f(z)
— 2(k+1) Z'Zozz (17 [naQ] 7ﬂ[naQHn7 13‘]])9071—1(1112”
(B=4)z+ Y2, {(B+1) [ndl, + Bin,qlln — gl = (A+ D} onoran=
< k4 1) Yoz (L= [nq] = B, glln — 1,4]) on1 |an]
1B -4l = 252 { (B + D)), + Bln,alln— 1. = (A+1) } ot Jaa
< 1 (by (2.1)).
O

When A =1—-2a, B= -1, =0 with 0 < a < 1, then we have the following known result, proved by

Kanas and Raducanu in [7].

Corollary 2.1. A function f € A and of the form (1.1) is in the class k—USq (A,

the condition

Y {k+1)[nqg -

k—alon_1lan] <1—a.

1—2a,—1) , if it satisfies

When ¢ — 1, § = 0,\ = 0, then we have the following known result, proved by Noor and Sarfraz [11].

Corollary 2.2. A function f € A and of the form (1.1 is in the class k — ST (A, B), if it satisfies the

condition

>

k+

D(n—1)+ n(B+1) -

(A+ 1D} an| < [B - A].
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When g —- 1, A=0,8=0, A=1-2a, B=—1 with 0 < a < 1, then we have the following known result,

proved by Shams et-al. in [18].

Corollary 2.3. A function f € A and of the form (1.1) is in the class k —UST (1 — 2a, —1), if it satisfies
the condition

d fnk+1) = (k+a)}an| <1-a,

where 0 < a <1 and k > 0.

When A =0,8=0, A=1-2a, B=—1 with 0 < a <1 and k = 0, then we have the following known

result, proved by Selverman in [17].

Corollary 2.4. A function f € A and of the form (1.1) is in the class 0 —UST (1 — 2a, —1), if it satisfies

the condition

oo
Z{n—a}|an|§1—a, 0<a<l
n=2

Theorem 2.2. If f(z) € k —US,(\ A, B, 5) and is of the form (1.1). Then

= |L1(k)(A = B) — 2[5, 4|B|
lan] < 1;[ ( i+ 1q{q+8l+2, Q]}%H) n= (22)

where Ly (k) is defined by (1.3).

Proof. Let
20,R) f(2) ZPOR, f(2)
R rpe 23
Then
(A+ Dpi(2) — (A—1)
P52 BT (e~ (B 1)
= [(A+Dpi(z) — (A= D] [(B+)pr(z) — (B—1)] "
(A=) (A+1) (B+1) "
RCES) [1 e HH ((B H
B (A-1) <A (B+1 (A+1)
- (B-1) (B-1)
(A (B+1) (A+1 B+1)
*( (B-1) E )
By taking

pr(z) =1+ Li(k)z + La(k)z* + ...,

after some simplification, we obtain

— —2(B+1)"! — —2n(A— B)(B+1)"!
I

n=1
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n—1 n—1
Now we see that the series Y7 % and Y07 72n(’?§f1))(§$1) are convergent and converge to 1

and % respectively. Therefore,
A-B

p(z) <1+ Li(k)z + ...

Now if p(z) =1+ Y ", ¢,2"™, then by Lemma 1, we have

len] < Li(k), n>1 (2.4)

Now from (2.3), we have
20, Ry f(2) + B2*0; R f (2) = Ry f(2)p(2),

which implies that

zZ+ Z {[n7q] + B[na q] [TL -1 Q]} On_1Gp2" = <1 + Z ann> <Z + Z San—lanzn> .
n=1 n=2

n=2

Equating coefficients of z™ on both sides, we have
[n_lq]{Q""ﬁ[nq}@n lan_ZWJ 1a5Cp—j, a1:1~

This implies that

1
an, E a;l|cn— a; = 1.
| | [n—lq]{q—i—ﬁ[n q]}@n— 2 Pj— 1|JH J| 1
Using (2.4), we have
(A= B) |Ly(k
ay,| < a ap = 1. 2.5
el = o, q]{q+,6nq}son, Z*"’ gl o 29

Now we prove that

(A~ B)|L(k Z%, msﬁ(lh J(A—B)—2j.q 1B|) 26)

2[n —1,q]{q + B ,q}san— 2[5+ 1,4/ {g+ B[ +2,4]}

For this we use the induction method

For n = 2, from (2.5), we have

(A—B)|L. (k)]
~ 2{q+B2,ql} 1

lag| <

From (2.2), we have
(A= B)|Li(F)|
~ 2{q+ B2, d} 1

lag| <

For n = 3 from (2.5), we have

(A—B)|Li(k)|
2(2,q] {q+ B3, 4]} v2

(A—B)|Li(k)| {1+ (A—B)|L1(k)|}
22,91 {q+ B[3, 4]} 2 2{q+B2,q} |

|as| {1+ praz2}
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From (2.2), we have

L A—B)L(k) — 2B
ol < i e | Gaa s are))
(A - B)|Li(k)| {((A—B)|L1(k)|+2|3|)}
2{q+ﬁ[2 ql} p1 2[2,q]{q+ BI3,4]} ¢2
(A= B)|Li(k)] { (A—B)|L. (k)] 1 }
22,9 {qg+ B3, ]} p2 | 2{q+B[2,dl} 1 {q+B[2,d} &

Let the hypothesis be true for n = m. From (2.4), we have

(A= B)|Li(k) Sl o
0| < ST gl + Bl s 2 91 4=

From (2.2), we have

m

IN

2( |La(k)(4 ~ B) —2(,q) B] ) W
2[j

|am| +1,q1{q+Bli+2,ql} v

<.
Il
o

IN
u ,’:]N

‘Ll |(A B)+2[a ]
< J+1q{Q+B[J+QQ]}%+1> "=

By the induction hypothesis, we have

(A—B)|Li(k E [L1(k)| (A — B) + 2[4, q]
2[m —1 q]{q+ﬁmq}<ﬂm 1 JZI% vlagl < 1:[< 2[j +1,q/{qg+ Bl +2, q]}%-l-l) (21)

Multiplying both sides by (2.7)

(A= DB)|Li(k)| +2[m — 1,q] {qg + B[m, q]}
2[m —1,q]{q+ Blm,q]} pm-1

Y

we have
if( |Ly (k)] (A= B) + 2[j, g )
o \2U + Ld{a+ B+ Lal}jn
(A= B) Ly (k)| +2[m — 1,4] {q+5[m,q]}} (A— B)|Li (k)|

= { 2lm —1,q] {q+ Blm,q]} om—1 2[m — 1,q] {q + Blm, q]} om—1 Z% vlasl
) (et e S il

2[m —1,¢]{q+ Blm,q]} om—1

+305 w51 lay]

>

(A—B)|L. (k)| =
2[m —1,q]{q + B[m, ]} pm—1 {Iaml - Z_: w |a'7|}

. (A~ B) |L(k) .
— 2[m—1,q] {q+ Blm, ]} em—1 Z% gl
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That is,
m—2 .
(A - B) |L1 (k)| Z“’ sl < i—[ < [L1(F)[ (A = B) +2[j, 4] )
2(m —1,q/{qg + Blm,ql} om—1 7 2[j+ La{q+ Bl + Lal}pjn
which shows that inequality (2.7) is true for n = m + 1. Hence the required result. ]

When ¢ — 1, A = 0 and 8 = 0, then we have the following known result, proved by Noor and Sarfraz
n [11].

Corollary 2.5. A function f € A and of the form (1.1) is in the class k — ST[A, B] , if it satisfies the

j=0

condition

2(j+1)

When A =0,4A=1,B = —1 and 8 = 0 then we have the following known result, proved by Kanas and

Wisniowska in [6].

Corollary 2.6. A function f € A and of the form (1.1) is in the class k —UST[A, B] , if it satisfies the

— (| L1(k) +]|
|an|SH <| >
7=0

When A=0,A=1-2a,8=0,B=—1with 0 < «a < 1, then we have the following known result, proved

condition

by Shams et al. in [18].

Corollary 2.7. A function f € A and of the form (1.1) is in the class SD(k, «), if it satisfies the condition

Ian|<H(|L1 1‘;4)+J|>.

where 0 < a < 1 and k > 0.
When A =0, 8 =0,k =0, then T1(k) = 2 and we get the following known result, proved in [4]

Corollary 2.8. A function f € A and of the form (1.1) is in the class S*[A, B, if it satisfies the condition

|(A— B)—jB]
|an|<H(J+1)>, —1<B<A<I1.

When A=0,8=0,A=1—-2a, B= -1 with0 < a <1 and k = 0, then we have the following known

result, proved by Selverman in [17].

Corollary 2.9. A function f € A and of the form (1.1) is in the class S*(«), if it satisfies the condition
n—2 )
T (- 20)

W< o<a<l1.
lan] < (n—1)"! "~ =@
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Theorem 2.3. Let -1 < B < A< 1land 0 < k < oo be fized and let f(z) € k —US,(N\, A, B, B) and is of

the form (1.1) Then for a complex number p.

(A—B)L1 (k) 2D(k)—(1+B) Ly (k) 2D(k)— (14 B) Ly (k)

e 2+ e [2 2 (s 6
(A-B) oo =01l
~ i) (1= ng2) | 1.
a2 (A-B)L. (k)
@~ HO| S\ Bt Bafie (Br<p<d), (28)

(A—B)L, (k) [2D(k)—(1+B)L1(Ic)

2[254]{‘1;’)[3»‘1]5}892 j (,LL< 62)
— 2

sty (k) (1 - i )|

Where

(¢+B12,d) {2 +2D(k) — (1 + B)L1(k)}

_ (p1)”
N - BL® | >

+(A — B)L1(k)

(g+ B12.9)) {2D(k) — (1 + B)L1(k) — 2} |

_ (¢1)
= ¢2(A = B)Ly(k) ' (2.10)

+(A— B)Ly(k)

and L1(k), D(k) are defined in (1.3) and (1.4).

Proof. If f(z) € k —US4(M, A, B, ) then it follows that

zaqRéf(z)
Ry f(2)

2R (2) _A-B 2D(k) = (1 + B) L (k)] (A — B)
m <=1 Li(k)z + T

Ly(k)22 + ...
(2.11)

+p

Now by the definition of subordination there exists a function w analytic in £ with w(0) = 0 and |w(z)| < 1

such that
ZaqRé\f(Z) z28§R;‘ (2) B A—B 2D(k) — (1 + B)L,(k)] (A — B) ,
B TR Ty e 0 Ly (k)uw?(2) + ...

(2.12)

Now from Lemma 3, equation (2.11) and equation (2.12), we have

A-BL®
T 2{g ARl en
and
_ (A-BLk)  f  [2D0) = (+B)Lk) | (A= B) .
= g (g 1 AB.q)) 2 { 2+{ 5 *2{q+ﬂ[27q]}“(’“)} }
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Therefore
e HGQ _ (A= B)Ly(k) o+ {ZD(k) — (14 B)L1(k)
S 202,q]{q+ BB, dl} o2 | 2
(A-B) P2 &2
iy ® (1 “(golf)} | (213
This gives
ol = (A-B)La(k) | 2 2D (k) — (1+ B)Ly (k)
@l = S gt BB g2 | 1+{” 2
(A - B) 2 2
* 2{q+6[2,q]}L1(k) <1 - M(<p1)2> } al (214

Suppose that p > §;, then using the estimate ’cz — cﬂ < 1 from Lemma 3 and the well known estimate

lc1] <1 of the Schwarz lemma, we obtain

- 42 (A~ B)Li (k) 2D(k) = (1+ B)Lu (k)
|a3 paz| < 21[2,q]{q+ B[3,4]} p=2 {2+ 2
__A4-B — 2
2{q+ﬁ[27q]}L1(k) (1 u(¢1)2> ‘ o

The inequality (2.15) is our required assertion (2.8) for x> d;. On the other hand if p < d2, then (2.13)

gives

(A— B)Ly(k) {'C " {QD(k:) (14 B)T\(k)
2,q/{¢+ BB, o2 | 2

_(A-B) B al
ETPES: PR (l “(«:1)2)}' !

Applying the estimates |co| < 1 —|¢1|* of Lemma 3 and |¢;| < 1, we have

(A~ B)L, (k) H 2D(k) — (1 + B)T:(k)
2,q]{q + B[3,q]} 2 2

(A-B) _ P2
T g <1 N(¢1)2>}

This is the last inequality in (2.8). Finally if 6; < g < d3, then

|a3—pa§‘ < 2]

|ag — pa3| < 2]

2D (k) — (1 + B)L (k) (A-B) L
2 +2{q+ﬁ[2,q]}Ll(k) <1M(@1)2>‘ ="

Therefore (2.13), yields

) (A— B)Ly(k )
Ja = paz] - < 2[2,Q]{q+5[3,q}¢2{|c2|+|cl‘}’

)
]
(A—B)Li(k) 2 2
} {1—\c1\ + 1] }
)
]

22,4/ {q + B3, 4]} w2
(A—B)Ly(k
2(2,q]{q+B[3.q]} p2

We get the middle inequality in (2.8). This completes the proof. O
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Theorem 2.4. Let 0 < k < 00, =1 < B < A <1, be fizred and let f(z) € k —US,(\, A, B, B) and is of the

form (1.1) Then for a complex number p.

(A— B)Ly (k)
2, 4] {q + [3,9]B8} ¥2

‘ag—ua%‘ < 5 max {1,]2v — 1|},

where v is given by (2.17).

Proof. From (2.13) we have

2| _ (A — B)Li(k) { (14 B)Li(k) — 2D(k)
Jag — ua| = -
(A-B) P2 2
- ———— Tk [1—pu il
2{¢+ B[2,q]} () ) )
(A— B)Ly(k) 2
= Co — VC 2.16
3% q {a+ Boadtes 2 (216)
where
(14 B)L.(k) —2D(k) (A-B) ©2
v = — Lik)[1-—p——]. 2.17
; e+ oz P\ Ty 247
Applying the Lemma 2 on equation (2.16), we obtain the required result. O
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