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ABSTRACT. In this paper, we prove the Hyers-Ulam Stability of Euler-Lagrange-Jensen’s (a, b)-Sextic Func-

tional Equation in Multi-Banach Spaces.

1. INTRODUCTION AND PRELIMINARIES

The theory of stability is an important branch of the qualitative theory of functional equations. The
concept of stability for a functional equation arises when one replaces a functional equation by an inequality
which acts as a perturbation of the equation. The first stability problem of functional equation was raised by
S.M. Ulam [17] about seventy seven years ago. Since then, this question has attracted the attention of many
researchers. Note that the affirmtive solution to this question was given in the next year by D.H. Hyers [5] in
1941. In the year 1950, T. Aoki [1] generalized Hyers theorem for additive mappings. The result of Hyers was
generalized independently by Th.M.Rassias [14] for linear mappings by considering an unbounded Cauchy
difference. In 1994, a further generalization of Th.M. Rassias theorem was obtained by P.Gavruta [4].

Then, the stability problem of several functional equations has been extensively investigated by a number
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of authors, and there are many interesting results concerning this problem ( [3,6,7,9,11-13,15,16,18,19]).
The Hyers-Ulam stability of functional equation is investigated and the investigation is following. Here, we
establish the Hyers-Ulam Stability of Euler-Lagrange-Jensen’s (a, b)- Sextic Functional Equation is of the
form

flaz +by) + f(bx + ay) + (a —b)° {f (W) +f (bz__zyﬂ

Tty
2

— 64(ab)*(a® + 1?) [f( )+ y)] +2(a® = ) (a* = b4 [f (@) + 1 (v)] (1.1)

2

where a # b such that k € R, h = a+ b # 0, £1 in Multi-Banach Spaces by using direct and fixed point

method.

Definition 1.1. /2] A Multi- norm on {A* : k € N} is a sequence (||.||) = (|||l : k € N) such that ||.|, is
a norm on A* for each k € N, ||z|, = ||z| for each x € A, and the following azioms are satisfied for each

keNwithk>2:
(1) H(a:(,(l), ...,xg(k))Hk = |[(z1...xp)|ly, for o € Wy, z1,...,x € A;
@) Narzr, o @zl < (maxien, laal) (@122,
foraj..ar € C,xq, ...,z € A;
(3) @1,y xi—1,0)|l, = @1y ooy @hmr) oy s fOr @1, oy 1 € A
4) (@1, zp—1, 21|l = (@1, ooy @p—1) ||y for 1, .., 21 € A
In this case, we say that ((A*,].||,) : k € N) is a multi - normed space.

Suppose that ((.Ak, Il..) - k€ N) is a multi - normed space, and take k € N. We need the following two

properties of multi - norms. They can be found in [2].

(@) Iz, ., )l = ]|, for @ € A,

E
(b) max | < f[(21, ., ) [ < Z; lill < kmax o], Yoy, ..., 2 € A

It follows from (b) that if (A, |.||) is a Banach space, then (A*,||.||,) is a Banach space for each k € N.
In this case, ((A*,].||;) : k € N) is a multi - Banach space.

2. STABILITY OF FUNCTIONAL EQUATION (1.1) IN MULTI-BANACH SPACES: DIRECT METHOD

Theorem 2.1. Let X be a linear space and (Y™, |.||,,) : n € N) be a multi-Banach Spaces. Let f: X =Y

be a mapping satisfying f(0) = 0 such that

sup [|(Df(z1,91)s -, Df (@, yi)) ||, < € (2.1)
keN
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VL1, ooy Ty Y1, -, Y € Y. Then there exists a unique sextic mapping S : X — Y such that

sup [|(f (1) = S(@1), oo, ) = Saa))ll < 75 (2.2)

keN

Proof. Letting y; = x; where ¢ = 1,2,...k in (2.1), we arrive at

sup
keN

1 1
(s B) = FG01), s ) = 1) ) | < 515 (2.3
Now, Replacing x; by 2z; where ¢ = 1,2, .., k and dividing by 2 in above equation, we get

sup
keN

~ fa)oee PO~ )| < s+ 51 (2.4

By using induction for a positive integer n, we obtain

2™ h 2™ h,
<f(2nhfl) — (1), oy f(gnhg:k o )H B Z 2i+1 = hG 21+1 (2.5)

sup
keN

F(2ha)

Now, we have to show that the sequence {
onp6

} is a Cauchy sequence, by fixing z € X and replacing

x1,...x by 2z, ..., 2812 such that

(f(Q”hx) f@mx) [ ha) f(2m+’“‘1w))H

sup

kEN 2nh6 om PIRRESY 2n+k71h6 - 2m+k:71
< upl|( L&) _J@m) L [1EURM ) 272 )
~ keN AN gm 77 gk—1 np6 om

Using the definition of Multi-norm, we arrive at

Sup‘(f@”hw)f(?mx) FE @ ha)  F2m(25a) )H

N onp6 om0 onp6 om
— h6 2l+1 (26)
) ) f(2™hx) ) . . .
Hence the above inequality (2.6), shows that “onpe is a Cauchy sequence as n — oo. Since Y is

F(2" ha)

complete, then the sequence { 7,6

} converges to a fixed point S(z) € Y such that

.. f(@"ha)
o) =, o

Therefore, as n — oo, the inequality (2.5) implies the inequality (2.2). Obviously, one can find the uniqueness

of the mapping S : X — Y, using the definition of multi-norm. That is, we can prove S = 5’. O

Corollary 2.1. Let X be a linear space and ((Y",].,) : n € N) be a multi-Banach space. Let f: X =Y

be a mapping satisfying f(0) = 0 such that

211p HDf(mhyl? "'7xk7yk)Hk S ¢($1’y17 "'7xk’yk) (27)
eN
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for all x1,..,xk,y1,..,yx € X. Then there exists a unique sextic mapping S : X — Y such that

1 — _
iug | f(x1) = S(z1), ..., flar) = S(xw)l, < 76 Z z+1 (2%, @1, .., 2wy, ) (2.8)
€ i=1
for all x1,..,x; € X.
Proof. Proof is similar to that of Theorem 2.1 by replacing the condition ¢(z1,y1, ..., Tk, yx) in place of e. O

Corollary 2.2. Let X be a linear space and ((Y",].|,) : n € N) be a multi-Banach space. Let 0 < p <
6 ,0>0and f: X —Y be a mapping satisfying f(0) = 0 such that

Sup [ Df (21, 41, - ks i) < 0 (e 17+ Nyl o Nnll” + el (2.9)
S

for all x1,..,xk,y1,..,yx € X. Then there exists a unique sextic mapping S : X — Y such that

sup || f(z1) — S(x1), ..., f(2) — S(Ik)”k < hG(QI?—

(o 1”5 oo ") (2.10)
keN 1)

for all z1,..,x € X.

Proof. Proof is similar to that of Theorem 2.1 by replacing the condition

O (o ” + lya I --os Izl + [lyel|”) in place of e. O
3. STABILITY OF FUNCTIONAL EQUATION (1.1) IN MULTI-BANACH SPACES: FIXED POINT METHOD

Theorem 3.1. Let X be a linear space and (Y™, |.||,) : n € N) be a multi-Banach Spaces. Let f: X =Y

be a mapping satisfying f(0) = 0 such that

SupH(Df(xl’yl)v"'7Df(xkayk))”k <e (31)
keN

VL1, ooy Ty Y1, -, Y € Y. Then there exists a unique sextic mapping S : X — Y such that

€

sup [(f(21) = S(@1), s f i) — S(@p))| < W —1) (3.2)
Proof. Letting y; = x; where ¢ = 1,2,...k in (2.1), we arrive at
sup | (e (k) = FGo1), s 1) = 1) ) | < 515 (53)

Let ¥ = {l: X — Y|l(0) = 0} and introduce the generalized metric d defined on ¥ by
d(l,m) = inf {\I! € [0,00]sup |[|l(z1) — m(z1), ... l(zk) —m(xp)|l, SV YV 21,21 € X}
keN

Then it is easy to show that ¥, d is a generalized complete metric space, See [8].

We define an operator J : ¥ — ¥ by

Jl(z) = —<l(hx) reX

he
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We assert that J is a strictly contractive operator. Given {,m € ¥, let ¥ € [0, 00] be an arbitary constant

with d(I,m) < ¥. From the definition if follows that

iug |l(z1) —m(x1), ... (k) = m(xp)|l, <V 2q,.,0 € X,
€

1
Therefore, supycy [|[(TU(x1) — Tm(xy), ..., Tl (xr) — Tm(xy))ll, < E\I/

1, ..., € X. Hence,it holds that
1 1
d(Jl,Jm) < E\I/d(jl,jm) < ﬁd(l,m)

Vi,m e V.

1
This Means that J is strictly contractive operator on ¥ with the Lipschitz constant L = 76"
By (3.3), we have d(J f, f) < % Applying the Theorem 2.2 in [10], we deduce the existence of a fixed

point of 7 that is the existence of mapping S : X — Y such that
S(hx) = h®S(x) Vo € X.

Moreover, we have d (J"f,S) — 0, which implies

S(z) = lim J"f(z) = lim f(n"z)

n—00 n—ooo hbn

for all x € X.
1
Also, d(f,S) < ﬁd(jf, f) implies the inequality
«___°
—2(h8 —1)"
Doing 1 =,...,= x, = h"x, and y; =,...,= y, = h"y in (1.1) and dividing by h". Now, applying the

property (a) of multi-norms, we have

. 1
IDS(,y)l = lim —o | DF (W2, ")

1
< lim — =
= ol o O

for all z,y € X. The uniqueness of S follows from the fact that S is the unique fixed point of J with the

property that there exists £ € (0,00) such that

sup [|(f(z1) = S(a1), ., flar) = S(xp)ll, <4
keN

for all 1, ...,z € X.

Hence the proof. O
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Corollary 3.1. Let X be a linear space and ((Y",].|,) : n € N) be a multi-Banach space. Let 0 < p <
6 ,0>0and f: X —Y be a mapping satisfying f(0) = 0 such that

SUp [[Df (w1, 41, s @ il < O (o l” + yall” ol ™ + el (3.4)
S

for all x1,..,xk,y1,..,yx € X. Then there exists a unique sextic mapping S : X — Y such that

sup (1) = S(o0) o £ 1) = S0l < gz (ol ) (35)

for all x1,..,x € X.

Proof. Proof is similar to that of Theorem 3.1 by replacing the condition

O (lzall” + llya ™, -oos llzel|” + [lyx ") in place of e. 0

Corollary 3.2. Let X be a linear space and ((Y",].,) : n € N) be a multi-Banach space. Let f: X =Y

be a mapping satisfying f(0) = 0 such that

211§ HDf(xlvylv "'7xk7yk)Hk S ¢(x13y17 vy Ty yk) (36)
€

for all x1,..,xk,y1,..,yx € X. Then there exists a unique sextic mapping S : X — Y such that

igg | f(x1) = S(z1),...; flar) = S(zw), < ﬁqﬁ(xl,xl, veey Thoy Tf) (3.7)

for all x1,..,x, € X.
Proof. Proof is similar to that of Theorem 3.1 by replacing the condition ¢(x1,y1, ..., Xk, yx) in place of e. O
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