International Journal of Analysis and Applications

Volume 16, Number 3 (2018), 445-453 IJAA

URL: https://doi.org/10.28924/2291-8639 INTERNATIONAL JOURNAL

DOI: 10.28924/2291-8639-16-2018-445 OF ANALYSIS AND APPLICATIONS

Ox-TYPE SPACES OF QUATERNION-VALUED FUNCTIONS

M.A. BAKHIT*
Department of Mathematics, Faculty of Science, Jazan university, Jazan, Saudi Arabia.

*Corresponding author: mabakhit@jazu.edu.sa

ABSTRACT. In this paper we develop the necessary tools to generalize the Q-type function classes to the
case of the monogenic functions defined in the unit ball of R3, some important basic properties of these
functions are also considered. Further, we show some relations between Q (p,q) and a-Bloch spaces of

quaternion-valued functions.

1. INTRODUCTION

1.1. Analytic function spaces. The so called Qk-type spaces of analytic functionson D ={z € C: |z| <
1} the unit open complex disk, were introduced by Wulan and Zhou in [12]. For K : [0,00) — [0,00) is a
non-decreasing and non-negative function, and 0 < p < 0o, —2 < g < 00, an analytic function f in D belongs

to the Qk(p, q) if

sup [[[7/)P(1 = P (L u(2) P)dady < .
a€D JD
Moreover, if

tim / PP = |22~ [pu(2)?)de dy = 0,

la]—
then f € Qk 0(p,q), where ¢q(z) = (¢ — 2)/(1 — az) is the automorphism of the unit disk D that changes
0 and a. The Qk(p,q) class is Banach under the norm || f|| = || f|lox(p,q) + [f(0)], when p > 1. If K(t) =
t*,0 < s < 00, then Qk(p,q) = F(p,q,s) see [3]. For more results of Qk(p, q) classes see [3] and [7].
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1.2. Quaternion function spaces. We will work throughout this paper in the field H (the skew field of

quaternion-valued functions), i.e. each element a € H with basis 1, ey, €3, €3, can be given in the form

a:=ag+ aje; + ases +ages, ar € R,k=0,1,2,3

The multiplication rules of these elements are given by

e% = e% = eg = -1,
€1y = —€2€1 = €3,
€23 = —€3€3 = €1,
€3] — —e1€3z = €9.

The conjugation element a of an element a is a = ag — a1e1 — ases — ages, with the property
aa = aa = |a|* = a2 + a} + a3 + da3.

If a € H\ {0}, then a~! := @/|a|? and |ab| = |a||b| for each a,b € H. Let x = (zg,21,72) € R® of the form
T =z + r1e1 + T2es be a quaternion point.

Given Q C R? a domain and let f :  — H the quaternion-valued functions defined in Q. For p € NU{0},
thus the notation C?(2;H) has the usual componentwise meaning. We consider D and D the generalization

of a Cauchy-Riemann operator and it’s conjugate, respectively, and they are defined on C(£2;H) by

Df = =T tein-+erst,

pr = 9 9o 9Ff
Df B 81‘0 6181}1 626.2?2.

The equation Df = 0 has the solutions for all x € Q, are called left-hyperholomorphic functions and they
are generalized of the analytic function classes from the functions in one complex variable theory. For more
details about monogenic function classes and general Clifford analysis, we refer to [2,6,11] and others.

Let B be the unit ball in C R3, with boundary S = dB. The class M(B) consists of all monogenic functions
on B. For 7 > 0 and a € R3, let B(a,r) denote by the ball with center a and radius r. Also, for a € B and

0 < R < 1, an Euclidean ball U(a, R) = {z : |¢4(z)| < R}, with center and radius, respectively, % and

(1-lal)R

T—Rz[a7 > 18 called the pseudo-hyperbolic ball. Where ©q(x) : B — B is defined by pq(z) = (a — z)/(1 —ax),

for a € B.

Let « > 0, the quaternion a-Bloch space B* (see [4,9]) defined by :

B* ={f e M(B) : [[flls= = Sup [Df(2)|(1 = |2*)* < oo}
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If a = %, we have the standard quaternion Bloch space B. The space B is called the quaternion little

a-Bloch, which consists of all f € B* such that

lim [Df(2)|(1— [¢2) =o.

|z|—1—

For f € M(B), the weighted quaternion Dirichlet space D, 4, (0 < p < 00, —2 < ¢ < 00), is given by:
Dy = {£ € ME®): Wlo,, = [ IDF@P (- [oyias < oo},
B

If ¢ = 0, we have the space D3 (the quaternion Dirichlet space D).

Through this work, we let K(¢),0 < t < 00, be a non-decreasing and non-negative (righ-continuous)
function, which is not equal to 0 identically. For 0 < p < 00,—2 < ¢ < oo and f € M(B), define
JKpqf B —[0,00) by

T2 f(a) = / D @)L - )T K1 [pa(2)]?)dz, aeB.
B

The set Qx(p,q) given by

O (prq) = {f € M) llan ) =51 TR (@) < oo},

and the little quaternion Qg o(p, ¢) is defined by

Oo(prq) = {f € MB) - |fllowopa = lim JE7f(a) = o}.

|a]—1—

Remark 1.1. If we put s < 3 and K(t) = t%, then Qk(p,q) = F(p,q,s) (see [8]). If p = 2,q = 0, then
Ok (2,0) = Qg (see [1]). Also, if K(t) =1, then Qk(p,q) = D, 4, the quaternion Dirichlit space.

For 0 < p < 00, —1 < g < 00, define the Dk (p, q) quaternion Dirichlet-type space as the set of f € M(B)
satisfying

JRf(0) < oo.

From the definition of Qk (p, q) spaces the following lemma become immediate with @ = 0.
Lemma 1.1. Let 0 < p < 00,—1 < ¢ < o0, then Qk(p,q) C Dk (p,q)-

From now, we assume that
1

/(1 —p*) K (1 - p®)p*dp < cc. (1.1)
0
Otherwise, Qk (p, ¢) contains only constant functions.

Fact 1

Let 0 < p < 00,—1 < g < 00, and let f € M(B) be a non-constant function. If ( 1.1) does not hold, then
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Proof. Let f € Qk(p,q) be a non constant function. Then, there is zp € B and 0 < R < 1 such that
|[Df(x)| > 0 for each x € B(x, R). Thus by Lemma 1.1 and subharmonicity of |Df|P where A(xq, R) =
B\B(0, |zo| — R), we obtain

oo > JE'f(0)

> / IDf(@)[P(1 = |2*)"K (1 - |2[*)d

A(zo,R)

/1 21K (1~ / Df (o) Pdo(C)dp

|zo|

1
/\ (JzolQ)[Pdo(C / p2)p2dp = 00,
S

|zol

Y

Y

where do denotes the normalized surface element in S. This is a contradiction; therefor f is constant and

the fact is proved.

In this work, we introduce a classes of H-valued functions on R®. These classes are so called Qg (p,q)
spaces of monogenic function. We will study these classes and their relations to the quaternion a-Bloch
space. We shall prove some basic properties concerning Qx (p, q) and Qg o(p, ¢) spaces in hyperholomorphic
functions. Our results in this work are extensions of our results in [1] and the results due to Essén and
Waulan (see [3]) in hyperholomorphic functions case. For simplicity we restricted us toR?® the lowest non-
commutative case and quaternion-valued functions. Next, the hyperholomorphic function spaces were the

aim of many works as [1,4,8] and [9)].

In particular, we will need the following results for quaternion sense in the sequel:

Lemma 1.2. [5] Let 1 <p < oo, f € M(B) and let 0 < R < 1. Then, we have

3
47 R?

IDf(0)P < /U( . |Df(x)|Pdx, for alla € B. (1.2)

Lemma 1.3. [9] Let 1 <p < oo, f € M(B) and let 0 < R < 1. Then, for every a € B, we have

c4r —
|Df( )| — R3(1 7 R2)2p(1 o |a|2) /U(Q,R) |Df($)|pd337 fO’f’ alla € B, (13)

where C = 48
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Remark 1.2. The problem in quaternion sense is that, D f(x) is monogenic, but D f(pq(w)) is not mono-

1—wa
[1—aw]3

genic. From [10] we know that Df(pa(w)) is hyperholomorphic. So, by the Jacobian determinant

2 3
(‘11;%'2) , which has no singularities we can solve this problem.

Lemma 1.4. [8] Let f € M(B), fo = f o, and let Uy, : B — H given by
Df(pa(z)). (1.4)
Then Uy € M(B) and [¥y,| is a subharmonic function.

2. CHARACTERIZATIONS OF Qp (p,q) CLASSES

In this part, we prove some essential properties of quaternion Qg (p, q) spaces as basic scale properties.

Proposition 2.1. Let K satisfy (1.1) and let f € M(B),1 <p < 00, and —2 < q < o0o. Then, we have

49—p+3

(1= la)™?[Df (@) <

S JRAf(a), for0<R<1.

Proof. Since 0 < R < 1, by Lemma 1.4 after the change of variable x = ¢, (w) then we deduce that

Jif(a) = /U( o [Df(@)[P(1 = [2*)7K (1 = |pa(w)[*)dz

> | 10, (@) (1 — [0 (1= ) duw
- 4a—p+3 B(a,R|1—-al)
1 g — R
> g D@ [ 0= K (= )
C(R —
> OB (1 oy D)

with U (w) = Hl:%ﬁf(goa(w)). Which implies that
20437 (o fp < 20 1pa
(1 a2 DS @) < G TR @)

Theorem 2.1. Suppose that K satisfy (1.1), 1 < p < 00,—2 < ¢ < o0 and f € M(B). When f, — f,
assume that D f, — Df uniformly on compact set M C B, as n — oo. Then, the space Q (p,q) under the

norm || fllx = |Df(0)| + || fllox(p.q) i a Banach space.

Proof. Since 1 < p < 00, t is easy to prove that ||.|| x is a norm. To show the completeness of (||.||x, O (p, q)),

fix 0 < R < 1. Applying Proposition 2.1, we obtain

(1= a2 D) < 27 mag(a)
-~ C(R) K ’

which gives

49—p+3

17lye < gy M lex .o

P



Int. J. Anal. Appl. 16 (3) (2018) 450

By the fact that (1 — |z|?) ~ |U(a, R)|, from Lemma 1.2 and Lemma 1.3, we get

Df) -DrO) < (220 _ (3 Df () de )’
C(R) 47 R3 U(a,R)
) .
S C(R7paq)||fHB¥ <,/U(a7R) (1_|x2)q+3d$>
: "
< C(R,p, a8 ————— =% d
< CR Pl |U(G,R)|3p(/U(a7R) :)
<

C1(R, p, Q)\|f||8q’#,

where a positive constant C1(R,p, q) is depending on R, p and ¢, which implies that

[Df(a)] < [DFO)] + C1 (R, p, )| ] jas

So, fore each compact set M C B, there is a constant C € M such that
[Df(a)] < [DFO)+Ci(R,p, )l flowpa < Clifllx (2.1)

where the constant C' = max{l, C(M,C1(R,p,q), ‘123)}_

Now, we let {f,,} be a Cauchy sequence in Qk (p, q) spaces. From (2.1) we deduce that {f,} is also a Cauchy
sequence in the topology of uniform convergence on compact sets. Thus thereis a function f € M(B) such
that f, — f also, Df,, — Df uniformly on compact subsets of B, as n — oo. To show that ||f, — f|lx — 0
as n — 0o, we give ¢ > 0. Since, {f,,} is a Cauchy sequence, there is an N > 0 such that [|fx — fu|lx < §
and [D f,(0) — Df(0)| < § for all n,k €> N.

For each a € B and n > N, by applying Fatou’s lemma, we obtain
/B [Df () = Dfa(@)[P(1 — |2*)1K (1 — [pa(2)[*) dz

= /B lim |Dfi(2) = Dfu(@)PP(1 — |2*)1K (1~ |¢a(@)[*)dz

k—o0

IN

k—o0

: e\”
= U= Sl < (5)

lim / Dfi(e) — Dfa(@)P(1— |eP)IK (1~ () ) da
B

Thus, for all n > N,

Ifn = fllx = [Dfa(0) = Df(0)]

1

+(SUP/B [Df(x) = Dfu(@)P(1 — |a]*) 7K (1 - |¢a($)2)d$> p

a€cB
< g

which implies that f, — f in Qk(p,q). Hence, the norm ||.||x is complete, therefore Qk(p,q) spaces is a

Banach space in Clifford setting.
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3. THE QUATERNION BLOCH AND Qk(p,q) SPACES

In this part of the paper, we consider the relations between Qg (p,q) and a-Bloch spaces in quaternion
sense. We characterize the quaternion a-Bloch spaces by the help of integral norms of quaternion Qg (p, q)

spaces. Our results extend the results due to Wulan and Zhou [12] in quaternion sense.

Theorem 3.1. Let f € M(B) and let 1 < p < 00,—2 < g < 0o. Then

(i): QK(paQ) C B¥7
(il): Qx(p,q) =B ; if

/O (1- ) 3K (1 = p2)pdp < . (3.1)

Proof. (i) Let 0 < R < 1 be fixed and a € B. From Proposition 2.1, we acquire

(A=l Df@) < 2" magia)
-~ C(R) K :

q+3

If f € Qk(p,q), then by estimate above we have f € B'» .

(ii) Let f € B* be non constant. Then, there is M > 0 constant such that
(1—|a) |Df(a)] < M, for allz € B.
Now we change the variable x = ¢, (w), then we acquire
g < [ M- PR - feu(@)P)da

< wr [ (- gt K 0 ) T
B

|1 —aw|®

IN

e / (1~ |wf?) 3K(1 — |w]?)dw
B
1 b
< M”/ (1= p*)°K(1 = p?)pdp < oc.
0

Thus, f € Qk(p,q). This show that BS C Qk(p,q).

Combining Theorem 3.1, we deduce the following corollary:

Corollary 3.1. Let 1 <p < 00,—2 < q < 0o and let f € M(B). Then
q+3
(i): QK,O(pa q) C BOP )
q+3

(ii): Qro(p,q) = By” ; if (3.1) holds.
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Proposition 3.1. Let 1 <p <o0,—-2< g < oo and let f € M(B). Then f € B if and only if there is an
0 < R <1, such that

sup /U o DI ) (L @)z < o0 (3.2)

Proof. If f € 8%7 and a € B. Then for any 0 < R < 1, we deduce

/ B ()P(1 — 221K (1~ |pa()?) da
U(a,R)

< [ Jenwra-le ()21 — fwf2) L,
~ JBO,R) e ‘ |1 — aw|6—2p
< Wl ass / (1~ ) K (1 — [w]?)dw

B » Jmo,
<

CISags

Conversely, let (3.2) holds then, we deduce

/ D (@)[P(1— |2)7K (1~ |pa(2)]?) da
U(a,R)

> K1-R)[  [DrapP( - jaP)ds
B(0,R)
C — R? _
> COKO ) (1 oy D,

which shows that f € B

a+3
P

Corollary 3.2. Let K : (0,00) — [0,00) and f € M(B). Then f € B, if and only if there is an 0 < R < 1,

such that

lim [Df ()P (1 — [2[)7K (1 — |pa()|?)dz = 0.
lal=1JU(a,R)

Conclusion. Our results in this work will be of important uses in the study of operator theory at the
interface of monogenic function spaces. This work is a try to synthesize the achievements in the properties
of monogenic Q (p,q) function spaces. The problem in quaternion sense is that, D f(x) is monogenic, but
Df(¢(x)) is not monogenic, where ¢ : B — B is a monogenic function. The following question is open
problem: What properties of operators act between this classes of monogenic functions, like F'(p, ¢, s) and
Qk (p,q) classes?

In quaternion case, several authors have studied function spaces and classes like Q,, Qk classes and F(p, ¢, s)

spaces, see [1,3,8] and others.
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