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GLOBAL UNIQUENESS RESULT FOR FUNCTIONAL
DIFFERENTIAL EQUATIONS DRIVEN BY A WIENER
PROCESS AND FRACTIONAL BROWNIAN MOTION

TOUFIK GUENDOUZI* AND SOUMIA IDRISSI

ABSTRACT. We prove a global existence and uniqueness result for the solu-
tion of a mixed stochastic functional differential equation driven by a Wiener
process and fractional Brownian motion with Hurst index H > 1/2. We also
study the dependence of the solution on the initial condition.

1. INTRODUCTION

Fractional Brownian motion (fBm) with a Hurst parameter H € (0,1) is
defined formally as a continuous centered Gaussian process Bff = {BH,t > 0}
with the covariance
(1) RH:%( Mg Pt — 5.

For H > 1/2 it exhibits a property of long-range dependence, which makes it a
popular model for long-range dependence in natural sciences, financial mathematics
etc. For this reason, equations driven by fractional Brownian motion have been an
object of intensive study during the last decade.

From (1) we deduce that E(|B — BH|?) = |t — s|*! and, as a consequence, the
trajectories of B are almost surely locally a-Hélder continuous for all a € (0, H).
Since BY is not a semimartingale if H # 1/2 (see [7]), we cannot use the classical
It6 theory to construct a stochastic calculus with respect to the fBm. Over the
last years some new techniques have been developed in order to define stochastic
integrals with respect to fBm. Essentially two different types of integrals can be
defined:

One possibility is Skorokhod, or divergence integral introduced in the fractional
Brownian setting in [2]. However this definition is not very practical: it is based
on Wick rather than usual products, and unlike Brownian case, in the fractional
Brownian case this makes difference when integrating non-anticipating functions
because of dependence of increments. This makes this definition worthless for most
applications (most notably, those in financial mathematics). Moreover, it is impos-
sible to solve stochastic differential equations with such integral except the cases of
additive or multiplicative noise; the latter case was considered in [10].

Another approach is a pathwise integral, defined first in [13] for fBm with
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H > 1/2 as a Young integral. The papers [6, 11] were the first to prove exis-
tence and uniqueness of stochastic differential equations involving such integrals.
Later the pathwise approach was extended with the help of Lyons?rough path the-
ory to the case of arbitrary H in [1] where also unique solvability of equations with
H > 1/4 was proved.

Very recently, the stochastic differential equations driven simultaneously by a
fractional Brownian motion and standard Brownian motion have been studied by
several authors. In [5] Guerra and Nualart have proved an existence and uniqueness
theorem for solutions of multidimensional, time dependent, stochastic differential
equations driven by a multidimensional fractional Brownian motion with Hurst
parameter H > 1/2 and a multidimensional standard Brownian motion using a
techniques of the classical fractional calculus and the classical Ito stochastic calcu-
lus. Their (existence) result is based on the Yamada-Watanabe theorem. In [8] the
existence and uniqueness of solutions is proved by Mishura and Shevchenko for dif-
ferential equations driven by a fractional Brownian motion with parameter H > 1/2
and a Wiener process in one dimensional case, under mild regularity assumptions
on the coefficients. For the same equation, with nonhomogeneous coefficients and
random initial condition, the convergence in Besov space of the solutions depending
on a parameter has been studied in [9] by Mishura and Posashkova.

In this paper we focus on the following mixed stochastic functional differen-
tial equation involving Wiener process and fractional Brownian motion, with non-
constant delay

(2)
z(t) = Z<O)C+/O b(s,ms)ds—i-/o Uw(S,al‘s)dW(S)—‘r/OIO’H(S,CCS)dBH(SL t>0
e T

Lo

where BH = {BH(t);t € [0,T]} is a fractional Brownian motion with Hurst index
H € (3,1), W = {W(t);t € [0,T]} is a Wiener process and C, is the space of
all continuous functions f from [—r,0] to R endowed by the uniform norm | - |.
Here, z; € C, denote the function defined by x¢(u) = z(t + u), Yu € [—r,0] and the
coefficients b, oy, o : [0,T] X C, — R are appropriate functions. The stochastic
integral w.r.t. Wiener process in (2) is the standard It6 integral, and the integral
w.r.t. fBm is pathwise generalized Lebesgue-Stieltjes, or Young integral.

Our goal in this paper is to prove the existence and uniqueness of the solution
for equation (2). Then we will study the dependance of the solution on the initial
condition. We first prove our results for deterministic equations and we will easily
apply them pathwise to the Wiener processus and fractional Brownian motion.

The paper is organized as follows. In Section 2, we state the problem and list
our assumptions on the coefficients of Eq. (2). Section 3, contains some basic facts
about extended Stieltjes integrals. In Section 4, we derive some precise estimates
for the integrals involved in Eq. (2). Section 5 is devoted to obtain the existence,
uniqueness and dependence on the initial data for the solution of the deterministic
equations. In Section 6, we apply the results of the previous sections to stochastic
equations driven by both Wiener process and fractional Brownian motion and we
give the proofs of our main theorems.
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2. MAIN RESULT

Let (Q,F, (Fi,t € [0,7]),P) be a complete probability space with a filtration
satisfying the standard conditions. Denote by {W(t), F;,t € [0,7]} the standard
Wiener process adapted to this filtration. Suppose that B = {B(t);t € [0,T]} is
an F-fBm with Hurst index H € (3,1). Consider the mixed stochastic functional
differential equation (2) and let us consider the following assumptions on the coef-
ficients.

(Hb) The function b(¢,y) is continuous. Moreover, it is Lipschitz continuous in
the variable y and has linear growth in the same variable, uniformly in ¢, that is,
there exist constants L; and Lo such that

b(t,y) = b(t, 2)] < Lilly —=|l,
bt y)l < La(1+lylD),

for all y,z € C, and t € [0,T].

(How) The function ow (t,y) is continuous. Moreover, it is Lipschitz continu-
ous in y and has linear growth in the same variable, uniformly in ¢, that is, there
exist constants L3 and L4 such that

|0W(tv y) - UW(ta Z)

| Lslly — =,
|UW(t>y)‘

La(1+lylD),

INIA

for all y,z € C, and ¢ € [0, 7).

(Hoy) The function oy (t,y) is continuous and Fréchet differentiable in the variable
y. Moreover, there exist constants Ls, Lg and L7 such that

\Vyou(t,y)lce,.ry < Ls,
IVyou(t,y) = Vyou(t,2)lce.r) < Lelly — 2,
‘UH(t’ y) - UH(S’ y)l —+ |vy0H(tv y) - vaH(s> y)'C(CT,R) < L7|t - 5|7

for all y,z € C. and t € [0,T].
Note that (Hopy) implies the linear growth property, i. e., there exists a constant
L such that
lou(t,y)] < L1+ lylD),
for all y € C, and ¢ € [0, 7).
Let us define for A € (0,1] the space C* of \-Hélder continuous functions f :
[0,7] — R, equipped with the norm

< 00,

1l o= e+ sup LD SO
0<

s<i<r  (t— s)*

where || f|loo := sup |f(t)].
t€(0,T]

Our main results are the following theorems on the uniqueness, existence and
dependence of the solution of Eq. (2) on the initial condition.

Theorem 2.1. Let the assumptions (Hb), (How) and (Hogy) be satisfied, and C
be a generic constant which depends on the constants L;, 1 <1i < 7.
(1) If 1 — H < a < H and ¢ is a stochastic process whose trajectories belong

to the space C*=%([—r,0]) P-a.s, then there exists a unique solution x of
mized equation (2) with paths in C*~%([—r,0]) P-a.s.
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(2) If in addition o+ H > %, C' is independent of w and the process ¢ satisfies
E|¢|f_, < oo for p > 1, then the solution z satisfies El|z||}_, < oo for
p=>1l

Theorem 2.2. Let the assumptions (Hb), (How) and (Hoy) be satisfied, ¢, ¢" €
C*=([-r,0]) and C be a generic constant which depends on the constants L;, 1 <
1 < 7. Let x be a solution of the mized equation (2) and x™ the solution of the same
equation with ¢™ in place of ¢. We assume that 1 — H < o < H.
(1) If lim ||¢" — ¢||l1—a = 0, a.s., then we have, for P-almost all w € Q,
lirlln |z (w,.) — z(w,.)|[1—a = 0.

(2) If in addition a+ H > %, C is independent of w and ¢, ¢™ are deterministic
functions, then im E|jz" — z|}_, =0 forp > 1.
n

Remark 2.3. We note that the regularity and absolute continuity results for the
above mixed equation in d-dimensional case, but without delay, was studied in [5]
by Guerra and Nualart. For the equations driven only by fBm, and the constant
delay situation, we refer the reader to [4].

3. GENERALIZED STIELTJES INTEGRAL

Let o € (0,%). For any measurable function f : [0,7] — R we introduce the
following notation

t

o £ (@) — f(s)]
3) 1Ol = 1)1+ [ s
Denote by W the space of measurable functions f : [0,7] — R such that
(4) 1f ()llasoo := sup [[f(t)]la < oo

t€[0,T]
A equivalent norm can be defined by
LIF) — f(s)]

5 au = Su e"“( t —&-/'f(ds>; > 0.
© Wl = s e (150014 [ G p

Note that for any €, (0 < € < «), we have the inclusions
Cote([0,T); R) € W*([0,T);R) c C* ([0, T]; R) (for more details, see [7]).

In particular, both the fractional Brownian motion B, with H > %, and the
standard Brownian motion W, have their trajectories in W >°. We refer the reader
to [7, 5] for further details on this topics.

We denote by Wy~ *>([0,T]; R) the space of continuous functions g : [0,7] — R

such that

o lgt) —g(s) | (" lg(y) —g(s)] -
oo = op (G [ ) <o

0<s<t<T

Clearly, for all € > 0 we have
Clote([0, T, R) € Wy ([0, T]; R) € C**([0,T}; R).
Denoting

Aol 0.T) = s, s (D} "0 o)
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where I'(a) = / r*~te~"dr is the Euler function and
0

1-a e g(s) —g(t) | [T als) —g(y) i
(D036 = i (e + =) [ 2y ) 1,000

We also define the space W*1([0,T]; R) of measurable functions f on [0, 7] such

that
T t _
Hf”a,l;[O,T] = /0 |:|ft(of)| +/O Wdy] dt < 0.

We have W ([0, TJ; R) © W([0, T} R) and |f a0 < (T +5=2) |1£

> o «,00;[0,T7]-
In [13], Z&hle introduced the generalized Stieltjes integral
T T
(6) /0 f(t)dg(t) = (*1)a/0 (D54 ) () (Dr_gr—)()dt,
defined in terms of the fractional derivative operators
o _ 1 f(®) "I~ f)
300 = s (T o [ 128 ) 100
and
- e -(1) T gr—(t) — gr-(y)

Dl «@ _ — € gr ( 1— / 1 B

( T 91 )(t) I‘(a) ((T _ t)lfa + ( a) ] (y _ t)27oc dy (OxT)(t)

The following proposition is the estimate of the generalized Stieltjes integral.

Proposition 3.1 ([7]). Fiz 0 < a < L. Given two functions g € Wy *°°(0,T)
and f € W10, T) we set

cin- [ fdg,.

Then for all r <t <T we have

/ frdgr sup_[(D;=%g--)(r)] / (DS ) (T)ldr
(7) s s

s<r<t<t
Tl—a
Co, T = (T + ) .
l1-«

Aa(g; [s, DI lla,1500,77
Ca, 7N (g5 [, 1) fllav00;
We will first deduce useful estimates for the integrals involved in Equation (2).
Let A € (3,1) be fixed and a € (1 — A, A). For h € C*(0,T,R), g € C*(0,T,R)
and x € C1=%([-r, T]), we denote

t t t
Ftb(x) ::/O b(s,zs)ds, G7"(x) ::/0 on(s,zs)dhs and GY°(z) ::/O 04(s,xs)dgs.

Proposition 4.1. Let the assumptions (Hb), (How) and (Hog) be satisfied for
the coefficients b, o, and o, respectively, h € C*(0,T,R), g € C*0,T,R) and
x € C*=%([-r,T]). Then

(1) F(z) € C*=*(0,T, R).

INIAIA

4. A PRIORI ESTIMATES
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(2) G{*(x) € C*-*(0, T, R).
(3) G/*(x) €C7*(0, T, R).

Proof.
(1) Tt is easy to see that FP(x) € C}(0,T,R) and for 0 < s <t < T

b(x) — Fb(z)] = tuxu U — Su,xuu
\F () — FY(z)| /0b<, ) /Ob< )

t
= / b(uw, 2, )du

< O [ll) (- s)

< OT+T%) + ()

where C' is defined as in above theorems.
Hence,

177 () = F{(@)ll1-a < C1(1 + [lz]li-a),

where C7 constants depending only on C,« and T

(2) It follows from the assumption (How ) and the Garsia-Rodemich-Rumsey
inequality (see, Theorem 2.1.3 of [12]) that for any « € (1 — A\, A) and any
t € [0, T) there exists a continuous random variable {(«, ¢, h) in ¢t with finite
moments of any order such that

t
|G () = G ()] = ‘/ oh (U, T)dhy

IA

O+ [|lzl)¢ (et h)(t = 5)2 70

< CTR((1+ =),

t pt |h _ h9|2/a /2
where ¢ is defined as ((a,t,h) = C, / T drdf , Cy
o Jo |T—0Y/

constants depending only on a.
Hence,

1G7" () = G (@)[[1-a < CoC(1 + [[z]l1-a),

C5 depend only on C,« and T.
(3) Let 0 < s <t <T. Using the proposition 3.1 we have for any a € (1 — X, \)
and \ € (3,1)

t
/ Ug(uvzu)dgu

! |Ug(9’x9)| 0 ‘09(97‘@9) _Ug(v’wv)‘
Aa(g)/s <W+a/s @ =)ot dv)d@.

IN
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Hence, by condition (Hog),

"oy (6, 7o)
s (0 - S)a

(t—s)'"

do < CT“ — I+ |z|1-a),

and

t 0
(10) / / 09(9’(2912;1(1“ o)l 4,9

< /t 0 |09(9,x9)—09(9,$v)|+|09(9,mv) _09(07mv)|dvd9
B s 59 (9_0)a+1
FC0 =) ([ ]li—a + (0 —v)*)
< / / 7)o dvdf
T _
< Clt-s)' " r— ||x|£ @47l

Then the above estimates lead to the third assertion.

Consider the following equivalent norm in the space C!~% defined for any v > 0 by

—vt —vt |l‘(t> .’17(8)‘
_ =su t)| + su _
H‘rHI a,v Stpe |$( )l Ss<It)€ (t 5)1704

We now present some estimates in order to be able to use the Banach fixed point
theorem.

Proposition 4.2. Let the assumptions (Hb), (How) and (Hog) be satisfied for
the coefficients b, o, and o4 respectively, h € C*(0,T,R), g € CM0,T,R) and
x € C*=%([-r,T]). Then there exist ¢;, 1 <i <3, such that

W) IF @10 < ¢ 0) (1+ )10 )

(2) 167 @)l1-aw < 50 (14 210

(3) 167 @)l o < 3 0) (1+ ol o )
where c;(v) — 0 as v — 0.

Proof.
(1) We remark that

t
eVt — 8) N EY () — FY(z)| < e Vit — 5! / by 24| du
ot

< eVt — s)afl/ C(1 + ||z||.)du
s t
< Cswpe(t-9) [ ([l
t s
t _
1 vu u
< Csup/ 67”(t7“)7+6 1||;v ”du
t s (t - U) e

B T a—1
< ot (14 fall)
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and therefore
I1F*@)1-ap = sup eV ()| + sup e VMt —5)*HE (x) — Fo(x)|
C

Tl-a o p2a-1 (1 , )
Vl—a(2a _ 1)( + ) + ||£L’|| 1—a,v

Then the above inequalities yield that there exist ¢j(v) such that

1P @)ll1-aw < 50 (1+ 20 ),

and ¢f(v) = 0 as v — o0.

(2) We have

t
G () = G (x)|e™ ! (t —s)*7! < 6*”(15*8)“1/ |on(u, Tu ) |dhy

(11)

t

< - srerieganh) [ (Ut e
t 1+ e "z
o —v(t—u u
< CT=%((a,t,h) Sltlp/s e (t—u)l-«

and therefore
167 @)l < 3@ (14 2],

Tafl
where ¢ (v) = Cmg(a,t,h), and ¢3(v) = 0 as v — oo.

(3) Using proposition 3.1 we have for s,¢ € [0,T] with s <t

G2 (x) — G (x) e (t — 5)* 1 < 0
o=t [ (GG o [ R

By the assumption (Hopy) we have,

—l/t _ oz 1/ |Ug 0 CEQ S e—yt _ a 1/ 01+H$9”
1
S cTe— 1bup/ —v(t— 9) +6 ||x9||d0
t s (9_8)
c
<

NP 1 —Q I/)’
Ta(172a)1/a( lzli-o.

and

t 0 _
e—l/t(t _ S)a—l/ |O-g(9’x9) Ug(v’xv”d’l}de

s (6 —v)ott
t 0 1—

_ _ 0 —v) " *(llzg — ol + 1)
< vt(4 _ Ja—1 (
< eVt —s) / C 0= vyt dvdf
§ CTQ lsup/ / 9 ’U 1+€ ||$9 xv”d'l)do

0 — )2
T2a

O gy (1 o)
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Thanks to (11)-(12) and (13) one easily remarks that there exist ¢4(v) such
that

16 @)1 < @) (1+ ol ),

(V) = 0 as v — oo.

Proposition 4.3. Let the assumptions (Hb), (How ) and (Hop) be satisfied for
the coefficients b, o, and o, respectively, h € C*(0,T,R), g € C*0,T,R) and
x,y € C1=%([—r,T]). Then there exist c¢;, 1 < i < 3, such that

(1) 1F*(z) = F*(y) |1-aw < i@l = ylli-aw
(2) 1G7(x) = G (y)l1-aw < @[T = ylli-a.w
) 167 (2) = G (W) 1-ar < W)+ [zl + lylhi-a)llz = ylli-a.

where c;(v) = 0 as v — o0 for 1 <i < 3.

Proof.
(1) Using the Lipschitz property of b, we see that for 0 < s <t < T

et t—s)* ! < Cv a4+ D) T* M lz—ylli—aw

(Fr@)-F )~ (Fl@)-Fi)

which imply the first claim.
(2) Let s,t € [0,T] with s < ¢, we have by the Lipschitz property of oy,

S e—ut(t _ s)a—l

(67" @) - 67 w)) - (6o @) — G2 (x))‘
< et —s)ot /St lon (u, 2y) — op(u, yu )| du

¢
< CT=C(a,t,h) sup/ eV |2y — Yulle VW (E — w)* .
t s

Hence,
a—1

Oh _ Oh <
HG (IE) G (y)Hl—a,u = Ca(a — 1)ya—1

C(aa ta h)”l’ - yHl—Oé,Va

which give the result of the second assertion.
(3) We have for s,t € [0,T] with s <t

(677(@) = 67" () = (62 (@) = G2 () [e !t = )21 < e (t = ) Aa(g) %
/t <|09(9,x9) —04(0,yp)| + a/e log(8, ) — 0g(0,y0) — (v, 2y) + Ug(v’y”)m)) 6.

(6 —s)™ (6 —v)ott

By the Lipschitz property of o, we obtain
(14)
t 1—
91‘9)—0(9 ye)‘ T —«
—vt t— a—l/ |UQ( ’ g\’ do < C _ o
e ( S) . (9 — S)a = Oé(l — O[)I/a ||.’IJ y|H1 ,
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Remark that for all u,v € [0,T]
[(70(6r0) = 03(6.90)) = (at0:20) = 70010 )|

‘/ Vo g (v, v + Yo — vy) (T — yo) — (20 — yv))dv‘

IN

+ ’/ Vog(0,vze +yg — vys) — Vog (v, vxy + Yy — vy@)}(mg—yg)dv‘
< [Dwxe—yw—( o = 1)l + l(zo = voll (Ilzo = 2oll + llgo = woll + (0 = v)) |,

and therefore

e_”t(t _ S)a—l /t /9 [(0g(0,79) — 04(0,y9)) — (0g(v, 1) — Ug(v’y”))|dvd9

s (0 — v)atl
t (4

—ut a1 [(zo — yo) — (x0 — yo)||
< et —s) C’[ /Se 6 — vyt dvdf
£ ettt —s)* 0 Wd df

0%

vty a1 lzo — yoll(lzo — zoll + |lyo — yull)

+ eVt —s) tC o ”(9—v)a“ dvdf
_ _V T —=Ylll-a,v
< (t—-s)lC dvdf
+ (t_s)a IC Hx_y”l a,udvde
et — s)am 10// IIZe*yeII IIle o tlylhi-a) o0
U)Qa
Thus
(15)
—ut — s)o 1/ / Ug (0,20) (9 Z(JZ)) _)(igl(%xv)_Ug(%yv))ldq)d@
— v [e%
2a—1 —

< %n s i~ ylha

v CT(QlajIQOc) v(l—a)
t mag oyl vhas (lelhiea + lylia)

From (14) and (15) we can derive the estimate:

sup |(GF* () = G7* (1)) = (G2 () = GTo(y) ) et = 5)° 7

s<t

<G+ [lzli-a + lylh-a)lz = ylhi-av,
c5(v) — 0 as v — oo, which implies the third claim.

Consider the equation on R
t

P(z)(t) = x(0) —|—/0 b(s,xs)ds—i—/o on(s,xs)dh(s) —i—/o oq(s,xzs)dg(s), t>0,

where the function v is defined from C'=%([—r, T]) into C1=([—r, T]) by 9 (z)(t) =
x(t), t € [-r,0].

Proposition 4.2 and Proposition 4.3 combined together give the following result.
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Proposition 4.4. Let the assumptions (Hb), (How) and (Hog) be satisfied for
the coefficients b, o, and o, respectively, h € C*(0,T,R), g € C*0,T,R) and
2,y € C1=%([—r,T]). Then there exist ¢;, i = 1,2 such that

(W) 1@lh-ap < I20l1-aw + @) (1+le]-aw),
@) [9(@) =¥ ®)l-aw < w0 = golli—aw + &) (1 + leli-a + Iyli-a )l -

yHl—oc,Iu
¢i(v)—=0,i=1,2, asv — oo.

5. DETERMINISTIC FUNCTIONAL EQUATION

In this section we fix the parameters A and « such that % <AL 1I-AK
a <A
Consider the deterministic functional equation

(16) xz(t) = go(O)C—l—/O b(s,ms)ds—l—/o Jh(s,xs)dh(s)—l—/o o4(s,x5)dg(s),
Zo = peli

for g € C*0,TR), h € C*(0,T,R) and t > 0.
The following theorem is the main result of this section.

Theorem 5.1. Let the assumptions (Hb), (How) and (Hop) be satisfied for the
coefficients b, oy, and o, respectively, p € C'=*([—r,0]). Then Eq. (16) has unique
solution x. Moreover the solution is (1 — «)-Hélder continuous on [—r,T).

Proof.

Existence. We shall prove the existence of the solution by a fixed point argu-
ment. We first define C1=%([—r,T], ) as the space of all z € C*~*([—r,T]) such
that # = ¢ on [—r,0]. Let ' be an operator defined from C1=([—r, T], ¢) into itself
by I'(x)(t) = ¢(t) for ¢t € [—r,0] and

¢

¢ ¢
I'(x)(t) = ¢(0) +/ b(s,:cs)der/ on(s,xs)dh(s) +/ o4(s,zs)dg(s), t=>0.
0 0 0
From Proposition 4.4. we remark that
I0@) - < el -aw + €0 (14 2100 ),

where ¢(v) — 0 as v — oc.
Let v = 1 be sufficiently large such that ¢(vg) < 3. If [|z]l1—aw, < 2(1+
[lpll1—ave), then [T(2)[[1-a.y < 2(1 + [[@ll1-a.,) and hence I'(B,,) C By, where

By, = { € (=1, T1,9) : Jalli-aws <201+ 6l au) }

As consequence, I' maps B,, into itself.

We now show that there exists v > vy such that the operator I' is a contraction
on By, under the norm || - ||1—qa,,. Using Proposition 4.4., we have for all z,y €
([T, )

IT(z) = T(W)lli-ar < @)X+ 2li-a + lylhi-a)llz = ylli-a.-
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If o = sup ||z|l1-a, then for all z,y € B,, we have
z€B,,

IT(x) = T(W)ll1-ar < @)1+ 20)|z = yll1-av-

Let v > vy be sufficiently large such that é(v)(1+2lp) < 1/2. Then for all x,y € B,,
we have

IT(z) = T(®)l1-ay < ||$—y||1 o

Consequently, the operator I is a contraction on the closed subset B, of the com-
plete metric space C*~([—r, T|) which implies that it has a unique fixed point x
in By,. So from the definition of I it follows that z is a solution of Eq. (16) in
Cl_a([_rv T])

Uniqueness. Assume that x,y are two solutions of (16) in the space C1=%([—r, T1)
and using Proposition 4.4., with v sufficiently large, we get

1
|z =yl < Slle = ylh—aw,

and, therefore, x = y.

Theorem 5.2. Let the assumptions (Hb), (How) and (Hog) be satisfied for the
coefficients b, oy, and o, respectively, ¢ € C1=%([—r,0]). Then the solution z of Eq.
(16) satisfies

lolli-a < &1 (14 llelh-a ) exp (224 (9)),
where ¢1,Co are constants depending only on a, T and C.

Proof. Set
|z(u) — z(s)]

J(t) = sup |z(s)|+ su — = t>0.
( ) 56[71:7t]| ( )| 7r§s£u§t (u - 8)1_a

We have for 0 < s < u <t,

B0 < syt (| [ twszorielt] [ ontosanfs] ooz

(u—s)l—o

By assumption (Hb) we have

(17) (u— 5)°! (‘ /Sub(v,xv)dv’) < C/Ot(t — )" (1 + J(v))dv

By assumption (Hoyw ) we get

(18) .
/S Uh(’(),itu)th

(u—s)o‘_l( L+ ||33vH

IN

CT (o, t,h /
t

CTz‘O‘Cath/ a11+J( ))dv

0

IN
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Using Proposition 3.1., we have for 1 — A < a < A and % <A<l

(u—s)a-l( / uogw,xv)dg)

< (-9 Mao) | ) ("’(“' vaf " logv. 2) ~ 04(r, “'w) dv.

o\ 09 (0—r)+!

By the Lipschitz property of o4, we have

(=) talg) [T,

(19) < (u—s)*Au(g) 8“ Ic(rqg](v,izv)ff(gv(ﬁi;)llﬂag(v,xs)dv
< MO Al +20) [ (¢ 5 )
and
(s (g [ [ 1P g,
(20) < (= 8)" M / / Cv—Tl a<_1+)1|+aclv—mT||>dev

T2a 1 a 1
CmA (9)/0( - J(v)dv.

Inequalities (17), (18), (19) and (20) together imply that

up 120 — 2(s)] §60(1+Aa(g))[1+/t(t— )L (v )dv}

s<u (u—s)t= 0

and
J(t) < llelli—a + (1 + Aalg)) [1 - /0 (t — s)aflj(s)ds]

Using the Gronwall lemma (see [11]), we have since

() < Il + 0 (1 + Aa 1+/ T e

then
ol < &1+ [pli-a) exp (£2A1(9)).

The following result shows the dependance of the solution of Eq.(16) on the initial
condition.

Lemma 5.3. Let the assumptions (Hb), (How) and (Hog) be satisfied for the
coefficients b, o, and o, respectively, @, " € C'=*([—r,0]). Let x be the solution
of Eq.(16) and x™ be the solution of the same equation with ©™ in place of p. Then
forlf)\<oz<)\and%<)\<lwehave

o = 2"l1-a < é1lle = ¢ l1-a exp (Ea(llzi/% + l27115) ) exp (2348 (9)),

where ¢q, ¢o and ¢és depend only on o, T and C.
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Proof. For t <0, let

70 = _sup o) =0+ sup B SL

Following the same lines as in Proof of Theorem 5.2. we obtain for ¢t <0

t
T(0 < llp =" oot é0 [ L+ Aalg)(1+ olhoa+ " 1-a)] [ T7(5)(E=5)"ds.
0
Therefore,
t
I(0) < llp=¢"lh-atéo |1+ Aalg) 1+ oot 0] [ I(6)(e=s) s 0,
0

By the Gronwall lemma ([11]) we get

~ ~ ~ 1 1
o = 2" l1-a < é1llp = " 1o exp (A (9)) exp (e (2l + 2" 11/%)-

6. FUNCTIONAL EQUATION DRIVEN BY A WIENER PROCESS AND FBM

In this section we apply the deterministic results in order to prove the main
theorems of this article.

Proof.(Theorem 2.1)

The existence and uniqueness of the solution can be established following the
same argument as in the deterministic Theorem 5.1.

Using Theorem 5.2., we get for a >1— H

Jolli-a < 11+ [6li-a) exp (220 (B)).

¢1, ¢1 depend only on o, T and C.
Therefore, for all p > 1 we have

1 1
@) Elelf_, £ 3EPEQ+ ¢]1-a)* + S Eexp (200201 (B)).
Hence for any 0 < v < 2 we have by Fernique’s theorem ([3])
]E[epra(B)V} < 0.

1

As consequence E||z||}_, < oo, Vp > 1 such that — < 2 with H should be greater
a

than % and o + H > %

Proof.(Theorem 2.2)

The almost-sure convergence can be obtained using Lemma 5.3. The LL”-convergence
can also be obtained by a dominated convergence argument since we have for any
n>0

2™ [1-a + [12]l1-a
12+ [6ll1-a + 167 1-a) exp (2205 *(B))
and ||¢™|]1—« is bounded, the we can write

[|la" — z|| < éqexp (égAi/“(B)) =Y

2" = zll1-a <
<



an

il
[2
3
4
5
6
[7

8

[9

[10
[11
[12

[13

GLOBAL UNIQUENESS RESULT 121

d EY?P < o0, Vp > 1.
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