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ABSTRACT. In this paper, we introduce the concept of generalized complex fuzzy subhypergroup (H,-
subgroup) as well as the generalized concept of complex anti-fuzzy subhypergroup (H,-subgroup). We
investigate their properties and their relations with the generalized traditional fuzzy (anti-fuzzy) subhyper-

group (Hy-subgroup).

1. INTRODUCTION

Hyperstructure theory was born in 1934, when Marty [8] gave the definition of hypergroup as a natural
generalization of the concept of group based on the notion of hyperoperation at the eighth Congress of
Scandinavian Mathematicians. He analyzed their properties and applied them to groups, illustrated some
applications and showed its utility in the study of groups, algebraic functions and relational fractions.
Recently, the hypergroups are studied from the theoretical point of view and for their applications to many
subjects of pure and applied mathematics: geometry, topology, cryptography and code theory, graphs and
hypergraphs, probability theory, binary relations, theory of fuzzy and rough sets, automata theory, economy,
etc. (see [4,6]). A hypergroup is an algebraic structure similar to a group, but the composition of two
elements is a non-empty set. On the other hand, the fuzzy mathematics forms a branch of mathematics

related to fuzzy set theory and fuzzy logic. It was introduced in 1965 after the publication of L. A. Zadeh
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(see [15]), who is considered as the pioneer of this theory, as an extension of the classical notion of set, when
he proposed the idea of a multi-valued logic, which extends the traditional concept of a bivalent logic, which
becomes a particular case of the new theory. The fuzzy set theory is based on the principle called by L. A.
Zadeh “the principle of incompatibility”, that is “the closer a phenomenon is studied, the more indistinct
its definition becomes”. Fuzzy sets are sets whose elements have degrees of membership. In classical set
theory, the membership of elements in a set is assessed in binary terms according to a bivalent condition
an element either belongs or does not belong to the set. By contrast, fuzzy set theory permits the gradual
assessment of the membership of elements in a set; this is described with the aid of a membership function
valued in the real unit interval [0,1]. Fuzzy sets generalize classical sets, since the indicator functions of
classical sets are special cases of the membership functions of fuzzy sets, if the latter only take values 0 or
1. Many researchers worked on fuzzy set theory, its applications and its extensions. An important extension
of this theory was proposed by Raymot et al. [10,11]. They introduced the concept of complex fuzzy sets
in which the codomain of membership function was the unit disc of the complex plane. Then they defined
different fuzzy complex operations and relations such as the complement of a complex fuzzy set, intersection
and union of complex fuzzy sets.

Davvaz et al. (see [7]) introduced the concept of generalized traditional fuzzy H,-subgroups and the
authors in [1] introduced the concept of complex fuzzy and anti-fuzzy H,-subgroups. Our paper extends
their results to complex fuzzy sets, and it is constructed as follows: after an Introduction, in Section 2
we present some definitions and results about hyperstructures and traditional fuzzy subhyperstructures. In
Section 3, we present the results of generalized fuzzy H,-subgroups and introduce the concept of generalized
anti-fuzzy H,-subgroups. In Section 4, we extend the definitions of generalized fuzzy and anti-fuzzy H,-
subgroups and define generalized complex fuzzy and anti-fuzzy H,-subgroups. We investigate their properties

and present different examples on them.

2. PRELIMINARIES

In this section, we present some definitions and theorems related to hyperstructures and fuzzy subhy-

perstructures that are used throughout the paper.

Definition 2.1. Let H be a non-empty set. Then, a mapping o : H x H — P*(H) is called a binary
hyperoperation on H, where P*(H) is the family of all non-empty subsets of H. The couple (H,o) is called

a hypergroupoid.

In the above definition, if A and B are two non-empty subsets of H and = € H, then we define:

AoB= |J aob, zoA={z}oAand Aoz = Ao {z}.
acA
beB
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Definition 2.2. A hypergroupoid (H,o) is called a:

o semihypergroup if for every x,y,z € H, we have x o (yoz) = (xoy)o z;
o quasihypergroup if for every x € H, xo H = H = H ox (This condition is called the reproduction

aziom);

hypergroup if it is a semihypergroup and a quasihypergroup;

H,-group if it is a quasihypergroup and for every x,y,z € H, we have z o (yoz) N (zoy) oz # (.

Definition 2.3. Let (H,o) be a hypergroup (or H,-group) and K C H. Then (K, o) is a subhypergroup (or
H,-subgroup) of (H, o) if for all a € K, we have that ac K = Koa =K.

Definition 2.4. [15] A fuzzy set, defined on a universe of discourse U is characterized by a membership
function pa(z) that assigns any element a grade of membership in A. The fuzzy set may be represented by

the set of ordered pairs A= {(z,pa(z)): x € U}, where pua(x) € [0, 1].

Definition 2.5. [7] Let (H, o) be a hypergroup (or H,-group) and A be a fuzzy subset of H with membership
function pa(xz) € [0,1]. Then A is a fuzzy subhypergroup (or H,-subgroup) of H if the following conditions
hold:

(1) inf{pa(z): 2z €zoy} > min{pa(z),naly)} for all x,y € H;

(2) For all x,a € H, there exists y € H such that x € aoy and min{pa(z), pa(a)} < paly);

(3) For all x,a € H, there exists z € H such that x € zoa and min{pa(z),nala)} < pa(z).

Definition 2.6. [7] Let (H, o) be a hypergroup (or H,-group) and A be a fuzzy subset of H with membership
function pa(x). Then A is an anti-fuzzy subhypergroup (or H,-subgroup) of H if the following conditions
hold:

(1) sup{pa(2): z € oy} <max{ua(x), pa(y)} for all x,y € H;

(2) For all x,a € H, there exists y € H such that x € aoy and pa(y) < max{pa(x),pa(a)};

(3) For all x,a € H, there exists z € H such that x € zoa and pa(z) < max{pa(x), pala)}.

Theorem 2.1. [7] Let (H,o) be a hypergroup (or H,-group) and i be a fuzzy subset of H. Then p is a
fuzzy subhypergroup (or H,-subgroup) of H if and only if its complement u¢ is an anti-fuzzy subhypergroup
(or Hy-subgroup) of H. Here, u°(z) =1 — p(x) for all z € H.

3. GENERALIZED TRADITIONAL FUZZY SUBHYPERSTRUCTURES

Davvaz et al. (see [7]) introduced the concept of generalized traditional fuzzy H,-subgroup. In this
section, we present their results. And we introduce the concept generalized traditional anti-fuzzy H,-

subgroup.
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Notation 3.1. Let (H,o) be a hypergroup (or H,-group) and A be a fuzzy subset of H with membership
function pa(x). We say that:

(1) @ € pa if pa(z) > t;

(2) z¢ € qua if pa(x) +t>1;

(3) x4 € Vaua if vt € pa or xt € qua. Otherwise, we say that x* € Vqpa.

Definition 3.1. [7] Let (H, o) be a hypergroup (or H,-group) and A be a fuzzy subset of H with membership
function pa(x). Then A is an (€, € Vq) fuzzy subhypergroup (or H,-subgroup) of H if for all t,s €]0,1] and
xz,y € H, the following conditions hold:

(1) @t,ys € p implies zips € Vau for all z € xoy;

(2) x¢,as € p implies yins € Vqu for some y € H such that x € aoy;

(3) x4, as € p implies yins € Vqu for some y € H such that x € y o a.

Theorem 3.1. [7] Let (H, o) be a hypergroup (or H,-group) and A be a fuzzy subset of H with membership
function pa(x). Then A is an (€,€ Vq) fuzzy subhypergroup (or H,-subgroup) of H if and only if for all
x,y € H, the following conditions hold:

(1) pa(@) Apa(y) N0.5 < pa(z) for all z € Toy;

(2) For all x,a € H, there exists y € H such that x € aoy and pa(x) A pala) AN0.5 < pa(y);

(3) For all x,a € H, there exists y € H such that x € yoa and pa(x) A pala) AN0.5 < pa(y).

Definition 3.2. Let A = {(z,pa(x)) : x € U} be a fuzzy set. Then the set Ax = {(z,2mpa(x)):x € U} is

said to be a w-fuzzy set.

Proposition 3.1. Let (H,o) be a hypergroup (or H,-group). A mw-fuzzy set A, is an (€,€ Vq) 7-fuzzy
subhypergroup (or H,-subgroup) of H if and only if A is an (€, € Vq) fuzzy subhypergroup (or H,-subgroup)
of H.

Proof. The proof is straightforward. |

Notation 3.2. Let (H,o) be a hypergroup (or H,-group) and A be a fuzzy subset of H with membership
function pa(x). We say that:

(1) a' € pa if palx) <t;

(2) 2t € qua if pa(z)+t<1;

(3) ot € Vqua if 2t € pa or 2t € Qua. Otherwise, we say that xt € Vqua.

Definition 3.3. Let (H,o) be a hypergroup (or H,-group) and A be a fuzzy subset of H with membership
function pa(x). Then A is an (€, € Vq) anti-fuzzy subhypergroup (or H,-subgroup) of H if for all t,s €]0, 1]
and x,y € H, the following conditions hold:
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(1) zt,y® € p implies 2tV € Vgu for all z € x o y;
(2) 2t a® € u implies y*V* € Vqu for some y € H such that x € aoy;

(3) zt,a® € u implies y*V* € Vqu for some y € H such that x € yo a.

Theorem 3.2. Let (H,o) be a hypergroup (or H,-group) and A be a fuzzy subset of H with membership
function pa(x). Then A is an (€,€ Vq) anti-fuzzy subhypergroup (or H,-subgroup) of H if and only if for
all x,y € H, the following conditions hold:

(1) pa(x)Vpaly) V0.5 > Vua(z) forall z € zoy,
(2") For all x,a € H, there exists y € H such that x € aoy and pa(z)V pala) V0.5 > pua(y),
(3') For all z,a € H, there exists y € H such that x € yoa and pa(x)V pa(a) V0.5 > ua(y).

Proof. (1 = 1'): Suppose that 2,y € H. We consider the following cases:

e Case pu(z)Vu(y) < 0.5. Assume, to get contradiction, that there exists z € xoy such that u(z) > 0.5.
It is clear that #°-5,9%% € y and that 2% is not in . Having that u(z) + 0.5 > 1 implies that 20
is not in gu. We get that 29° € Vqu.

e Case p(x) V u(y) > 0.5. Assume, to get contradiction, that there exists z € x o y such that u(z) >
p(z) vV u(y) V0.5 > 0.5. Choose a real number ¢ such that 0.5 < p(z) V u(y) <t < p(z). It is clear
that 2%, y* € p and that 2% is not in u. Having that u(z) +¢ > 1 implies that 2* is not in qu. We get
that 2t € Vqpu.

(2 = 2'): Suppose that z,a € H. We consider the following cases:

e Case p(x) V pu(a) < 0.5. Assume, to get contradiction, that for every y € H such that © € a oy we
have u(y) > pu(a) V u(z) vV 0.5 = 0.5. It is clear that 29° a%® € p and that y°® is not in p. Having
that pu(y) + 0.5 > 1 implies that °-° is not in gu. We get that y°-° € Vgpu.

e Case pu(z)Vu(a) > 0.5. Assume, to get contradiction, that for every y € H such that € aoy we have
p(y) > p(a)Vu(xz)v0.5 = p(a)Vu(x). Choose areal number ¢ such that 0.5 < p(x)Vp(a) <t < p(y).
It is clear that x',a’ € pu and that y is not in p. Having that u(y) +¢ > 1 implies that y* is not in
qu. We get that y* € V.

(3 = 3’): Can be done in a similar manner to (2 = 2').

(1 = 1): Let 2%, y* € u. Then u(z) < t,u(y) <t. Let 2 € x oy. We consider the following cases:

e CasetVs < 0.5. We obtain that pu(z) < p(z) vV u(y) V0.5 <tVsVv0.5 <05 Then p(z)+tVs <.
Then z!V* € gu.
e Case tV s> 0.5. We obtain that u(z) < u(z) V u(y) V0.5 <tVsVv0.5<tVs. Then 2!V e p.
(2 = 2): Let 2',a® € p. Then p(z) < t,u(y) < t. Let y € H such that z € a oy. We consider the

following cases:
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o CasetVs < 0.5. We get that u(y) < p(z)Vu(a) V0.5 <tVvsVv0.5<0.5. Then pu(y)+tVs e u<l.
e Case t Vs> 0.5. We get that u(y) < pu(x) VvV p(a) V0.5 <tVsVv0.5<tVs. Then y'Vs € p.

(3’ = 3): Can be done in a similar manner to (2’ = 2). O

Proposition 3.2. Let (H,o) be a hypergroup (or H,-group). A m-fuzzy set A is an (€,€ Vq) w-anti-
fuzzy subhypergroup (or H,-subgroup) of H if and only if A is an (€,€ Vq) anti-fuzzy subhypergroup (or
H,-subgroup) of H.

Proof. The proof is straightforward. O

Theorem 3.3. Let (H,o) be a hypergroup (or H,-group) and A be a fuzzy subset of H with membership
function pa(x). Then A is an (€,€ Vq) fuzzy subhypergroup (or H,-subgroup) of H if and only if its

complement, A°, is an (€, € Vq) anti-fuzzy subhypergroup (or H,-subgroup) of H.

Proof. Let pua be an (€, € Vq) fuzzy subhypergroup (or H,-subgroup). Then the conditions of Theorem 3.1
are satisfied and we need to show that the conditions of Theorem 3.2 are satisfied. To prove (1'), let z,y € H.
For all z € x oy, we have that pua(z) A pa(y) A0.5 < pa(z). We get now that 1 — min{pa(x), pa(y),0.5} >
1 — pa(2). The latter implies that max{u$(x), p5(y), 0.5} > p5(2).

To prove (2'), let 2,a € H. Then there exists y € H such that x € aoy and pa(z) Apa(a) AN0.5 < pa(y). We
get now that 1—-min{pa(z), pa(a),0.5} > 1—pa(y). The latter implies that max{u$ (z), u%(a), 0.5} > 14 (y).
In a similar manner, we can prove the validity of condition (3’). Thus, 5, is an (€,€ Vq) anti-fuzzy
subhypergroup (or H,-subgroup) of H.

Let 1 be an (€, € Vq) anti-fuzzy subhypergroup (or H,-subgroup). Then the conditions of Theorem 3.2
are satisfied and we need to show that the conditions of Theorem 3.1 are satisfied.. To prove (1), let x,y € H.
For all z € z oy, we have that p& (z) V u5(y) V0.5 > u5(z). We get now that 1 — max{u (x), u5(y),0.5} <
1 — u%(2). The latter implies that min{ua(x), pa(y),0.5} < pa(z).

In order to prove (2), let ,a € H. Then there exists s y € H such that z € a oy and p§(x) V
15 (a) V0.5 > uG(y). We get now that 1 — max{u§(z), p%(a), 0.5} <1 — uS(y). The latter implies that
min{ua(z), pala),0.5} < pa(y). In a similar manner, we can prove the validity of condition (3). Thus, a4,

is an (€, € Vq) fuzzy subhypergroup (or H,-subgroup) of H. O

4. GENERALIZED COMPLEX FUZZY AND ANTI-FUZZY SUBHYPERSTRUCTURES

In this section, we use the concept of generalized fuzzy subhypergroups, discussed in Section 3, to

define complex fuzzy (anti-fuzzy) subhypergroups. And we investigate their properties.

4.1. Generalized complex fuzzy H,-subgroups.
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Definition 4.1. [10] A complex fuzzy set, defined on a universe of discourse U is characterized by a
membership function pa(zx) that assigns any element a complez-valued grade of membership in A. The

compler fuzzy set may be represented by the set of ordered pairs
A={(z,pa(z)): 2z €U},

where pa(x) = r(x)e™® i = /=1, r(z) € [0,1] and w(z) € [0, 27].
Remark 4.1. By setting w(x) = 0 in the above definition, we return back to the traditional fuzzy set.

Definition 4.2. Let A = {(z,pa(x)) : @ € H} be complex fuzzy subset of a non-void set H with membership

function pa(x) = ra(x)e’™2@) . Then A is said to be homogeneous if for all x,y € H, we have
ra(z) <ra(y) if and only if wa(x) <wa(y).

Notation 4.1. Let A = {(x,pua(z)) : x € H} and B = {(x,up(x)) : © € H} be complex fuzzy subsets of
a non-void set H with membership functions pa(x) = ra(z)e’4®) and pp(x) = rg(z)e’™ s (z) respectively.

By pa(z) < pup(x), we mean that r4(z) < rp(z) and wa(zr) < wp(z).
Throughout this paper, all complex fuzzy sets are considered homogeneous.

Notation 4.2. Let (H,o) be a hypergroup (or Hy-group) and A be a complex fuzzy subset of H with mem-
bership function pa(z) = ra(z)e'2®) . We say, for all 0e¥ < t = se’ < 1e*™, that:

(1) @ € pa ifra(x) > s and wa(x) > 6;

(2) zp € qua ifra(x)+s>1and wa(z) +60 > 27;

(3) @y € Vaua if 2t € pa or a2t € qua. Otherwise, we say that xt € Vqua.

Definition 4.3. Let (H,o) be a hypergroup (or H,-group) and A be a (homogeneous) complex fuzzy subset
of H with membership function pa(x) = ra(x)e’™A®@) . Then A is an (€, € Vq) complex fuzzy subhypergroup
(or H,-subgroup) of H if for all t,s €]0e%, 1e®™] and x,y € H, the following conditions hold:

(1) z¢,ys € u tmplies zips € Vqu for all z € zoy;

(2) xt,as € p implies ysns € Vqu for some y € H such that x € a o y;

(3) x¢,as € p implies yins € Vqu for some y € H such that x € yoa.

Theorem 4.1. Let (H, o) be a hypergroup (or H,-group) and A be a (homogeneous) complex fuzzy subset of
H with membership function pa(x). Then A is an (€, € Vq) complex fuzzy subhypergroup (or H,-subgroup)
of H if and only if for all xz,y € H, the following conditions hold:

(1) pa(z) Apa(y) A0.5et™ < pa(z) for all z € z oy,

(2'): For all z,a € H, there exists y € H such that v € aoy and pa(z) A pala) A0.5e™ < pa(y),
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(3"): For all z,a € H, there exists y € H such that x € yoa and pa(z) A pala) A0.5e™ < ua(y).

Proof. (1 = 1"): Suppose that z,y € H. We consider the following cases:

o Case u(x) A p(y) < 0.5¢'™. Assume, to get contradiction, that there exists z € x oy such that
w(z) < p(x)Ap(y)A0.5e'™ < 0.5¢i™. Choose a real number ¢ such that u(2) <t < p(x)Au(y) < 0.5€.
It is clear that zy,y; € p and that z; is not in u. Having that pu(z) + ¢ < 1€2'™ implies that z; is not
in qu. We get that 2z, € Vqu.

e Case p(z) Apu(y) > 0.5¢'™. Assume, to get contradiction, that there exists z € z oy such that u(z) <
0.5¢'™. Tt is clear that x( seir, Yo.5ei~ € p and that zg 5eix is not in u. Having that pu(2)+0.5¢™ < 127

implies that zg 5.i~ is not in gu. We get that zp 5.~ € Vqu.
(2 = 2'): Suppose that z,a € H. We consider the following cases:

o Case u(x) A p(a) < 0.5¢'™. Assume, to get contradiction, that for every y € H such that x € aoy
we have u(y) < p(a) A p(z) A 0.5¢"™ = u(a) A u(z). Choose a real number ¢ such that u(y) < t <
wu(x) A p(a) < 0.5e'™. Tt is clear that x4, a; € p and that y; is not in p. Having that u(y) +t < 1e?™
implies that y; is not in qu. We get that y, € Vqu.

e Case u(z) Ap(a) > 0.5¢'™. Assume, to get contradiction, that for every y € H such that x € aoy we
have u(y) < p(a) A p(x) A0.5e™ = 0.5¢'™. Tt is clear that x( s.ix, ag5eix € 0 and that yg seir is not
in p. Having that u(y) + 0.5e'™ < 1e*™ implies that yg s5.i= is not in qu. We get that yg 5eir € V.

(3 = 3'): Can be done in a similar manner to (2 = 2).
(1" = 1): Let 4, ys € p. Then p(z) <t,u(y) <s. Let z € zoy. We consider the following cases:

e Case t As < 0.5¢™. We get that p(z) > u(x) A p(y) A0.5e™ >t AsA0.5e'™ >t As. Then zias € pi.

e Case t As > 0.5¢™. We get that u(z) > p(z) A u(y) A 0.5e'™ >t A s A0.5e™ > 0.5¢". Then
pu(z) +t A s> 1e?™. Thus, zias € Qu-

(2" = 2): Let a¢,a5 € p. Then u(x) < t,u(y) < t. Let y € H such that © € aoy. We consider the
following cases:

e Case t As < 0.5¢'™. We get that p(y) > u(z) A p(a) A0.5e™ >t AsA0.5e"™ >t As. Then yias € .

e Case t As > 0.5¢™. We get that u(y) > p(z) A u(a) A 0.5e"™ > t A s A0.5e™ > 0.5¢™. Then
w(y) +tAs € p>1e? .

(3’ = 3): Can be done in a similar manner to (2’ = 2). O

Theorem 4.2. Let (H,o) be a hypergroup (or H,-group) and A be a (homogeneous) complex fuzzy subset
of H with membership function p(z) = ra(z)e’4®) . Then A is an (€, € \Vq) complex fuzzy subhypergroup
(or H,-subgroup) of H if and only if r4 is an (€, € Vq) fuzzy subhypergroup (or H,-subgroup) of H and w4

is an (€, € Vq) m-fuzzy subhypergroup (or H,-subgroup) of H.
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Proof. Let A be an (€, € Vq) complex fuzzy subhypergroup (or H,-subgroup) of H. This is equivalent to

having the conditions of Theorem 4.1 satisfied and we can rewrite them as follows:

(1) ra(@) Ara(y) N0.5 <ra(z) and wa(z) Awa(y) Am <wa(z) for all z € zoy;

(2) For all x,a € H, there exists y € H such that x € aoy and ra(x) Ara(a) A0.5 < ra(y) and
wa(z) Nwala) Am < waly);

(3) For all z,a € H, there exists y € H such that r4(x) Ara(a) N0.5 < r4(y) and wa(z) Awala) Am <

wa(y).

The latter conditions are equivalent to having r4 an (€, € Vq) fuzzy subhypergroup (or H,-subgroup) of H
and wy an (€, € Vq) m-fuzzy subhypergroup (or H,-subgroup) of H as the conditions of Theorem 2.6 are

satisfied for both: r4 and wy. O

Proposition 4.1. Let (H,o) be a hypergroup (or H,-group) and A be a (homogeneous) complex fuzzy
subset of H with membership function pa(x) = ra(x)e™a® . If A is a complex fuzzy subhypergroup (or

H,-subgroup) of H then A is an (€, € Vq) complex fuzzy subhypergroup (or H,-subgroup) of H.

Proof. Let A be a complex fuzzy subhypergroup (or H,-subgroup) of H. Then the following conditions are
satisfied for all x,y € H:

(1) pa(z) Apaly) < pa(z) forall z € zoy;
(2) For all z,a € H, there exists y € H such that € aoy and pa(x) A pala) < pa(y);

(3) For all z,a € H, there exists y € H such that € yoa and pa(x) A pala) < paly).
We have that:
(1) pa(@) Apaly) A0.5e™ < pa(@) Apaly) < pa(z) forall z € zoy,
(2) For all 7,a € H, there exists y € H such that x € aoy and pa(z) Apala) A0.5"™ < pa(x)Apala) <

IU‘A(y)a
(3) For all z,a € H, there exists y € H such that x € yoa and pa(x) Apa(a) A0.5e™ < pa(z) Apa(a) <

pa(y)-

Therefore, A is an (€, € Vq) complex fuzzy subhypergroup (or H,-subgroup) of H. |

Remark 4.2. The converse of Proposition 4.1 is not always true. i.e., if A is an (€,€ Vq) complex fuzzy
subhypergroup (or H,-subgroup) of H then A may not be a complex fuzzy subhypergroup (or H,-subgroup)
of H.

We illustrate Remark 4.2 by the following example.
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Example 4.1. Let H = {0, 1,2} and define the H,-group (H,+) by the following table:

+ 0 1 2

0 |[{12}]2

1({1,2}] 2 |o

2 2 0 1

And define a complex fuzzy subset u of H as: p(0) = 0.8¢27, p(1) = 0.7¢"5 and w(2) = 0.6e™. Then p is

an (€, € Vq) complex fuzzy H,-subgroup of H but it is not a complex fuzzy H,-subgroup of H.

Theorem 4.3. Let (H, o) be a hypergroup (or H,-group) and A be a (homogeneous) complex fuzzy subset of
H with membership function pa(x). Then A is an (€, € Vq) complex fuzzy subhypergroup (or H,-subgroup)
of H if and only if for all 0e* < t < 0.5e™, uy = {x € H : pa(x) >t} # 0 is a subhypergroup (or
H,-subgroup) of H.

Proof. The proof is similar to that in [7]. O

Proposition 4.2. Let (H,o) be the biset hypergroup, i.e., v oy = {z,y} for all xz,y € H and let u be any

homogeneous complex fuzzy subset of H. Then p is an (€, € Vq) complex fuzzy subhypergroup of H.
Proof. The proof follows from Proposition 4.1 and having p a complex fuzzy subhypergroup of H [1]. O

Proposition 4.3. Let (H,o) be the total hypergroup, i.e., x oy = H for all x,y € H and let p be any
homogeneous complex fuzzy subset of H. Then p is an (€, € Vq) complex fuzzy subhypergroup of H if and

only if i is a constant complex function or 0.5e'™ < p(x) < 1e*™ for all x € H.

Proof. Tt is easy to see that if if y is a constant complex function or 0.5¢'™ < p(x) < 1e?™ for all v € H
then p is an (€, € Vq) complex fuzzy subhypergroup of H.

Let u be an (€, € Vq) complex fuzzy subhypergroup of H such that u is not a constant complex function.
Suppose, to get contradiction, that there exists © € H such that u(z) = t < 0.5¢™. Then, by Theorem
4.3, pr = {x € H : pa(x) > t} # 0 is a subhypergroup (or H,-subgroup) of H. The latter implies that
for all z € H =xox pu(z) > t. Since p is not a constant function, it follows that we can find y € H such
that p(y) = to # t = p(x). We have two cases: t9 < t and to > t. We consider the case ¢y < t and the
other case can be done in a similar manner. Having p; a subhypergroup (or H,-subgroup) of H implies that

yeEH =zo0x C py. |

Definition 4.4. Let 0e” < o < 8 < 1e?™ and u be a (homogeneous) complex fuzzy subset of a hypergroup
(or H,-group) H. Then p is called a complex fuzzy subhypergroup (or H,-subgroup) with thresholds (v, ()
of H if for all xz,y € H, the following conditions are satisfied:
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(1) pa(z) Apa(y) AB < pa(z)Va foralzexoy;
(2) For all x,a € H, there exists y € H such that v € aoy and pa(z) Apala) AN < pay)Va;

(3) For all x,a € H, there exists y € H such that x € yoa and pa(z) Apala) NS < pa(y)Va.

Remark 4.3. If a = 0", 3 = 1™, then we obtain the complex fuzzy subhypergroup (or H,-subgroup).
And if a = 0e%, 3 = 0.5¢™, we have an (€, € Vq) complex fuzzy subhypergroup (or H,-subgroup) of H.

Theorem 4.4. Let 0e* < a < B < 1?™ and p be a (homogeneous) complex fuzzy subset of a hypergroup
(or Hy-group) H. Then p is a complex fuzzy subhypergroup (or H,-subgroup) with thresholds (o, B) of H if
and only if py # O is a subhypergroup (or H,-subgroup) of H for all t €]a, B].

Proof. The proof is similar to that in [7]. O

4.2. Generalized complex anti-fuzzy H,-subgroups.

Notation 4.3. Let (H,o) be a hypergroup (or Hy,-group) and A be a complex fuzzy subset of H with mem-
bership function pa(z) = ra(z)e™2®@ . We say, for all 0e% <t = s’ < 1™, that:

(1) 2t € pa if ra(z) < s and wa(x) < 0;

(2) 2' € qua ifra(z) +s<1 and wa(x)+ 0 < 2m;

(3) zt € VQua if v € pa or xt € qua. Otherwise, we say that x* € Vqpua.

Definition 4.5. Let (H, o) be a hypergroup (or H,-group) and A be a (homogeneous) complex fuzzy subset
of H with membership function pua(xz). Then A is an (€,€ Vq) complex anti-fuzzy subhypergroup (or H,-
subgroup) of H if for all t,s € [0, 1e*™[ and z,y € H, the following conditions hold:

Vs e vau for all z € x o y;

(1) z',y* € pu implies z
(2) 2t a® € u implies y*V* € Vqu for some y € H such that x € aoy;

(3) zt,a® € u implies y*V* € Vqu for some y € H such that x € yo a.

Theorem 4.5. Let (H,o) be a hypergroup (or H,-group) and A be a fuzzy subset of H with membership
function pa(x). Then A is an (€,€ Vq) anti-fuzzy subhypergroup (or H,-subgroup) of H if and only if for
all x,y € H, the following conditions hold:

(1) pa(z)V paly) Vv 0.5e™ > pa(z) for all z € xoy};

(2) For all x,a € H, there exists y € H such that x € aoy and pa(z) V pa(a) Vv 0.5e'™ > ua(y);

(3) For all x,a € H, there exists y € H such that x € yoa and pa(z)V pa(a)V 0.5¢™ > pa(y).

Proof. The proof is similar to that of Theorem 3.2. |

Theorem 4.6. Let (H,o) be a hypergroup (or H,-group) and A be a (homogeneous) complex fuzzy subset of

H with membership function pa(z) = ra(x)e™™4®) . Then A is an (€, € Vq) complex anti-fuzzy subhypergroup
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(or H,-subgroup) of H if and only if ra is an (€,€ Vq) fuzzy subhypergroup (or H,-subgroup) of H and w4
is an (€, € Vq) m-anti-fuzzy subhypergroup (or H,-subgroup) of H.

Proof. Let A be an (€, € Vq) complex fuzzy subhypergroup (or H,-subgroup) of H. This is equivalent to
having the conditions of Theorem 4.5 satisfied and we can rewrite them as follows:
(1) ra(z) Vra(y) V0.5 >ra(z) and wa(z) Vwa(y) Ve > wa(z) for all z € zoy;
(2) For all x,a € H, there exists y € H such that x € aoy and ra(x) Vra(a) V0.5 > ra(y) and
wa(z) Vwala) VT > waly);
(3) For all z,a € H, there exists y € H such that r4(x) Vra(a) V0.5 > ra(y) and wa(z) Vwa(a) VT >
wa(y)-
The latter conditions are equivalent to having r4 is an (€, € Vq) anti-fuzzy subhypergroup (or H,-subgroup)
of H and wy is an (€, € Vq) m-anti-fuzzy subhypergroup (or H,-subgroup) of H as the conditions of Theorem

3.2 are satisfied for both: r4 and wy. O

Theorem 4.7. Let (H,o) be a hypergroup (or H,-group) and A be a (homogeneous) complex fuzzy subset of
H with membership function pa(x). Then A is an (€, € Vq) complex fuzzy subhypergroup (or H,-subgroup)
of H if and only if its complement, A, is an (€, € Vq) complex anti-fuzzy subhypergroup (or H,-subgroup)
of H.

Proof. The proof results from Theorems 3.3, 4.2 and 4.6. O

Proposition 4.4. Let (H,o) be a hypergroup (or H,-group) and A be a (homogeneous) complex fuzzy subset
of H with membership function pa(x) = ra(z)e™a® . If A is a complex anti-fuzzy subhypergroup (or

H,-subgroup) of H then A is an (€, € Vq) complex anti-fuzzy subhypergroup (or H,-subgroup) of H.

Proof. Let A be a complex anti-fuzzy subhypergroup (or H,-subgroup) of H. Then the following conditions

are satisfied for all z,y € H:

(1) pa(@) Vpa(y) > pa(z) for all z € xoy;
(2) For all z,a € H, there exists y € H such that z € aoy and pa(z) V pala) > pa(y);

(3) For all z,a € H, there exists y € H such that € yoa and pa(x) V pala) > paly).
We have that:
(1) pa(z)Vpaly) V0.5 > pa(@) V paly) > pa(z) for all z € zoy;
(2) For all 7,a € H, there exists y € H such that = € aoy and pa(z)Vpa(a)V0.5e"™ > pa(z)Vpala) >

pa(y);
(3) For all x,a € H, there exists y € H such that x € yoa and pa(x)V pua(a)V0.5¢™ > pa(z)Vpa(a) >

pa(y)-
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Therefore, A is an (€, € Vq) complex anti-fuzzy subhypergroup (or H,-subgroup) of H. |

Remark 4.4. The converse of Proposition 4.1 is not always true, i.e., if A is an (€, € Vq) complex anti-fuzzy
subhypergroup (or H,-subgroup) of H then A may not be a complex anti-fuzzy subhypergroup (or H,-subgroup)
of H.

We illustrate Remark 4.4 by the following example.

Example 4.2. Let H = {0, 1,2} and define the H,-group (H,+) by the following table:

+ 0 1 2

0| o |{1,2}|2

1({1,2}] 2 |o

2 2 0 1

And define a complex fuzzy subset u of H as: u(0) = 0.2, (1) = 0.3¢’% and pu(2) = 0.4¢’™. Then p is an

(€,€ Vq) complex anti-fuzzy H,-subgroup of H but it is not a complex anti-fuzzy H,-subgroup of H.

Theorem 4.8. Let (H,o) be a hypergroup (or H,-group) and A be a (homogeneous) complex fuzzy subset of
H with membership function pa(x). Then A is an (€,€ Vq) complex fuzzy subhypergroup (or H,-subgroup)
of H if and only if for all 0.5e™ < t < 1e2™ pt = {x € H : pa(z) < t} # 0 is a subhypergroup (or
H,-subgroup) of H.

Proof. Let js be an (€, € Vq) complex fuzzy subhypergroup (or H,-subgroup) of H and let 0.5¢™ < t <
1e2™%. We need to show that aou! = ploa = ! for all a € pt. We prove that aopu! = ut and ptoa = u' can be
done in a similar manner. Let z € p'. Then pa(x) <t and pa(a) < t. Since 4 is an (€, € Vq) complex fuzzy
subhypergroup (or H,-subgroup) of H, it follows by Theorem 4.5 that pa(z) < pa(z) V pa(a) vV 0.5e™ =
leqtVv0.5e™ < t for all z € xoa. The latter implies that aou® C uf. To prove that put C aou?, let 2 € ut. Then,
by Theorem 4.5, there exists y € H such that x € aoy and pa(y) < pa(z)Vpa(a)V0.5e™ =< ¢tV 0.5e™ < t.
Thus, y € p! and a o pt C pt.

Conversely, let 0.5e™ < t < 1e?™ and pu! = {x € H : pa(x) >t} # () be a subhypergroup (or H,-subgroup)
of H. Let to = pa(z) V pa(y) vV 0.5e™. Then z,y € pto. Since u'e is a subhypergroup (or H,-subgroup)
of H, it follows that for all 2 € x oy, we have z € p'. i.e., pa(z)V pa(y) Vv 0.5e™ =ty > pa(z). Now let
x,a € H and t; = pa(z) V pa(z) vV 0.5e™. Then x,a € plt. Since p!t is a subhypergroup (or H,-subgroup)

of H, it follows that there exists y € u®* such that z € aoy. ie., pa(z)Vpala)V0.5e™ =t1 > ua(y). O

Proposition 4.5. Let (H,o) be the biset hypergroup, i.e., v oy = {z,y} for all z,y € H and let u be any

homogeneous complex fuzzy subset of H. Then u is an (€, € Vq) complex anti-fuzzy subhypergroup of H.
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Proof. The proof follows from Proposition 4.4 and having p a complex anti-fuzzy subhypergroup of H

([1])- O

Proposition 4.6. Let (H,o) be the total hypergroup, i.e., x oy = H for all x,y € H and let p be any
homogeneous complex fuzzy subset of H. Then u is an (€,€ Vq) complex anti-fuzzy subhypergroup of H if

and only if u is a constant complex function or p(x) < 0.5¢™ for all x € H.

Proof. Let u is an (€,€ Vq) complex anti-fuzzy subhypergroup of H. The statement is equivalent, by
Theorem 4.7, we get that u¢ is an (€, € Vq) complex fuzzy subhypergroup of H. The latter is equivalent,

using Proposition 4.3, to that u¢ is a constant complex function or u(x) > 0.5¢‘™ for all x € H. (]

Definition 4.6. Let 0e” < a < 8 < 1e?™ and u be a (homogeneous) complex fuzzy subset of a hypergroup
(or H,-group) H. Then u is called a complex anti-fuzzy subhypergroup (or H,-subgroup) with thresholds
(a, B) of H if for all x,y € H, the following conditions are satisfied:

(1) 1a(@)V pal) V> pa(z) AB for all 2 € zoy;

(2) For all x,a € H, there exists y € H such that x € aoy and pa(z)V pala) Va > paly) A B;

(3) For all x,a € H, there exists y € H such that x € yoa and pa(x) V pala)Va > pua(y) Ap.

Remark 4.5. If a = 0e%, 3 = 1>, we get the complex anti-fuzzy subhypergroup (or H,-subgroup). And if

a=0.5e", 8 = 1", we get an (€, € Vq) complex fuzzy subhypergroup of H.

Theorem 4.9. Let 0e” < a < B < 1?™ and p be a (homogeneous) complex fuzzy subset of a hypergroup
(or Hy-group) H. Then u is a complex anti-fuzzy subhypergroup (or H,-subgroup) with thresholds (c, B) of
H if and only if u* # 0 is a subhypergroup (or H,-subgroup) of H for all t € |a, B].

Proof. Let u is a complex fuzzy subhypergroup (or H,-subgroup) with thresholds (a, 8) of H. We need to
show that a o ut = pl oa = ut for all a € put. We prove that a o u* = u* and p? oa = p* can be done in a
similar manner. Let # € p!. Then p(z) <t and p(a) < t. Since u is a complex anti-fuzzy subhypergroup
(or H,-subgroup) with thresholds («, ) of H, it follows that u(z) A 8 < p(z) V pla) Va =tV a < t for all
z € zoa. Since § > t, it follows that u(z) < t. The latter implies that aou® C ut. To prove that ut C aou?,
let x € p'. Then, there exists y € H such that x € aoy and p(y) A B < p(z)V u(a) Va =tV a <t Thus,
y € pul and aoput C put.

Conversely, let o < t < B and u' = {x € H : u(z) < t} # 0 be a subhypergroup (or H,-subgroup) of
H. Suppose that there exists z € x oy such that u(z) A B > p(x) V u(y) Va = t. It is clear that z,y € pu'
and z is not in p! which contradicts our hypothesis that u® is a subhypergroup (or H,-subgroup) of H.
Thus, Condition 1. of Definition 4.6 is satisfied. Now assume that there exist a,z € H such that for all

y€ H, z € aoy, we have u(y) A 8 > p(z) V pla) Va = tg. It is clear that x,a € p'® and y is not in pto
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which contradicts our hypothesis that p' is a subhypergroup (or H,-subgroup) of H. Thus, Condition 2.

of Definition 4.6 is satisfied. We can prove Condition 3. in a similar manner. ]

5. CONCLUSION

This paper contributed to the study of fuzzy subhyperstructures by introducing the concepts of gener-

alized complex fuzzy (anti-fuzzy) H,-subgroups and investigating their properties.
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