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ABSTRACT. In this paper, we introduce a new class of harmonic functions, which is called harmonic m-
preinvex functions for a fixed m. Some Hermite-Hadamard inequality for harmonic m-preinvex functions are
derived. Several special cases are discussed as applications of the main results. The ideas and techniques of

this paper may be starting point for further research.

1. INTRODUCTION

Convex functions and their variant forms are being used to study a wide class of problems which arises
in various branches of pure and applied sciences. The concept of convexity have been generalize by many
researchers using novel and innovative techniques and ideas. It is know that the convex function can be
characterized by some integral inequalities, which are known as Hermite-Haramard inequalities. Hanson [11]
introduced the concept of invex functions. Ben-Israel and Mond [5] introduced the concept of invex sets and
peinvex functions. For the applications, properties and other aspects of the preinvex functions, see [2,3,17-24]
and the references therein. Varosanec [36] introduced the class of h-convex functions. This class of functions

unifies various classes of convex functions and is being used to discuss several concepts in a unified manners.
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Anderson et al. [1] and Iscan [13] have investigated various properties of harmonic convex function. Is-
can [13] has obtained several Hermite-Hadamard inequalities for harmonic convex functions. Noor et al. [26]
introduced and investigated another class of harmonic convex functions, which is called harmonic preinvex
functions and can be viewed as significant generalization of both the harmonic convex functions and preinvex

functions. For recent developments and other aspects of harmonic convex functions, see [14,25-30].

Toader [34] define the concept of m-convexity, an intermediate between usual convexity and star shape
functions. Noor et. al [30] have introduced the concept of harmonic m-convex function on a harmonic convex
set. In particular, a function f : I = [a,b] C R\ {0} — R is said to be harmonic m-convex function with
respect to an arbitrary nonnegative function h, where m € (0, 1], if

1 2ab ab [ f(z) +mf(zm)
h(;)f<a+b> = b—a/a z? dz

1

2{f(a) + f(b) 4+ 2m][f(am) + f(bm)]

IN

+m?2[f(am?) —&—f(bmz)}}/o h(t)dt, (1.1)

which is known as Hermite-Hadamard inequality for harmonic m-convex function with respect to an arbi-

trary nonnegative function h.

We would like to emphasize that m-convex functions and harmonic h-preinvex functions are two distinct
classes of convex functions. It is natural to introduce a new class of convex functions, which unifies these
concepts. Motivated and inspired by the on going research in the convexity theory, we introduce harmonic
m-preinvex functions on a harmonic m-invex set. It is shown that several new classes of harmonic convex
functions and harmonic preinvex functions can be obtained as special case. We have obtained several new
Hermite-Hadamard inequality and related inequalities for harmonic m-preinvex functions. One can easily
show that this new class includes harmonic m-convex functions, harmonic m-preinvex functions and harmonic
beta m-preinvex functions as special cases. The techniques and the ideas of this paper may stimulate further

research.

2. PRELIMINARIES

Let I be a nonempty closed set in R . Let f : I,, C R — R be a continuous function and (-, -) : I, xI,, - R

be a continuous bifunction.

Definition 2.1. [7]. A set I C R is said to be m-convex set with respect to a fived constant m € [0,1], if

1=tz +mity €1, Ve,y € I, t €[0,1].
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The m-convex set contains the line segment between points z and my for every pair of points x and y of

Definition 2.2. [34]. A function f: I CR — R is said to be m-convex function, where m € [0, 1], if
If we take m = 1, then we recapture the concept of convex functions and if we take t = 1, then

flmy) <mf(y) Vtel0,1], yel.

This shows that the function f is sub-homogeneous.

Definition 2.3. A set Z, C R\ {0} is said to be a harmonic m-inver set with respect to an arbitrary
bifunction n : Iy x I, = R, if

z(x +n(my, v))
z+ (1 —t)n(my,x) m

Va,y € Z,, t € [0,1].

The harmonic m-invex set contains the path between points « and x + n(my, x) for every pair of points

z and y of Z,,. Every harmonic m-invex set is harmonic invex respecting the mapping n(my, z) = my — .

We now introduce the concept of harmonic m-preinvex function as.

Definition 2.4. Let h: J =[0,1] = R be a nonnegative function. A function f:Z, C R\ {0} = R is said

to be harmonic m-preinvez function, where m € (0,1], if

x(x +n(my,r))
f<x+<1—tm0n%x>

Ift= %, then we have

() r(syeremson, v,

)ghuwﬂm+hmmﬂw, Ve eI, te(0.1).

The function f is called Jensen type harmonic m-preinvex function.
Now we discuss some special cases of harmonic m-preinvex functions, which appears to be new ones.

1. If n(my, ) = my — z in Definition 2.4, then it reduces to the Definition of harmonic m-convex function.

Definition 2.5. A function f:Z C R\ {0} — R is said to be harmonic m-convex, where m € (0, 1], if

may

f(t;c—|—(1—t)7ny> <h(l=t)f(z) +h(t)mf(y), Vx,y€eZ, te[0,1]

II. If h(t) = ¢° in Definition 2.4, then it reduces to the Definition of harmonic (s, m)-preinvex function in

the second sense.
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Definition 2.6. A function f : 7, C R\ {0} — R is said to be harmonic (s, m)-preinvex, where s,m € (0, 1],

if
f( .%'(CC + n(m%x)) > < (1 i t)Sf(x) + tsmf(y), Va,y € IU’ te [0’ 1].
z+ (1 —=t)n(my,x) ) ~
III. If h(t) = tP(1 — t)? in Definition 2.4, then it reduces to the Definition of harmonic beta-m-preinvex
function.

Definition 2.7. A function f :Z, C R\ {0} — R is said to be harmonic beta-m-preinvez, where m € (0, 1]

and P, q Z _1; Zf

f( z(z + n(my, z))

4+ (1— t)ﬁ(my,:c)> < m(l = 0Fttf(am) + (1 = )% (y), Vr,y € 1y, t €(0,1).

In brief, for suitable and appropriate choice of the functions, one can obtain several new and known classes

of harmonic, preinvex and convex functions as special cases of harmonic m-preinvex functions. This shows

that the class of harmonic m-preinvex functions is very general and unifying one.

Definition 2.8. [31]. Two functions f,g are said to be similarly ordered (f is g-monotone), if and only if,

<f(x)7f(y)7g(z)7g(y)> Zoa VLE,yGRn.

The Euler Beta function is a special function defined by

! r
B(z,y) :/ "1 -ty =
0 F
where I'(+) is a Gamma function.

We now show that the product of two harmonic m-preinvex functions is again a harmonic m-preinvex

function under certain condition, which is the main motivation of our next result.

Lemma 2.1. Let f and g be two similarly ordered harmonic m-preinvex functions. If h(1 —t) + mh(t) <1,

then the product fg is again a harmonic m-preinvex function.
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Proof. Let f and g be harmonic m-preinvex functions. Then

f< z(x + n(my, z)) ) ( z(x + n(my, x)) )

z+ (1= t)n(my,z) )7\ @+ (1 = t)n(my, z)

< [ =) f(@) + h@)mf(y))[h(1 = t)g(x) + h(t)mg(y))]

= [ =) f(2)g(a) + mh(t)h(1 — )[f(2)g(y) + f(y)g(w)]
+m?[h(t)]* f(y)9(y)

< [P = 0)P f(@)g(a) + mh(t)h(1 - O)[f(2)g(x) + f(y)g9(y)]

+m?[h(t)]* f (y)g(y)
= [h(1—=t)f(x)g(x) + mh(t)f(y)g(y)][A(1 —t) + mh(l)]

< W1 =) f(z)g(x) + h(t)mf(y)9(y),

where we have used the fact that h(1 — t) + mh(t) < 1. This shows that product of two similarly ordered

harmonic m-preinvex functions is again a harmonic m-preinvex function.

3. MAIN RESULTS

O

In this section, we obtain Hermite-Hadamard inequalities for harmonic m-preinvex function. Throughout

this section, we take Z,, = [a, a + n(mb, a)] unless otherwise specified, where a < a + n(mb,a).

Theorem 3.1. Let f : Z, C R\ {0} — R be harmonic m-preinvex function, where m € (0,1]. If f €

Lla,a + n(mb,a)], then

a(a+n(mb,a)) [H1) f(z) L
~ n(mb,a) /a 2 dz < [f(a) +mf(b)] i h(t)dt.

Proof. Let f be harmonic m-preinvex function. Then we have

a(a + n(mb, a))
/ (a + (1 = t)n(mb,a)

)Shu—wﬂw+hmmﬂw

Integrating over ¢ € [0, 1], we obtain

/01f< a(a +n(mb,a)) ))dt < [f(a) +mf(b)] /Olh(t)dt.

a+ (1—t)n(mb,a

This implies

aa+n(mb,a)) [ f(x) 1
77(mba)/a 3o < [f(a)erf(b)]/0 h(t)dt,

which is the required result.

Corollary 3.1. If n(my,x) = my — x, then Theorem 3.1 reduces to:

mab (™ f(x)

zwéﬁw+mﬂwéh®%

mb—a J, x
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Corollary 3.2. Under the assumptions of Theorem 3.1 and h(t) = t*, we have

a(a +n(mb,a)) [0 f(2) f(a) +mf(b)
n(mb, a) /a x? dz < s+1 ’

Corollary 3.3. Under the assumptions of Theorem 3.1 and h(t) = tP(1 —t)9, we have

a<a + n(mb, a)) a+mn(mb,a) f(a:)
“aaaa**é Ea < [f(@) + mf OB+ 1.+ 1).

Theorem 3.2. Let f,g : 7, C R\ {0} — R be harmonic m-preinvex functions, where m € (0,1]. If
f € Lla,a + n(mb, a)], then

e anb) [T LD gy < o

n(mb, a) x?

where

1
M(a,b) = [f(a)g(a)+mf(b)m9(b)]/0 [n(t)*dt

1
Jr[f(a)mg(b) + mf(b)g(a)] /0 h(t)h(1 — t)dt. (3.1)

Proof. Let f,g be harmonic m-preinvex functions, we have

a(a + n(mb, a)) B . .
PSR ) < ha - () + bl 0

( a(a +n(mb,a)) )

a+ (1—t)n(mb,a)

IN

h(1 —t)g(a) + h(t)mg(d).

Now consider

(ST (o)

[h(1 — 1) (a) + h(t)mf ()] [1(1 — t)gla) + h(t)mg(b)]
= [h(1 ~ D] f(@)g(a) + (L1~ 1)[f (@mg(b) + mf (b)g(a)]

+Hh(®)Pmf (b)myg(b)

IN
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Integrating over [0, 1], we have

[ e (G i

IN

flalgla) [ (1 - o)Pa
1
+[f(a)mg(b) + mf(b)g(a)] / h(Oh(1 — t)dt
! 2
—i-mf(b)mg(b)/o [h(t)]*dt
= [f(a)g(a) + mf(Bymg(v)] /0 h(1)]2dt

+[f(a)mg(®) + mf()g(a)] /O h(#)R(1 — £)dt.

This implies

a(a +n(mb, a)) / b f(z)g(x)

n(mb, a) 2

< [f@gta) +mfOme)] [ pie)ar

1
+[f@rma(®) + mf®aa)] [ hn(1 =,
which is the required result.

Corollary 3.4. If n(my,x) = my — x, then Theorem 3.2 reduces to:
mb

mab [ JEI9),,
o x

mb—a
1

< [f(@gla) + mf®)mg(d)] / O

0
1
+[F@pmg(6) + mi®g@)] [ MO at,
0
Corollary 3.5. Under the assumptions of Theorem 3.2 and h(t) = t*, we have

ala+n(mb,a)) (10N f(2)g(x) f(a)g(a) +mf(b)mg(b)
n(mb, a) /a @S 25+ 1

+8(s+ 1,5 + D[f(a)mg(b) +mf(b)g(a)].

Corollary 3.6. Under the assumptions of Theorem 3.2 and h(t) = tP(1 —t)9, we have

a(a +n(mb, a)) / b f(z)g(x)

<M
n(mb, a) x2 dr < M(a,b),

where

M(a,b) = [f(a)g(a) +mf(b)mg(b)|B(2p+1,2¢ +1)

+f(a)mg(b) + mf(b)g(a)]B(p+gq+1,p+q+1)
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Theorem 3.3. Let f,g : Z, C R\ {0} — R be harmonic m-preinvex functions, where m € (0,1]. If

f € Lja,a + n(mb, a)], then

a—|—77 (mb, a)
n(mb, a)
( (a +n(mb,a) )2

n(

2

) [ e ) o) o (o
[ oY) oo ()

a mb,a atn(mb.a) T
¢ Muy+ Lot ) / fa)te)

n(mb, a)

dz,
where M (a,b) is given by (3.1).

Proof. Let f,g be harmonic m-preinvex functions, we have

IN

f( a(a + n(mb,a)) ) h(1—1t)f(a) + h(t)mf(b)

a+ (1—t)n(mb,a)

(i)

IN

h(1 —t)g(a) + h(t)mg(b).

Now, using (x1 — x2, 23 — x4) > 0, (21, 22, 23,24 € R) and 21 < xo, x3 < 4, we have

a(a +n(mb,a))
f(a + (L= t)n(mb, a)> [h(1 —t)g(a) + h(t)mg(b)]

a(a + n(mb,a))
+g<a (L= t)y(mb, a)) [h(1 = t) f(a) + h(t)mf(b)]

< [r(@=)f(a) + h(t)mf(®)] [2(1 - t)g(a) + h(t)mg(D)]

() (5 T )

Thus

a(a +n(mb, a)) a(a +n(mb,a))
g9(a)h(1 — t)f<a + (1 = t)n(mb, a)) T mg(b)h(t)f(a + (1 = t)n(mb, a))

ala +n(mb,a)) ala + n(mb, a))
+f(a)h(1 —t)g (a + (1 — t)n(mb, a)> + mf(b))h(t)g(a + (1 = t)n(mb, a)>

(1~ ) f(@)g(a) + h(H)A(L — D)[f(@)mg(b) + mf(b)g(a)]
+m2[h(8)]2f ()g (b)

(S ene) (o5 0 )

IN
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Integrating the above inequality with respect to t over [0, 1], we have

/hl 0f ( a+_”mb£)a))dt

emt) [ o (D

/ h(1 — ( a+nmbﬂ;)))a)>dt

a(a + n(mb,a))
o) [ 0o (A N

IN

[F(a)g(a) + mm f(b)g(b)] / [h(6)2dt

1
+[(@)mg(B) + mf(b)g(a)] / B(t)h(1 — t)dt

[ ) (G5

This implies

(™) [ e o) pn(3) oor (o
(o) [, r(ame)non ) raor(5)e

mb, a
a(a mb, a +"(mb) T
e +(n<b;) >>/ Ialg),,

which is the required result. O

Corollary 3.7. If n(my,x) = my — x, then Theorem 3.3 reduces to:

(2a) [ (e~ a) () o (5) o
(m?“baf/ e mfron(2) (7)o
n;ab /mbf 2:10) .

Lemma 3.1. Let f:Z, C R\ {0} = R be harmonic m-preinvex function, where m € (0,1]. Then

a(a + n(mb, a)x
f ( (2a + n(mb, a))x — a(a + n(mb, a))

) < [f(@) + mf®)][R(1 - &) + ()] — ().
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Proof. As we know that z € [a,a + n(mb,a)], can be represented as z = —@tnmba)) vy o 19 1],

Thus

a+(1—t)n(mb,a)

Il
~

+n (mb,a)x
f
(2a +n( mb a))xz — a(a + n(mb, a))
a—|—77 (mb, a)
a+ tn( mba

< h(t)f(a) +mh(1 1) (D)

= h(1=t)[f(a) + mf(0)] + h(t)[f(a) + mf(D)]
—[h(1 =) f(a) + h(t)m [ (D))

[£(a) +mf(B)][A(1 =) + h(t)] — f(x).

IN

O

Theorem 3.4. Let f : Z,, C R\ {0} — R be harmonic m-preinvex function, where m € (0,1]. If f €

Lla,a + n(mb,a)], then

IN

IN

1 (2a(a+n(mb,a)\ [0 g(z)
2h(§)f< 2a + n(mb, a) >/a dz

CCQ
1 a+n(mb,a) 1
' (m + DI @ola)

Q

[f(a) +2mf( )] /a [h<(a+zgz”zl;cbl?)a()ﬂf - a))

+h(a((a +n(mb,a)) — w))} gfji) Qo ™1 /a“"(m’w) f(x)g(x)dx,

x(n(mb, a)) 2 x?

where g : [a,a + n(mb,a)] C R\ {0} is nonnegative, integrable and satisfies

B a(a + n(mba a))x
g(.%') - g([Qa + n(mb’ a)]x — CL(a + n(mb, a’)) >7

for all x € [a,a + n(mb,a)].

Proof. Using the given fact, we have

IN

2a(a +n(mb,a))\ [T g(x)
f( 2a + n(mb, a) ) /a ?dx

’ ( 2a(a + n(mb, a)))w ) 9() 4
(

(2a 4+ n(mb, a))x — ala + n(mb, a)) + a(a + n(mb,a)) / x2 *

1) [f < @t n<m§75>2(5” Z’<Z))+ n(mb, a>>> o (“’)} e
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1

2

1

2

m a+77 mba f

ala+n(mb,a))x

g(x)
(mb a))x — a(a + n(mb, a)) dz

2

/ y (( )

dx

dx
22

/a+n (mb,a) w

To prove the other part of the inequality, we consider

2

1 /‘”"(’"b’“) (m+1)f(2)g(z)

1 b
5/ f((2a+7](mb a))x — a(a + n(mb, a))

dz

a(a +n(mb, a))zx 9() 4

22

X

)

m/aﬂ](mba) flx)g(z )dx

22
a+n(mb,a)
< 1 / [Lf(a) +mf ] A1~ 1)+ ()] ~ F2)] 2
a+n(mb,a)
L [ flgta)
< [ +mf [ < a + n(mb,a)) x—a))
- xz(n(mb, a))
((a+77(mb a)) —z)\|g(x) m—1 [T f(@)g(x)
()| et .
This completes the proof. |
Corollary 3.8. If n(my,x) = my — x, then Theorem 3.4 reduces to:
1 2mab mb g (x)
2h(é)f(a+mb> /a 2 dz
L™ (m+1
o L[ e,
[f(a) + mf®)] [*], (mblz—a)
= | [h(x(mba))
a(mb—=x)\|g(= 1™ f(x)g(x)
+h(:c(mb —a) )} x2 /a x2 dz.
Corollary 3.9. Under the assumptions of Theorem 3.4 with g(z) = 1, we have
1 2a(a + n(mb, a)) aa+n(mb,a)) [ f(x)
2h(%)f< 2a + n(mb, a) ) n(mb, a) /a 2 da

IA

[£(a) + mf (b)) /0 h(t)dt.
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4. CONCLUSION

In this paper we have introduced and studied a new class of harmonic preinvex functions with respect to an
arbitrary non-negative function h and the parameter m. It is shown that this class of harmonic m-preinvex
functions is quite general, flexible and unifying one. New Hermite-Hadamard type inequalities are obtained.

Special cases of the main results are discussed.
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