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ABSTRACT. The purpose of this paper is to study the concept of freeness in the categories of Krasner
hypermodules over a Krasner hyperring. In this regards first we construct various kinds of categories of
hypermodules based on various kinds of homomorphisms of hypermodules, such as homomorphisms, good
homomorphisms, multivalued homomorphisms and etc. Then we investigate the notion of free hypermodule
in these categories. This leads us to introduce different types of free, week free, e*-free and fundamental free

hypermodules and obtain the relationship among them.

1. INTRODUCTION

The concept of hyperstructure is the generalization of the concept of algebraic structure. As a matter
of fact, the hyperstructures are more natural and general than the algebraic structures. For the first time,
hypergroups, as a suitable generalization of groups, were defined by Marty in 1934 [11]. Recently, many
hyperstructures, for example, hypergroups, hyperrings, hyperfield, hypermodules and hypervector spaces,
have been introduced and studied by many authors, e.g., [1], [3], [4], [5], [6], [7], [9], and [13]. For the first
time, the concepts of hyperring and hyperfield were introduced by Krasner in connection with his work on
valued fields. One of the most important hyperstructures satisfying the module-like axioms as a generalization

of module is a type of hypermodule over a Krasner hyperring that we call it Krasner hypermodule (see [14]).

Received 2017-11-07; accepted 2018-01-17; published 2018-11-02.
2010 Mathematics Subject Classification. 18D35.

Key words and phrases. Krasner hyperring; Krasner hypermodule; free hypermodule.
(©2018 Authors retain the copyrights

of their papers, and all open access articles are distributed under the terms of the Creative Commons Attribution License.

793


https://doi.org/10.28924/2291-8639
https://doi.org/10.28924/2291-8639-16-2018-793

Int. J. Anal. Appl. 16 (6) (2018) 794

Interested readers can find a wide generalization of Krasner hypermodules in [15]. In this paper, we study
these hyperstructures and focus on various freeness for a Krasner hypermodule. Next Section is a summary

and reminder of [14].

2. PRELIMINARIES

We start this section with some basic and fundamental concepts of category theory, and then we proceed

to recall some requirements from hyperstructures theory.

Definition 2.1. A category denoted by C consists of

(1) A class of objects: A,B,C, ...
(2) A class of morphisms or arrows: f,g,h, ...
with the following data:
e Given morphisms f : A — B and g : B — C, that is, with: cod(f) = dom(g) there is given a
morphism: go f: A — C called the composition of morphisms f and g.
o Associativity: ho (go f)=(hog)of forallf:A— B,g:B— C and h: A — C.
o [dentity: foidga = f=tidgof forall f: A— B.

Notation 2.1. The classes of objects and morphisms of a category are denoted by Ob(C) and Mor(C),
respectively. The class of all morphisms from A to B of category C is denoted by Morc(A, B). Note that a

morphism f: A — B in 2.1 is not necessarily a function from A to B.

Recall that a zero object in an arbitrary category C is an object denoted by 0 such that |More(M,0)] =
|More (0, M)| =1 for every M € Ob(C). The morphism A — 0 — B of Morc(A, B) in a category C is
called the zero morphism (see [2] or [8]).

Throughout this paper, P(X) denotes the set of all subsets of X and P*(X) = P(X) \ {0}. Here, Sets
denotes the category of sets as objects with functions between sets as morphisms.
Now we state some basic definitions related to hyperstructures theory. Let H be a non-empty set. Then H

together with the map
-:HxH — P*(H)
(a,b) —a-b

denoted by (H,-) is called a hypergroupoid and - is called a hyperproduct or hyperoperation on H. Let
A, B C H. The hyperproduct A - B is defined as

A-B= |J a-b

(a,b)eAXB
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If there is no confusion, for simplicity {a}, A-{b} and {a} - B are denoted by a, A-b and a- B, respectively.
Also we use ab instead of a - b for a,b € H.

A non-empty set S together with the hyperoperation -, denoted by (S, -) is called a semihypergroup if for all
z,y,2€ 8, (x-y)-z=x-(y-z). A semihypergroup (H,-) satisfying - H = H -z = H for every z € H, is
called a hypergroup.

Let z be an element of semihypergroup (H,+) (resp., (H,-)) such that e4+y = y+e = y (resp., e:y = y-e = y).
Then z is called a scalar identity (resp., unit).

Every scalar identity or scalar unit in a semihypergroup H is unique. We denote the scalar identity (resp.,
unit) of H by 0y (resp., 1x).

Let Oy (resp., 1) be the scalar identity (resp., unit) of hypergroup (H,+) (resp., (H,-)) and x € H. An
element «' € H is called an inverse of x in (H, +) (resp., (H,)) if Oy € z+a'Na'+x (resp., 1y € z-2'Nz’ ).
A semihypergroup with a scalar identity is called a hypermonoid.

A non-empty set H together with the hyperoperation + is called a canonical hypergroup if the following

axioms hold:

(1) (H,+) is a semihypergroup (associativity);
(2) (H,+) is commutative (commutativity);
(3) there is a scalar identity Oy (existence of scalar identity);

(4) for every x € H, there is a unique inverse denoted by —z such that Oy € = + (—z), which for
simplicity we write 0y € © — x (existence of inverse);

(5) Vz,y,z€ H: x€y+z=y €z — z (reversibility).

Definition 2.2. A non-empty set R together with the hyperoperation + and the operation - is called a

Krasner hyperring if the following axioms hold:

(1) (R,+) is a canonical hypergroup;

(2) (R,-) is a semigroup including Or as a bilaterally absorbing element, that is Og -x = x -0 = Og for
allx € R;

B3) (y+z2) z=wW-z)+(z-x)andz-(y+2)=x-y+x-z foralzyz<R.

We say R has a unit (element) 1z when 1g-r=17r-1g =7 for allr € R.
Example 2.1. Let (R,+,-) be a ring and N a normal subgroup of semigroup (R\ {0},-). Let R’ = % be the

set of classes of the form & = x- N. If for all z,5 € R, we define T+ 5§ ={2| z€x+y}, andz-' g =77,
then (R,+',-") is a Krasner hyperring.
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Now we state the concept of hypermodule over a hyperring. One of the most important and well-behaved
classes of hypermodules is a class induced by the structure of a Krasner hyperring. To study such hyper-

structures, we start with the following concept.

Definition 2.3. Let X and Y be two non-empty sets. A map x: X XY — Y sending (x,y) toxxy €Y
is called a left external multiplication on Y. If U C X and V C Y, then we define uxV := Uycyu xv and

U xv:=Uyepu*v.
Analogously, a right external multiplication on Y is defined by * : Y x X — Y sending (y,z) toy*x € Y.

Definition 2.4. Let (R,+,-) be a Krasner hyperring. A canonical hypergroup (A, +) together with the left
external multiplication * : Rx A — A on A is called a left Krasner hypermodule over R if for allry,m9 € R
and for all ay,as € A the following axioms hold:

1

r1 % (a1 + ag) =11 xap + 71 % ag;

3

(1)
(2) (r1+712)*a; =ry*xay +ro*xaq;
(3) (ry-re)xay =ry*(ro*xay);

(4)

4 OR*alz()A.

Remark 2.1. (1) If A is a left Krasner hypermodule over a Krasner hyperring R, then we say that A
is a left Krasner R-hypermodule. Clearly, a right Krasner R-hypermodule is defined with the map
*x: A X R— A possessing the smilar properties.
(ii) If R is a Krasner hyperring with 1g and A is a Krasner R-hypermodule satisfying 1 x a = a (resp.
ax1lp=a) foralla € A, then A is said a unitary left (resp. right) Krasner R-hypermodule.
(iil) Throughout the paper, for convenience, by hyperring R we mean a Krasner hyperring with 1g and

by R-hypermodule A we mean a unitary left Krasner R-hypermodule unless otherwise stated.

Definition 2.5. A non-empty subset B of an R-hypermodule A is said to be an R-subhypermodule of A if

B is an R-hypermodule itself, that is for all x,y € B and allr € R, x —y C B and r xx € B.

Proposition 2.1. [1/, Remark 3.2/
(i) In every (unitary) R-hypermodule A, (—1g) * a = —a for every a € A.

(ii) In every hyperring R, (—1g) -r = —r for every r € R.

Remark 2.2. Let A be an R-hypermodule, r,s € R and a € A. In the sequel, when there is no confusion,

we use s and ra instead of r - s and r x a, respectively.

Unlike the category of modules, there are various types of homomorphisms in the categories of hypermod-

ules.
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Definition 2.6. Let A and B be two R-hypermodules. A function f: A — B that satisfies the conditions:
(i) flz+y) C f(=)+ fy);
(i) f(ra) =rf(x);

for allr € R and all z,y € A, is said to be an (inclusion) R-homomorphism from A into B.
Remark 2.3. Ifin (i) of Definition 2.6 the equality holds, then f is called a strong (or good) R-homomorphism.

The category whose objects are all R-hypermodules and whose morphisms are all R-homomorphisms is
denoted by phmod. The class of all R-homomorphisms from A into B is denoted by hompg(A, B).
Also, r ,hmod is the category of all R-hypermodules whose morphisms are strong R-homomorphisms. The
class of all strong R-homomorphisms from A into B is denoted by hom% (A, B). It is easy to see that g, hmod

is a subcategory of phmod, and we write p_hmod <rhmod and read rz_hmod is a subcategory of phmod.

So far we have considered the morphisms or arrows, as usual, the functions between objects. But one can
consider a morphism from A to B as a function from A into P*(B) called a multivalued function from A to

B. Considering multivalued functions between sets, we have the following definition:

Definition 2.7. Category of hypersets denoted by HSets is a category with the following data:
(1) Ob(HSets) = Ob(Sets),
(2) Mor(HSets) = the class of all multivalued functions between objects,

that the composition g o f is defined as the following:

(gof)(a): U g(b)7 Va € A, (2'1)
be f(a)

and an identity morphism for an object A is ida(x) = {x} for all x € A.
Now we are ready to define a generalization of usual morphisms of zphmod.
Definition 2.8. If A and B are two R-hypermodules, then multivalued function f from A into B is a

mapping f: A — P*(B) satisfying the following conditions:

(i) flz+y) C f@)+ f(y);
(i) f(ra) =rf(x);

forallr € R and all x,y € A, is said to be a multivalued R-homomorphism, for short R,,-homomorphism.

Remark 2.4. In (i) of Definition 2.8, if the equality holds, then f is called a strong (or good) multivalued

R-homomorphism, for short an Rgpu,,-homomorphism.

Notation 2.2. The class of all Ry,-homomorphisms (resp., Rgsmy-homomorphisms) from A into B is

denoted by Homp(A, B) (resp., Hom%(A, B)).
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Proposition 2.2. [1/, Remark 3.9]
(i) For every f € homg(A,B), f(04) =0p.
(ii) For every f € homg(A, B), f(—z) = —f(x) and f(z —y) = f(z) — f(y)-

Let f € Homg(A, B) and h € Homg(B,C). The composition h o f is defined as Equation 2.1.
Also, for every R-hypermodule A, the R-homomorphism id4 with definition id4(x) = {z} for all x € A is
the identity morphism as before. Hereafter, gpHmod (resp., r,Hmod) denotes the category whose objects
are all R-hypermodules and whose morphisms from A to B are all R,,,-homomorphisms (resp., Rgsmo-

homomorphisms) from A into B. Clearly, rp_Hmod is a subcategory of pHmod, i.e., g, Hmod <pHmod.

Remark 2.5. (i) Hereafter, we identify a singleton X = {a} by its element a. Also, we sometimes
write f(a) = b instead of f(a) = {b}.
So every single-valued morphism f € Hompg(A,B) (resp., f € Hom%(A,B)) is an element of
hompg(A, B) (resp., hom%,(A, B)), and conversely, every element of homp(A, B) (resp., hom%(A, B))
can be considered as an element of Hompg (A, B) (resp., Hom%(A, B)), So phmod <grHmod (resp.,
r,hmod =g Hmod).

(ii) Let f,g € Hompg(A, B). Define the relation < on Hompg(A, B) in which f < g means f(z) C g(x)

for all x € A. Clearly (Homp(A, B),<) is a poset.

For convnience and distinguishing, we call phmod and r hmod primary categories of Krasner R-

hypermodules. Also, pHmod and r,Hmod are called secondary categories of Krasner R-hypermodules.

3. FREENESS OF HYPERMODULES

As it is well-known free objects play an important role in the study of modules theory. In [12] it was shown
that free object does not exist in the category of hypergroups. Also, in [10] the notion of free hypermodules in
the category of Krasner hypermodules was introduced. However, it is not clear that whether this definition
is suitable in view point of category theory. Here we give various types of freeness in the categories of
R-hypermodules and investigate the relationship between them.

Fix a hyperring (R, +, ). Let U(R) denote the set of all expressions of the form E(H r;) in which r; € R
where I and all J;’s are finite. The relation « is defined on R is defined as follovégzl e

for all z,y € R,
xyy <= Jue€eU(R): =z,y €.
The transitive closure of the relation 7 is called the fundamental relation of R denoted by ~*. Let ~*(r)

denote the equivalence class containing € R. Then it is shown that % with the sum @ and product ® is

a ring as follows:



Int. J. Anal. Appl. 16 (6) (2018) 799

for all z,y € R,
V(@) @y (y) =77(2) Vz e (x) +77(v);
7(2) @7 (y) =77 (z - y).
The fundamental relation v* is the smallest equivalence relation such that % is a ring. The ring % is called

the fundamental ring of R.

Also, the fundamental relation of an R-hypermodule A can be defined similar to above denoted by €% that

54 is a fundamental module over the ring ,% with operations:
A
ca(r) & ea(y) = €a(z) Vzeeq(r)+ealy);
7 (r) © €q(z) = e4(r*z),
for all z,y € A and r € R. The fundamental relation €% is the smallest equivalence relation such that Eé is
A

a module over the ring %. (For more details, see [16] and [17]).

Now we introduce the following concept:

Definition 3.1. An R-hypermodule F' is said to be free on X C F if for every R-hypermodule A and for
any morphism f : X — A in HSets, there exists a unique f € Hompg(F, A) such that f oi = f in which

i =1idp|x, i.e., the following diagram commutes:

X > F

v

A

Remark 3.1. In [10] Ch. G. Massouros defined a free R-hypermodule differently. In the sense of Massouros,
an R-hypermodule F' is said to be free on X C F if X generates F' (see Definition 3.5) and for every R-
hypermodule A and for an arbitrary morphism f : X — A in Sets, there exists f € Homp(F, A) such that

f(x) = {f(z)} for every x € X, i.e., the following diagram commutes:

X ‘o F

e

A

By this definition, the morphism f is not necessarily unique R,,-homomorphism, but in [10], it was shown
that f is a maxzimum R,,-homomorphism, that is f is a maxzimum element in the poset (Homp(F, A),<))
such that foi = f. Clearly, a free R-hypermodule on X C F based on this definition, is not really free on

X in gHmod or ghmod.

In the following, we introduce the concept of weak freeness over HSets or Sets motivated by Massouros

definition.
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Definition 3.2. An R-hypermodule F is said to be weak free on X C F over HSets (resp., Sets) if for
every R-hypermodule A and for every morphism f : X — A in HSets (resp., Sets), there exists a maximum

f € Homp(F,A) such that f oi = f in which i = idp|x, i.c., the diagram

X s F
e
ar
A
commutes.
Remark 3.2. (i) Ewvery free R-hypermodule on X is weak free on X over HSets.

(ii) Ewvery free R-hypermodule on X in the sense of Massouros is really weak free on X over Sets.
Notation 3.1. Let A be an R-hypermodule and X C A and set
€a(X) = Ugexes ().
For X = {z}, we write €, (z) instead of €%, ({z}).
Definition 3.3. Two morphisms f and g in Hompg(A, B) is said to be €*-equivalent, and write f ~ex g if
and only if €5(f(z)) = €x(9(x)) for every x € A.

Clearly ~.- is an equivalence relation on Hompg(A, B). We denote the equivalence class of f with respect

to ~ex by [f]-

Definition 3.4. An R-hypermodule F is said to be e*-free on X C F over HSets (resp., Sets) if for every
R-hypermodule B and for every morphism f : X — B in HSets (resp., Sets), there exists an €*-unique
f € Homg(F,B) such that foi = f in which i = idp|x, i.c., if there exists f' € Homg(F, B) such that

floi=f, then [f] = [g].
Now we recall the notion of a generating set.

Definition 3.5. Let R be a hyperring not necessarily with 1 and A be an R-hypermodule and X C A. (X)
denotes the smallest R-subhypermodule of A containing X or the intersection of all R-subhypermodules of A

containing X .
Notation 3.2. Let A be an R-hypermodule. Then for x € A and m € Z,

r+zx+---+x ifn>0
—_———

m times T

mr =1 04 ifn=0

—r—x—---—x ifn<O.
—_— —

—m times x
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Proposition 3.1. For a subset X of a not necessarily unitary R-hypermodule A, (X) is the set

m

n k
{a € Zrixi+2nixi+2ki(xi —x) | »m € R, v; € X, mnk,k; € N, n; € Z}.
i=1 i=1 i=1
Proof. Tt is clear to straightforward. |

Definition 3.6. The set X is said to be a generating set for an R-hypermodule A, or X generates A, if
A =(X). Here, A is called finitely generated if it has a finite generating set.
Let X = {«}. For simplicity, we use (x) instead of (X). It is easy to see that
(x) = {a€rm+mx+2ni(x—x) |7 € R, meZ, nn; €N}
i=1

Let Re = {rz|r € R, z € A}.

Remark 3.3. Let R be with identity 1r and A be a unitary R-hypermodule. Then
(i) (z) = Rx. Indeed, since

mr=x4+xz+---+ax=1lgpxx+1lgpxxc+---+1lgxzx

m times x m times x

={1r+1r+---+1g)*xx C Rx

m times 1

and (by Proposition 2.1 (i))
z—zx=xz+ (—xz)=1g*z+ ((—1g)*xz) = (lg + (—1gr)) xx = (1g — 1g) xx C Rz,

we have (x) = Rzx.
(ii) Letting X = {x;}ier C€ A, A = (X) if and only if for every a € A, there exists a finite J C I such that

a€ Y rjx; whichr; € R and z; € X.
JET

Definition 3.7. Let A be an R-hypermodule and X C A. X is said linearly independent if for alln € N

n
and all x1,29,...,2, € X, 04 € > rix; impliesry =r9=--- =1, = 0g.
i=1

Definition 3.8. Let F' be an R-hypermodule and X be a generating set which is linearly independent. Then
X is called a basis for F.

Remark 3.4. The empty set is linearly independent and is a basis for the trivial R-hypermodule 0 = {0}
(based on Definition 3.5).

If X is a basis for F, then for every a € F there are x1,x2,...,%, € X and unique r1,79,...,r, € R such

n m

that @ € Y rz;. In order to show the uniqueness of r;’s, let a € > rix; for some m € N. Without loss of
i=1 i=1

generality, assume m = n. Then

n n
/
OFEa—aEE rimi—g 7%
i=1 i=1
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= Of € i(r —
i=1

:>E|Ci€’l“i—’l“;: OFEZCixi

Since X is a basis, ¢; = 0g. So Og € r; — r implies r; = r/.

Every r; (i =1,2,...,n) is called the ith coordinate of a in R. In fact, every coordinate of a can be considered

as a function from F' into R mapping a to an appropriate r; denoted by f;. Indeed, f;(z;) = 1g if i = j,

fi(z;) =0gr if i # j and fi(a) =r; for a € f:lnxl Every f; is called ith coordinating function of a. Clearly
i=

for all a,b € F and all r € R, we have f;(a+b) C f;(a) + fi(b) and f;(ra) = rfi(a).

For an arbitrary morphism f : X — B in HSets, define the morphism
f:F— B
Zfl ;) (3.1)

that the summation is indeed taken finite for an appropriate n, and f;(a) = r; is the ith coordinate of a.
Since X is a basis and the ith coordinate of a is uniquely determined, so f is well-defined. It is easy to see

that f(z;) = f(x;) for all 2; € X.

fla+b) = U fle) U (Z(fl(c) * f(acﬁ)) (by Equation 3.1)

c€a+b c€a+b i

gZ( U {fi® > f(xi)

i cca+b

- Zfi(a‘i'b) * f ()

= f(a)+ f(b) (by Equation 3.1).

Note that the first inclusion is obtained from f;(a +b) C f;(a) + f;(b). Clearly f(ra) = rf(a) for all r € R.
So f is an R,,,-homomorphism and thus f € Homg(F,B). Now let f' € Hompg(F, B) be another R,,,-
homomorphism with f'(z;) = f(z;) for every z; € X. Then for every a € F, we have a € Y, f;(a) * x; and

thus

=" fila) * f(w) = Fla). (3:2)

Hence f' < f. Thus we have the following statement:
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Theorem 3.1. Let F' be an R-hypermodule with basis X. Then F' is weak free on X over HSets.

Theorem 3.2. Let F be an R-hypermodule with basis X . If F is weak free on X over Sets, then it is €*-free

on X over Sets.

Proof. Following the proof of Theorem 3.1, consider Equation 3.2. If f is a morphism of Set, then f'(a) and
f(a) are contained in the finite linear combination 3~ f;(a) * f(x;) in which f;(a) € R and f(x;) € B. Thus

K2

€5(f'(a)) = €5(f(a)). Hence F is e*-free on X. O

Definition 3.9. If A = > A, in which every A; is an R-subhypermodule of A and A; N > A; = {04} for
i€l i#j
every j (j € J), then we write A = ®;crA;, and A is said to be the direct sum of {A;}icr.

Proposition 3.2. Let X = {z;}icr be a subset of an R-hypermodule F which I is an index set. If for every

a € F, there exist a finite set Iy, unique rj € R and xj € X such that a € Y r;x;, then F = ®;crRax;.
Jj€lo

Proof. Suppose every element of F is contained in a uniquely expressed linear combination of the form
n
> rix; in which r; € R and z; € X for an appropriate n € N. Consequently, rz; = Op for r € R implies
i=1

n
r = 0g. Also, for every element a € F, a € > Rax; for some n € N. So F' = )" Rx;. Suppose a € Rz;

=1 el
n

and a € ). Rx; that the summation is taken finite. So assume a = r;z; and ¢ € ), 7z; in which
i#j i=L,i#j
r1,T9,...,T, € R for an appropriate n € N by a new indexing. Thus

n
Orpca—ac Z riz; | — (rjz;).
i=1,i#j

But
—(rj*xz;) = (=1p) * (r; xz;) = (=1g - rj) x x; = (—rj) * z,
from Proposition 2.1. So 0p € ( > TiCUi) + (—rj)x;. Since X is a basis for F, we obtain —r; = 0g =1;

i=1,i#j
for all 1 <i<mn and ¢ # j. Consequently a = Op. ]

Corollary 3.1. Let F be an R-hypermodule with basis X. Then F = @;crRx;.

Proof. Tt is clear from Proposition 3.2. |
The following result shows that the converse of Proposition 3.2 holds: Indeed,

Theorem 3.3. Let X = {x;};cr be a subset of an R-hypermodule F which I is an index set. For everya € F,

there exist a finite set Iy, unique r; € R and x; € X such that a € Y r;x; if and only if F = ®;c1Rx;.
j€lo
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Proof. According to Proposition 3.2, we must suppose F' = @;c;Rx; and prove for every a € F, there exist

a finite set Iy, unique r; € R and z; € X such that a € ) r;x;.
j€lo

n
Clearly a € F = ®;crRx; implies that there exist n € N, r; € R and z; € X such that a € ) rjz;. To
j=1

show the uniqueness of r; € R, let a € il r;-xj for some m € N. Without loss of generality, n = m. Then
j=
n n n
Op €Ea—a€ ) rjz;— Z rixj. Thus O € Z djx; where d;j € rj —r}. If dj = Og for every 1 < j < n,
then by the rejv:ellrsibility z)glR, T = r; for evergf_l1 < j <n. Without loss of generality, suppose d; # Or and
diz1 # 0p. Then Op € 3 d;z;, and thus dyay € 3° djx; by the reversibility of F. So dyzy € Rz; N 3" Ra;
that is a contradiction.];ﬁence the proof is complét:eQ. = O

Theorem 3.4. Given a set X, there exists an R-hypermodule F' and some Y C F with | X| = |Y| such that

F is weak free on'Y over HSets.

Proof. Clearly, R can be regarded as an R-hypermodule, and so, one can form the direct sum F = ®;cx R;,
where for all i € X, R; = R. Define I: X — F as follows: I(z) = (r;4)icx Where r; ; = J; 5. It can be easily
shown that {(r; 4)iex | * € X} is a basis for F. Denote (7;;)iex as e;. Then we can write F' = @ ecx Re,
and every element of Fis contained in a unique finite linear combination Y r,e, where r, € R. Indeed,
every element of F' has the form (r,).,cx in which all but only a finitely H;f:é;f r;’s are zero. So the subset

{es}zex is a basis for F. Thus by Theorem 3.1, F' is weak free on {e, },cx. Consequently, considering the

injective map [: X — F with z — e, and letting Y = (X)), F is weak free on Y. d

Theorem 3.5. For every R-hypermodule A, there is some surjective f € Hompg(F, A) in which F is weak

free R-hypermodule on some Y C F over HSets.

Proof. Let A = (X). Also, let ;| Y C F and I: X — Y as in the proof of Theorem 3.4. So F' is a weak

free R-hypermodule on Y = [(X) over HSets. Let a € A = (X). Acording to Proposition 3.1, suppose

m n k
a € ZrleJerzerZkZ(xzf:rz) : r, € R, z; € X, mnkk; € N, n; € Z}.
i=1 i=1 i=1

Define f(2) = Y_i", mil Y (es,) or f(2) = i~ miz;. The surjectivity of f is clear.

. F

=

Y
1( ’
A

(Note that since Y is a basis for F, we have z € Y rye, for every z € F where r,, € R as in the proof of
reX

Theorem 3.4.) O
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Now we state a new notion by using the fundamental module of an R-hypermodule.

Definition 3.10. An R-hypermodule F is called fundamental free if its fundamental module, g, s free
F

L _module.

¥

Example 3.1. [13] Let (G,-) be a group with |G| > 4, and define a hyperaddition and a multiplication on
R =G U{0}, by:

a+0=0+a=a forall aé€R;
a+a=1{a,0} foral acG;
a+b=b+a=G\{a,b} forall a,beG:a#b;
a®0=00a=0 forall acR,

a®b=a-b foral abeq.

Then (R,+,®) is a hyperring. Clearly every hyperring R is an R-hypermodule and €5, = ~v*. On the other
hand, for every x,y € R we have xy0vyy, since x + x = {x,0} and y +y = {y,0}. So zv*y, and indeed we
R

have only one equivalence class. Hence R’ = vﬂ* is the trivial ring 0 = {0p/}. Clearly R’ = i+ is a free

R'-module. Thus R is fundamental free as an R-hypermodule.

Remark 3.5. Note that in 3.1, every R-hypermodule is fundamental free, since every R'-module is free.

Indeed, every module over the trivial ring R’ = 0 is free.
In general, we state the following proposition:

Proposition 3.3. For every hyperring R with trivial fundamental ring, all objects of gHmod (or ghmod)

are fundamental free.

Proof. The proof is clear, since every %-module is free. O

Definition 3.11. An R-homomorphism f € Hompg(A,B) is ¢*-inverse of g € Hompg(B,A) if e5((f o
g)(b)) = €5(b) and €((g o f)(a)) = €4(a) for all (a,b) € A x B, or equivalently [f o g] = [idp] and

[go f] = [ida]. In this case, we say f is an €*-isomorphism and A is e*-isomorphic to B denoted by A ~ B.

Theorem 3.6. If F and F' are two €*-free R-hypermodules on the sets X and X' over HSets, respectively,
and | X| = | X'|, then F & F’,
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Proof. Since | X| = | X’|, we have a bijection h : X — X’ in Sets. Now consider the inclusion i’ : X’ — F’
and set f = ¢/ o h as a morphism in HSets. Since F is e*-free on X over HSets, we have an R,,,-

homomorphism f such that foi = f as the diagram

X41>F

C.

X —— F

commutes. Also, consider the inclusion i : X — F and set ¢ =i 0 h~! as a morphism in HSets. Since F'

is €*-free on X’ over HSets, we have an R,,,-homomorphism g such that go i’ = g as the diagram

Sogofoi=ioh 'oh=r1o0idx =i. On the other hand, idr o4 =i. Since F is e*-free on X over HSets,

we have [go f] = [idp]. Similarly, one can check that [f o g] = [idp/]. Hence F > p, O

According to Theorem 3.2, we have the following result:

Corollary 3.2. Let X C F and X' C F’ be two bases for R-hypermodules F' and F’, respectively. If F' and
F' are weak free on X and X' over Sets, respectively, and |X| = |X'|, then F > p.

n

Lemma 3.1. Let X be a basis for an R-hypermodule. If every summation Y r;x; for r; € R and x; € X,
i=1

which x;’s are not necessarily distinct, is a singleton, then R is a ring and F' is an R-module .

Proof. Clearly, for all r;,7; € R and x;,z; € X, rx; + r;x; is a singleton. Also, (r; + 7))z = riz; + rjz;

n n
is a singleton. Without loss of generality, assume © € > rz; and y € > rix; for r,7) € R and z; € X.
i=1 i=1
n
Then we can write x +y C Y t;2; in which ¢; = r; + 7}. According to the assumption, if we prove ¢; is a
i=1
singleton, then x +y is a singleton and F is an R-module. Let r, s € t;. Since t;z; = r;2; +r}x; is a singleton

and rz;, sz; € t;x;, we have ra; = sx; = t;x;. Clearly, 0p € ra; — sz; = (r — s)z;. On the other hand,



Int. J. Anal. Appl. 16 (6) (2018) 807

Op € Ogp xx;. So 0g € r —s. Hence r = s. Consequently, ¢; is a singleton.
Now we prove R is ring. Let r,s € R and ¢ € r + s. Clearly,
te, t'x; € (r + 8)x; = rx; + sx; every x; € X. Then ta; = t'z;. Then Op € tx; — t'x; = (¢t — tx;.

On the other hand, 0 € Og * x;. So Ogp € t —t’. Hence t = t’. Consequently, r + s is a singleton. O

Proposition 3.4. Let F' be a free R-hypermodule on basis X C F' such that for all ;s € R and all x € X,

we have |rx + sz| =1. Then R is a ring and F is a free R-module on X in the category rHmod.

Proof. Note that every free R-hypermodule on X C F' is a weak free R-hypermodule on X over Sets. Thus
ifi = Z'CZF|X7 then

X > F

1P

F

i.e., foi=4. Since X is a basis, for an arbitrary € F, we have f(z) = > r¥z; in which every ¥ € R
r;€X
depends on z (by Equation 3.1).

Note that > rPx; is the unique presentation of = by the elements of the basis X, i.e., x € > rfz; and
r;€X r;€X
r¥’s are unique.

On the other hand,

X ‘o F

|

F

and indeed, idpoi = i. So f = idp and thus f(z) = idr(z). This implies > rFfz; = x. Consequently, every
x, €X
unique presentation of every element of F' is a singleton. According to the assumption, every summation
n
> riz;, which z;’s are not necessarily distinct, is a singleton. Thus the result is followed by Lemma 3.1. O
i=1
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