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ABSTRACT. In this paper, the Nash equilibrium strategy of two-person zero-sum games with heptagonal
fuzzy payoffs is considered and the existence of Nash equilibrium strategy is studied. Also, based on the
fuzzy max order several models in heptagonal fuzzy environment is constructed and the existence of their
equilibrium strategies is proposed. In the sequel, the existence of Pareto Nash equilibrium strategies and
weak Pareto Nash equilibrium strategies is investigated for fuzzy matrix games. Finally, the relation between

Pareto Nash equilibrium strategy and parametric bi-matrix games is established.

1. INTRODUCTION

Modern game theory was developed by the mathematician John Von Neumann in the Mid-1940‘s and
in 1944, he published the book of ”Theory of games and economic behavior” joint with Morgenstern [9].
The most important categories are as cooperative and non-cooperative games. In 1951, non-cooperative
games was presented by John Nash [8]. In this article we focus on a class of non-cooperative games namely
two-person zero-sum matrix games. Moreover, one of the most important concepts in game theory is the
Nash equilibrium. Nash proves that if we approve mixed strategies, then every game with a finite number

of players has at least one Nash equilibrium.
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In 1978, the idea of fuzziness was exhibited by Zadeh [15], that is a type of subjective uncertainty. After then
fuzzy numbers found many applications in various fields with incomplete information such as engineering,
social and economics. In many science such as economics, business competition, auction and etc., the payoff
for games is not realistic indeed the payoffs are fuzzy.

Many of mathematicians and reseachers study the fuzziness. Zimmermann [16] in 1985, Yazenin [13] in
1987 and Sakawa [12] in 1993 applied the fuzzy theory to optimization problems. In 1989, Campos [2]
transformed the fuzzy games into fuzzy optimization problems. In 1999, Liu [5] founded theory in the
uncertain environments. In 2000, Meada [7] constructed kind of concepts of minimax equilibrium strategies.
In 2005, C. R. Bector and S. Chandra [1] provided fuzzy mathematical programming and fuzzy matrix games.
In 2011, Cunlin and Zhang Qiang [4] investigated two-person zero-sum games in the symmetric triangular
fuzzy environment. They obtained Nash equilibrium of two-person zero-sum games with fuzzy payoff. They
also obtained Pareto Nash equilibrium strategy for fuzzy matrix game. In 2014, Bapi Dutta [3] extended
their work in trapezoidal fuzzy environment and he introduced two special types of fuzzy games: constant
and proportional fuzzy game. In [3,4,7] the uncertainty and imprecision in payoffs have been represented
by either triangular or trapezoidal fuzzy numbers.

The most frequently used fuzzy numbers in the different problems are triangular or trapezoidal fuzzy numbers.
But, it is not possible to restrict the membership functions to take either triangular or trapezoidal form.
Therefore this paper focus on fuzzy payoffs of decision makers by heptagonal fuzzy numbers. In 2014, the
arithmetic operations of heptagonal fuzzy numbers are defined by K. Rathi and S. Balamohan [10]. The
heptagonal fuzzy number gives additional possibility to represent imperfect knowledge what leads to model
many problems. Heptagonal fuzzy numbers have different applications in optimization problems and decision
making problems which need seven parameters.

In this paper we define the k-heptagonal fuzzy numbers and generalize Cunlin and Qiang [4] and Bapi
Dutta [3] Nash equilibrium solution concepts. The paper is organized as follows: In section 2, the basic
definitions and notations of fuzzy numbers are given. In section 3, we introduce the notation of two-person
zero-sum matrix games with heptagonal fuzzy payoffs, the different types of equilibrium strategies and
investigate their existence conditions for the fuzzy games. In section 4, parametric bi-matrix games are
introduced and then the relation between parametric bi-matrix games and Nash equilibrium strategies is

studied. In section 5, we present some illustrative exampes.

2. PRELIMINARIES

In this section, we suggest some basic definitions and concepts of fuzzy numbers, which were proposed
by Zadeh [14] in 1965. Also, we introduce some notations of fuzzy sets, such as a-cut for heptagonal fuzzy

numbers.
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Definition 2.1. [/] A fuzzy number a is a fuzzy set on the real line R if its membership function pg(x)
satisfies the following conditions.
(i) pa(z) is a mapping from R to the closed interval [0, 1];
(ii) There exist a unique real number c, called the center of a , such that ;
(a) palc)=1;
(b) pa(x) nondecreasing on (—oo, c];

(¢) pa(x) nonincreasing on [c,4+00).

The a-cut or a-level of fuzzy number have an important role in parametric ordering of fuzzy numbers.
The a-cut set of a fuzzy number @, denoted by [d],. Every a-cut is a closed interval [a], = [al,al] C R,

where al = inf{z € Rlua(x) > a} and a{ = sup{z € R|ua(z) > a} for any o € [0,1]. For more details
see [4,6].

Definition 2.2. A fuzzy number a = (a,c,b, h,l,r,m) is called a k-heptagonal if its membership function is
defined as
k(w) ,a—h<z<a,

k ,a<zr<c-—lI,

kJr(””_C'H) ,c—l<xz<e,

k—i—(c“’_m) e<zxz<c+r,

k ,e+r<x<b+m,

0 , otherwise.

where ¢ is the center of a and h,l,r,m are non-negative.

In the rest of the paper, for simplicity, the k-heptagonal fuzzy number is denoted by k-HFN.
Let a = (a1, c¢1,b1,h1,l1,71,m1) and b= (ag, c2,ba, ha,la, 19, mo) are two k-HEN then

e Addition:
a+b= (a1 +ag,ci +co, by +bo, hy + ho, by + o, 71 + 79, M1+ mM2)
e Subtraction:
a—b= (a1 —ma,c1 —ro,by — la, b1 — ha,ly — ba, 71 — c2, M1 — a2)
e Scalar Multiplication :
A>0,A € Ry Aa = (Aag, Aer, Aby, Ahy, Aly, Arg, Amy)

A0, XA€e R Na = ()\ml,)\Tl,)\ll,)\h17>\b17)\01,)\a1).
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By definition of a-cut we have the following lemma.
Lemma 2.1. Let a = (a1,c1,b1,h1,l1,71,m1) be a k-HFN. Then for « € (0,1], the a-cut of a is,
l[a—(1—Hh,b+(1—%)m] ;a € (0,k]

[c— (i%%) lce+ (i%z‘) ] sa € [k, 1].

Definition 2.3. [4] Let x = (£1,&2,...,&n) and y = (N1, M2, ..., M) be vectors in R™. Then

[&]a =

(i) x 2y if and only if & > n; for alli =1,2,...n,
(ii) z >y if and only if x 2 y and x # y,
(iil) = >y if and only if & > n; for alli=1,2,...,n.

Definition 2.4. [/] Let a and b be two fuzzy numbers. Then,
(i) @b if and only if (ak,al) = (b%,bY), for all a € [0,1],
(i) @ b if and only if (ak,a¥) > (bL,bY), for all oo € [0,1],
L U

(iii) @ > b if and only if (a,a¥) > (b%,bY), for all a € [0,1].

) Yo

The following theorem characterize the orders for heptagonal fuzzy numbers.

Theorem 2.1. Let a = (ay,c1,b1, by, li,m1,m1),b = (ag, ca, ba, ha, la, 72, ms) be two k-HFN. Then
(i) @ 3 b if and only if
max{hy — h1,0} < ag —ay , max{my —ma,0} < by —by ,
max{ls — 11,0} < co —¢; and max{ry —ry,0} < c2 —cy,
(ii) a < b if and only if
max{hy — h1,0} < az — a1 , max{ms — mo,0} < bg — by ,
max{ls — 11,0} < ca —¢1 and max{ry —re,0} < ca —cy.
Proof. By using Definition (2.4) a 3 b if and only if for all o € [0,1],
(ak,a¥) < (bE,bY) or equivalently af < bl and a¥ < bY. But by Lemma (2.1) a% < b% if and only if
ar — (1= $)hy <az — (1 = $)hy for all a € [0, k] and ¢; — (%) I <ecg— (%) lo for all « € [k, 1], which

are equivalent to
«a
(1 — E)(hZ — hl) < a2 — a1 fO’I" all o € [O,k},

and

11—«

1-k

(

Y2 —h) <eca—c1 forall o€ [k, 1].

which are equivalent to max{hs — hq,0} < as — a; and max{m; — mo,0} < by — by. Similarly, by using
Lemma(2.1) it can be conclude a¥ < bY if and only if max{ly —1;,0} < ¢z —c1 and max{r; —rs,0} < co —c;

and the proof of part (i) is complete. Part (i) can be proved, similarly. O
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3. TWO-PERSON ZERO-SUM MATRIX Fuzzy GAMES

In this section, we shall consider two-person zero-sum games with fuzzy payoffs. Let P = {1,2,...,p} and
Q ={1,2, ..., ¢} be the sets of pure strategies of player I and player I, respectively. Let A = (a;;)pxq be the
payoff matrix whose entries a;; denote the payoff that player I gains and player II loses. In the zero-sum
games —a;; is the amount paid by player I to player II i.e. the gain of one player is the loss of other player.
The mixed strategies of players I and player II are probability distributions on the set of pure strategies,
represented by

p
X = {(513527 "‘7§p) € Rp|€z Z 077’ = 1727 7p7Z£’L = 1}7

i=1
q
Y ={(n,n2,....m9) €RIYn; >0,i=1,2,...,q, an =1}
j=1
respectively.
In this section, the payoffs of the pair (z,y) € X x Y are modeled by k-heptagonal fuzzy number a =
(a,e,b, byl r,m). Let player I choose a mixed strategy « € X and player IT choose mixed strategy y € Y.
The k-heptagonal fuzzy number a;; = (a;j, ¢ij, bij, hij, lij, 7ij, mi;) indicates the payoffs that player I receives

and player II loses, the fuzzy payoff matrix of the game is given by

ann - dng

N
|

a‘pl . .. apq

The fuzzy two-person zero-sum games is denoted by I = (X,Y, fl) The fuzzy payoffs of the players I and
1I are

p q
oTAy =3 ) Gy,
i=1 j—1
=(z" Ay, 2" Cy, 2" By, 2" Hy, 2" Ly, 2" Ry, 2" My),

which is a k-heptagonal fuzzy number, for more details see [11]. In the rest of this paper, we set A=
(@iz), A= (aiz), C=(cij), B=(bij), H= (hij),
R = (rij), M = (my;), where A, A, B, H, L, R and M are p x ¢ matrix. Also A is a fuzzy k-heptagonal

payoff matrix.

Definition 3.1. /3] A pair (z*,y*) € X x Y is called a Nash equilibrium strategy for a game T if
(i) 2T Ay* 3 T Ay*, Va € X,

(ii) 2*T Ay* = T Ay, VyeY.
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Theorem 3.1. Let T' = (X,Y, A) be a two-person zero-sum game with fuzzy payoffs, the pair (x*,y*) is the

expected Nash Equilibrium strateqy of T if and only if :
(i (ETAy* < {,C*TAy* < x*TAy,

(it

8

TBy* < x*TBy* < l'*TBy,

(iii) 2TCy* < *TCy* < 2*T Oy,

8

(v) 2"

(vi

B—Lyy* <2*"(B - L)y* <a*"(B - L)y,

8

)
)
)
(iv) (A= H)y* <a*(A-H)y* <27 (A-H)y,
)
)
)

(
T(B+ R)y* <a*'(B+ R)y* <z*"(B+ R)y,
(

(vii) 2T(C + M)y* < 2*T(C + M)y* < z*T(C + M)y.

Proof. Let T be a two-person zero-sum game with the fuzzy k-heptagonsl payoff matrix A = (A,C,B,H,L,R, M).

Let (2*,5*) € X x Y be the Nash equilibrium strategy of the game T". Therefore by Definition (3.1) we have

=T Ay* ST Ay, Wy eY.

Since

wT/iy* — (xTAy*,xTCy*,xTBy*,xTHy*,

and

z” Ly*, 2" Ry*, 2T My*),

QL'*TAy* _ (LL'*TAy*,{E*TCy*,(E*TBy*,LU*THy*,$*TLy*,iE*TRy*7£C*TMy*),

So, by Theorem (2.1), z7 Ay* 3 «*T Ay* if and only if

maz{z*T Hy* — 2" Hy*,0} <
maz{z?t My* — z*T My*,0} <
maz{z*T Ly* — 2T Ly*,0} <
maz{z” Ry* — 2*T Ry*,0} <

Consequently z7 Ay* = *T Ay* if and only if
el (A= H)y" <™ (A-H)y",
2T(C = Ly* <«*T(C - L)y*,
z7(C + R)y* <z (C + R)y",

Also, since

.'II*TAy* — (.’E*TAy*,(E*Tcy*,(L‘*TBy*,SU*THy*

:U*TAy* _ :ETAy*,
x*TBy* —JfTBy*,
m>|<chy* —xTCy*,

T oy — 2T Cy*.

2T Ay* <a*T Ay, (3.1)
ITCy* éx*TC’y*, (32)
eTCy* <a*TCy. (3.3)

,l‘*TLy*,.’E*TRy*,J]*TMy*),
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and
T Ay = (277 Ay, 2" T Cy,2*T By, 2T Hy, 2*T Ly, 2*T Ry, 2" " My),

similary by Theorem (2.1), *7 Ay* 3 2*T Ay if and only if

T (A - H)yy* <a*T(A— H)y, T Ay* <a*T Ay, (3.4)
(B + M)y* <z*T (B + M)y, +*T By* <«*T By, (3.5)
T (C — L)y* <«*”(C — L)y, T Oy <a*T'Cy, (3.6)
=*T(C + R)y* <z*T(C + R)y, =T Oy <a*TCy. (3.7)

Now, from (3.1) and (3.5) we get

.’L'TAy* < a?*TAy* < .'L'*TAy,

T(A— Hy* <o T(A— H)y* <a*T(A— H)y,
from (3.2) and (3.6) we obtain

xTBy* <.I'*TB:U* <x>r<TBy7

2T (B+ M)y* <z*T(B+ M)y* < 2*T(B + M)y,
from (3.3) and (3.8) we have

J:TC'y* gx*Tcy* < J:*TC'y,

27(C — L)y* <a*T(C — L)y* < 2*7(C - L)y.
and from (3.4) and (3.8) we get

ITCy* éx*TC’y* < I*TC’y,

27 (C + R)y* <™ (C + R)y* < 2*7(C + R)y.
Hence, we have the required inequalities (i)-(vii). O
In the rest of the paper, we purpose the following notations:
Ab=A-H Cct=Cc-L1L,CcY=C+R, Bl =B+ M,

where A, C, B, H, L, R, M are the p x ¢ matrix. Using these notations Theorem(3.1) can be rewrite as follows.
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Corollary 3.1. Let T be a two-person zero-sum game with fuzzy payoffs, the pair (x*,y*) is the Nash

Equilibrium strategy of T if and only if the followings hold
zT(A,C, B, AL, cl. oy, BY )y < «*T(A,C,B, Ay, ct,cy, By )y

<z*1(A,C, B, AL, g, Cy, BY )y.
In the view of Theorem 3.1, we understand that to solve the fuzzy game f‘, it is enough to consider
seven crisp two-person zero-sum games and attempt to determine a point (z*,y*) € X x Y which is

simultaneously a saddle point of them.

Definition 3.2. A two-person zero-sum fuzzy game T = (X,Y, fl) is called to be a proportional fuzzy game if
and only if there exists v, € (0,1];n =1,...,4 such that hij = y1a;j, lij = y2¢ij, Tij = Y3¢i; and m;; = Yabj;

foralli=1,2,....,p and for all j =1,2,...,q.

Theorem 3.2. A pair of mized strategies (x*,y*) € X XY is a Nash equilibrium strategy of the proportional
fuzzy matriz game T = (X,Y, fl) if and only if (z*,y*) € X XY is the Nash equilibrium of crisp two-person
zero-sum games I'y = (X, Y, A), Ty, = (X,Y,B) and T. = (X,Y,C).

Proof. Let T' = (X,Y, fl) be a proportional fuzzy matrix game. Therefore by Definition (3.2)
A= (A,C,B,71A,7C,v3C,v4B) is the payoff matrix of the game. By Theorem (3.1), (z*,5*) € X x Y is
a Nash equilibrium of T if and only if

(i) 2T Ay* < 2T Ay* < 2*T Ay,

(i) =T By*

N

+*T By* < *T By,
(iii) 2T Cy* < 2*TCy* < 2*T Oy,

because the other inequalities came to these one. Equivalently, (z*,y*) € X x Y is a Nash equilibrium

of crisp two-person zero-sum games Iy = (X,Y,A), I, = (X,Y,B) and I'. = (X,Y,C). The proof is

complete. (]
The following corollary is a direct result of Theorem(3.2).

Corollary 3.2. Let A = (@ij) be a payoff matriz of proportional fuzzy game L. Suppose that bij = Vsai5,cij =
veaij for all i,j with 5,76 > 1. Then a pair of mized strategies (z*,y*) € X x Y is the Nash equilibrium

strategy for T if and only if (x*,y*) is a Nash equilibrium of crisp two-person zero-sum game 'y = (X,Y, A).

Definition 3.3. Let T be a two-person zero-sum fuzzy game. It is called constant fuzzy game if and only if

there exist h,l,r,m > 0 such that hyj = h,l;; =1, r;; =7 andmy; =m foralli=1,2,...,pandj=1,2,...,q.

Lemma 3.1. Let T = (X,Y,A) be a constant fuzzy game. A pair of mized strategies (x*,y*) € X XY s
the Nash equilibrium strategy for T if and only if (z*,y*) is a Nash equilibrium of crisp two-person zero-sum

games 'y, I'y and T'..
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Proof. By Definition(3.3) H,L, R and M are constant matrices which all the entries are h,l,r and m ,
respectively. Hence 2T Hy = h,2T Ly =1, XTRy = r and 27 My = m for all z € X,y € Y. By Theorem(3.1)

the result can be obtained, directly. (|

Definition 3.4. [3] A pair of mized strategies (x*,y*) € X XY is called a Pareto Nash equilibrium strategy
of the game T if

(i) there does not exist any = € X such that z*T Ay* =< 2T Ay*,

(ii) there does not exist anyy € Y such that z*T Ay < 2*T Ay*.

Theorem 3.3. Let I = (X,Y,fl) be a fuzzy two-person zero-sum game. A pair

(x*,y*) € X XY is the Pareto Nash equilibrium strategy for the game L if and only if

(i) there exist no v € X such that x*T Ay* < 2T Ay*, T By* < 2™ By*,

2 TCy* < 2TCy* and
(@ Agy* T Cyy*, o Cf y* T Bily*) <
(«T Agy*, 2" Cyy*, 2T CFy*, 2T Byy*); (3.9)

(ii) there exist no y € Y such that x*T Ay < 27 Ay*, "7 By < 27 By*,
2*TCy < 2TCy* and

(" " AGy, 2" Cgy, " Cfly,a* " B'y) <
(@ Agy*, =" Cyy*, T CFy*, ™ Byly*).(3.10)

Proof. By contradiction, let (z*,y*) € X X Y be the Pareto Nash equilibrium strategy of [. Assume that

there exist x1 € X such that following relationships are established
(a:*TAgy *Tco Y a:*TC'O Y m*TB([)JZ/*) (331TAL?J L1 Oo y' Co Y,z B v,
and
T Ay* < 2T Ay*, o*TBy* < 2T By*, «*TCy* < 2T Cy*.
It implies that
T ALy* < oTALy* T Oy < 2TOky*,
2 TCily" < afCly", «*"Bfly" <=1 By

But, by Definition (2.3) the above inequalities do not occur simultaneously. Therefore, we get
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(a7 (GA+(1 = DA = D)y 2™ (CB+ (1= DB+ M)y ) <
(o7 GA+ (1= D=y 2l (FB+ (1= 2)(B+M)y"),

for a € [0, k] and obtain

(w*T(CX—k)C—l—(l—a_k

o N C - DT (e (- SEDE + R <

1—-k

(FETHo+a- 220 e - el CoRo+ (- 22 h e+ myy),

for « € [k, 1]. By rearranging, it follows that

(A== DHy @ T(B+ (1 - My ) <
(74— (1= DHW 2T (B+ (1= DIM)y).
and
(7€~ (=D T (€ + (=R <
(1€~ (DDl €+ (=R,

Using Definition (3.4) it implies that x*Tfly* = xffly* This is a contradiction.
Conversely, we assume that the pair of mixed strategy (z*,y*) € X x Y be satisfy (3.9) and (3.10). Suppose

that there exists a strategy #1 € X such that z*7 Ay* < a:lely*. By Definition 2.4, we have for all a € [0, 1]

(T ALy, T AUy*) < (aT ALy, 2T ALy")

which

(A= (1= 2)H) = AL (B+ (1= 2)M) = AL for a € [0, K],
and

(€~ (=)L) = AL, (C+ (;—)R) = AL for ace [k,1].

Set a = 0, then
= T(Af, Cy,CF BY )y < af (A5, G, Cy, By )y™,
and
2T Ay* < 2T Ay, 2T By* < 2T By*, a*TCy* < 2T Cy*.
This is contradict (¢). Similarly, we can show that there does not exist any y € Y such that a:*Tfly = x*Tfly*.

Then proof of the Theorem is complete. (|
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Definition 3.5. A pair of mized strategies (x*,y*) € X XY is a weak Pareto Nash equilibrium strategy of
the game T if

(i) there does not exist any x € X such that z*T Ay* < 2T Ay*,

(ii) there does not exist anyy € Y such that x*T Ay < 2*T Ay*.

Following theorem is obtaine directly from Definition (3.5) and Theorem (3.3).

Theorem 3.4. Let I = (X,Y, /~1) be a fuzzy two-person zero-sum game. A pair

(x*,y*) € X XY is the weak Pareto Nash equilibrium strategy for the game T if and only if

(i) there exist no x € X such that
(@ T ALy 2T Cly* ¥ TCUy* 2" T BUy*) <
(«T Agy*, 2" Cyy*, 2" Cfy*, 2" By y*)
and
T Ay < 2T Ay*, =T By* < 2T By*, *TCy* < 2T Cy*;
(i) there exist noy € Y such that
(T Ay, «* Cgy, o™ gy, 2™ Bily) <
(T ALy* 2T Cly* 2*TCUy*, 2*T BU y*)
and
T Ay < 2T Ay*, *T By < 2T By*, z*TCy < 2T Cy*.
4. PARAMETRIC BI-MATRIX GAMES

In this section we characterize parametric bi-matrix games and investigate other types of Nash equilibrium
strategies for parametric bi-matrix games. Let SP = {91, n2,...,np} and S? = {&, &, ..., &, } be sets of pure
strategies of player I and player II, respectively. We set U = (u;j)pxq to0 be payoffs matrices of player
I and V = (Vij)pxq to be payoffs matrices of player II, respectively. Suppose 8,7 € [0,1] and let
(1 = B)(aij + cij — hij — lij) + B(cij + 745 + bij + myj) be the gain of player I and (1 — v)(as; + ¢ij — hij —
Lij) + ~v(cij + 735 + bij + my;) be the losses of player II when player I emploing pure strategy ¢ and player
IT emploing pure strategy j. Then the game I' = (X,Y,U,V) is called a bi-matrix game. The notation of
parametric as follow;

Suppose 8,7 € [0, 1], then we set

AB)=1=B)(A+C—H—L)+B(C+R+ B+ M), (4.1)
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and
—Ay)=-[1-y)(A+C—-H—-L)+~(C+ R+ B+ M). (4.2)
Now, we consider the parametric bi-matrix game I'(8,v) = (X, Y, A(B), A(7)).

Definition 4.1. /8] Let T'(3,7) be a parametric bi-matriz game. A pair of mized strategies (z*,y*) € X XY
is a Nash equilibrium strategy of T if

(i) 2T AB)y* < x*T A(B)y* for allx € X,
(i) 2*TA(y)y* < a*TA(y)y for ally €Y.

Theorem 4.1. Let T'(8,v) be a prametric bi-matriz game and the pair of mized strategy (x*,y*) € X xY
be Nash equilibrium strategy of . Then (z*,y*) € X XY is the Pareto Nash equilibrium strategy of the fuzzy

two-person ZETO-SUuMm game T.

Proof. Let (z*,y*) € X x Y be the Nash equilibrium strategy of the parametric bi-matrix game I'(5,7),
which 8,v € [0,1]. By Definition (4.1) we obtain

(1-B)2"(A+C—H—-L)y* + 2" (C+ R+ B+ M)y* <
(1-B8)2""(A+C—H—L)yy* + 2" (C+ R+ B+ M)y*,
and
1—ax*T(A+C—H - Ly +v2*T(C+ R+ B+ M)y* <
1=y (A+C—-H - Ly+~v2*"(C+ R+ B+ M)y.

In order to show that (z*,y*) € X x Y is Pareto Nash equilibrium strategy of I', we have to prove that there

exist #; € X such that 2*7 Ay* < 27 Ay* holds. From Definition (2.4), we get
(T Aby* 2T Cly* ¥ TCUy* 2T BUy*) <
(a1 Afy", 21 Cgy*, 21 Cgy*, i By y*).

Moreover, by Definition (2.3)

e TASy" =2 Ay®, @ Cy" = 2{ Cfy,

e Ty =21 Cy", o "By = 2T B y*,
do not occur simultaneously. Then we have

(1-8)2""(A+C—~H~L)y* +B2*"(C+ R+ B+ M)y* <

(1-B8)2T(A+C —H — L)y* + Bz} (C+ R+ B+ M)y*.
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This is a contradiction. The condition (ii) can de proved, similarly. |

Theorem 4.2. Let the pair of mized strategies (z*,y*) € X x Y be Nash equilibrium strategy of prametric
bi-matriz game T'(8,~) with 8, € [0,1]. Then (z*,y*) € X XY is the weak Pareto Nash equilibrium strategy

of fuzzy two-person zero-sum game I.
The following corollary is direct result of Theorem (4.1) and Theorem (4.2).

Corollary 4.1. A fuzzy two-person zero-sum game I satisfies the following properties:
(i) There exsist at least one Pareto Nash equilibrium strategy of fuzzy game I,
(ii) There exsist at least one weak Pareto Nash equilibrium strategy of fuzzy game I.

5. ILLUSTRATIVE EXAMPLES

Example 5.1. Let T be a fuzzy two-person zero-sum game and A be the fuzzy payoff matrix off‘ given as
follows:
i (20,40, 60,2,8,12,24)  (70,140,210,7,28,42, 84)
(50,100, 150, 5, 20, 30, 60) (10,20, 30,1,4,6,12)

Find the Nash equilibrium strategy for the game T.

Obviously, [isa proportional fuzzy game. Note that v = 0.1, 79 = 0.2, v3 = 0.3 and 74 = 0.4. Let
T = (p, 1— p) and y*T = (q, 1— q) be the mized strategy of player I and II, respectively. By theorem(3.2),

the Nash equilibrium strategy of game T can be obtined by solving a bi-matriz game whose payoff matrices

are

20 70 40 140 60 210

A= ,C' = ,B =

50 10 100 20 150 30
We have

20 70 q 20 70 q

(1 O) < (p 1 —p) ;

50 10/ \1—¢ 50 10/ \1-g¢

and

20 70 20 70\ [0
(p l_p) 50 10 1qq S(p 1_p) 50 10/ \1

It is easy to obtain that the Nash equilibrium strategy of the crisp matriz game T, is (z*,y*) =
((%, g), (%, %)) and similarly the Nash equilibrium strategy of the crisp matriz games I'y and T'. can be
obtained. So expected value of the gasme T is

45 .21 990 1980 2870 99 396 594 1188

(534G 37 = (G s s s s 0 )
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Example 5.2. Let A be the payoff matriz of the fuzzy two-person zero-sum game T, given as follows:

i (50,100,150, 10, 15,10,40) (80, 160, 240, 10, 15, 10, 40)
(100, 200, 300, 10, 15,10,40) (20,40, 60, 10, 15, 10, 40)

Find the Nash equilibrium strategy for the game T.

by definition(3.3) I s a proportional fuzzy game and h = 10, | = 15, r = 10 and m = 40. Let
T = (p, 1— p) and y*T = (q7 1— q) be the mized strategy of player I and II, respectively. By Theorm(3.1),
it is easy to show that the Nash equilibrium strategy of T is (x*,y*) = ((ﬁ, %), (%, %)) and the expected
value of T is given by

83
1711

6
11’

7700 15400 2310
10,15,10,4
1217 121 7 121° 0,15,10,40)

JAp )T =

1

( -

—_

Example 5.3. Consider the fuzzy two-person zero-sum game I with heptagonal fuzzy payoff matriz A given

by

_ {(90,100,120,10,5,10,15)  (70,80,100, 15,5, 10, 20)

(60,90, 100,15,10,5,10) (170, 180,210, 20, 5, 20, 10)

Find the Nash, Pareto Nash and weak Pareto Nash equilibrium strategy of the game T.

Let 2*T = <p7 1— p) and y*T = (q7 1— q) be the mized strategy of player I and II, respectively. Since there
is no (z,y) € X XY satisfying the conditions of Theorem(3.1), so there is no Nash equilibrium strategy for
the game T'. By Theorem(4.2) to finding the Pareto Nash equilibrium strategy, it is enough to find the Nash
equilibrium strategy of parametric bi-matrix game . So, we construct the bi-matriz game T'(B,7) from fuzzy

matriz game T. Using relations (4.1) and (4.2) we obtain

175+ 708 130 + 808 A 175+ 707 130 4 80~
125+ 808 325+ 9583 125+ 80y 325+ 957

where 8,y € [0,1]. It is easy to see that (x*,y*) is the Nash equilibrium strategy for the parametric bi-matriz

game T'(B, ) if it satisfies the following:

(1,0)A(B)y" < ™ A(B)y", (0. DAB)y" < 2™ AB)y",

T A(y)y* <™ A()(0,1)7, T A(y)y* <™ A()(1,0)7,
which are equivalent to

(2454 55)(1 —p)g — (1954 158)(1 —p) <0,

(2454 58)pg — (195 + 158)p > 0.
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(245 4+ 57)(1 — g)p — (200 + 157)(1 — ¢) > 0,
(245 + 57)pg — (200 + 157)q < 0.

Thus for 8, € [0,1] , Nash equilibrium strategy for the parametric game T'(8,7) are as follows

gy (2004157 45100 L (1954155 50108
12 245 + 5y ' 245+ 5y ) Y2 245158 245+ 53 )

Therfore by Theorem(4.1) and (4.2) the Pareto Nash and weak Pareto Nash equilibrium strategy of the game

T are as following

200 + 15y 45— 107\ (195+ 153 50 — 108 ‘
x o ok\T
b) = b b b ) 6 071 )
{(””" v ((245+5’y 245+5’y> (245+5ﬂ 25+55) ) 1P 7€l ]}

200+ 157 45— 107\ 195+ 158 50 — 108 |
* *\T'
_ 0,1
{@ ) ((245+5v’245+5'y>’<245+5ﬁ’245+5ﬂ sove O},

respectively.
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