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ON THE BEHAVIOR NEAR THE ORIGIN OF A SINE SERIES
WITH COEFFICIENTS OF MONOTONE TYPE

XHEVAT Z. KRASNIQI

ABSTRACT. In this paper we have obtained some asymptotic equalities of the
sum function of a trigonometric sine series expressed in terms of its special
type of coefficients.

1. INTRODUCTION

Let us consider the sine series
o0
(1.1) Z A, SIn M
m=1

with coefficients tending to zero and such that the sequence {a,, } satifsies condition
Ny, = py — Ay1 > 0 0r A2y, = Aay, — Aay, g1 > 0 for all m. Tt is a well-known
fact that under such conditions the series (1.1) converges for all = (see [12], page
95). We denote by g(x) its sum.

As usually we write g(u) ~ h(u),u — 0 if there exist absolute positive constants
A and B such that Ah(u) < g(u) < Bh(u) is in a neighborhood of the point u = 0,
and write g(u) =~ h(u) if lim, o % = 1. Likewise, throughout this paper the
constants in the O-expression denote positive absolute constants and they may be
different in different relations.

Several authors have investigated the behavior of the sum g(x) near the origin
expressed in terms of the coefficients a,,. Seemingly, the first was Young [11] who
consider this problem, and he was concerned solely about estimates of |g(x)| from
above. Then Salem ([3], [4], Theorem 1) proved that if the sequence {ma,,} is
monotone decreasing, then the following order equality holds

¢
g(x) ~ Z My T,
m=1

where x € Iy := (Hil’ﬂ A=1,2,..., x—0.

Later on, Aljanci¢, Bojani¢ and Tomié ([5], Theorem 2) give asymptotic expres-
sion for g(x) as  — 0, when the coefficients a,, are convex (A%a,, > 0) and can
be represent as the values A(m) of a slowly varying (in Karamata’s sense) function
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A(z), i.e. for each t >0

A(tz)
1.2 li
(12) LTS
Their result is equivalent to the following statement which can be deduce from
one result given by Telyakovskil ([6], Theorem 2) and it is formulated as a corollary
in this form:

=1.

Corollary 1.1. Suppose that the coefficients a,, of the series (1.1) are conver and
that a, = A(m), for a slowly varying function A(z). Then the following asymptotic
equality holds true:

1
gx)~ay—, ze€l, x=—0.
x

Telyakovskii deduced this result after the proof, in the same paper, of the fol-
lowing two theorems:

Theorem 1.1. Assume that a,, | 0. Then for x € I, the following estimate is

valid
¢ 1
g(x) = Z mapx + O <€3 Z m?’am> .
m=1 m=1

Theorem 1.2. Let a,, — 0 and let the sequence {am,} be conver. If x € Iy, where
£ > 11, then the following estimate holds true

-1 -1

ay T 1 9 ay r 6 9

5C0t5+§£ Elm Aamég(f)ggcotgﬁ’z Elm Aam.
m= m=

Note also that the above theorems as well as some of [1] are generalized and
extended in [7]-[10].
For an integer k > 0 and a real sequence {a,,}55_, denote

k
Akam = Z(—l)iC,iamH (Aoam = am),
=0
k .
{Abpam = chlcam-&-i {A}oam = am).
=0

Definition 1.1 ([2]). A sequence {am}55_, is said to be (k, s)-monotone if a,, — 0
as m — oo and Ay ({A}, am) >0, for some k> 0,5 >0 and all m.

It is easy to see that that if a sequence {am} (am — 0 as m — o) is non-

increasing, then it is (1, s)-monotone for all s =0,1,2,.... The converse statement
is not always true. For example, if we consider the sequence {a,, } such that a,,, — 0
as m — o0 and agy, = 0, aom41 > aomts for m =0,1,2,..., then this sequence is

not non-increasing but it is (1, 1)-monotone.

Chronologically this definition arises the following question: What is the behav-
ior near the origin of the series (1.1) with (k, s)-monotone coefficients? The answer
to this question is the main goal of this paper. Precisely, we shall answer to this
question only considering the cases when the series (1.1) has: (1, 1)-monotone, or
(1,2)-monotone, or (2, 1)-monotone, or (2,2)-monotone coefficients.

For the proof of our results we need the following two lemmas proved in [2].
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Lemma 1.1. Let {an}S_, be a sequence such that a,, — 0 as m — oo and
ANFa,, >0 for some k> 1 and all m. Then for allr = 0,1,...,k—1 and all m the
following inequality A" a,, > 0 holds.

Lemma 1.2. Let {a,}>_, be a (k, s)-monotone sequence. Ifk =1,s =1 ors =2,
then
1 (o)

Z{A}sam_l sin (ms — 2 + s) T

g(x):@(l—tan£>+( >

2 2 2 cos %)s

m=1
allmost everywhere.
Lemma 1.3. Let By, (z) = Y1 (sin (i — 1) 2. Then the following estimates hold:

2

|B(2)] < -

O<z<m.

Proof. After some elementary calculation we have

|Bn(z)| = ‘ ! i[cos(ifQ)Efcosi—x}

2sin 3 “ 2 2
=0
_ Cos§+cosxcos(ml)§cos"§””‘
3 x
2sin 5
2 2m
| sin Z| x

2. MAIN RESULTS
The following theorem considers sine series with (1, 1)-monotone sequence.

Theorem 2.1. Assume that {a,}5_; is a (1,1)-monotone sequence. Then for
x € Iy the following estimate is valid

11 1 — 4
(21) 90) =555 > m{Ahamz + O Ezm {Aham | b
2

m=1 m=1

Proof. By the Lemma 1.2 (ag = 0) we have

1
2cos 5

(2.2) g(x)

> {Abagm-ysin(m — 1) g
m=1

Then the use of Abel’s transformation gives

H(-f) = plglc;lo { z_: A ({A}lam—l)gm(l‘) + {A}lap_lfp(x) + {A}lao sing}
23) = > A{Aham-1)Bum(z) + {A}a sing = H () + H? (2),
m=1
where
£+1 - -
Hél)(x) = Z A ({Aam—1) Bm(z) + {A}1agsin =,

2

m=1
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and

B ()= > A({Aham-1)Bu().

m=~¢+2
Let us estimate first Hél) (). Based on Lemma 1.3, our assumption A ({A}an,) >
0 for all m, the well-known relation sint =t + O(t%), as t — 0, and = € I, we have

41
3 {Ahamo1 — {8ham) Bu(z) + {Ahao sing

m=1

0
= > {Ahaw[Buii(z) = Bu(@)] — {Ahar1 Bega(x)

HY(z)

L
. omxz 27
= Z{A}lam SIHT + ?{A}la[_Fl
m=1

¢ ¢
— % Z m{Ahamz + O <£13 Z m3{A}1am> + O ({AYap).

m=1 m=1

By virtue of monotonicity of {A};a,, we obtain

2 L
A g < 213 {W; 1)} {Ahag < 213 S m{ A an.

m=1
Thus,
4

(2.4) HY (x) = % > m{Ahanz +0 <e13 > m3{A}1am> .

m=1

¢
=1
Furthermore, since = € Iy and |By,(z)| = O (1) by the Lemma 1.2, we notice
that

Hf)(”f) = 0(31: Z ({A}laml—{A}ﬂlm))

m=£+2
= O+ D{Ahar) = O (H{A ar)

4
(2.5) = 0 (;Z,, > m3{A}1am> :

m=1

Finally, relations (2.2)-(2.5) prove completely estimation (2.1). O

Corollary 2.1. Let {am}59_1 be a (1,1)-monotone sequence and the series

oo

Z m (m + Gmy1)

m=1

converges. Then the following asymptotic equality

gl 1 &
iy 215 o)
m=

holds true.
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Proof. In accordance with Theorem 2.1 it is enough to prove that
1
7 Z HAMam — 0, as £ — oco.

Indeed, for an arbitrary natural number M we can write

7 Z m*{Ahap < 5 Z m*{ A}, + Z m{AYianm.

m=M-+1

If a number € > 0 be chosen, then by hypotesis a number M = M(e) exists, such
that

(oo}

Z m{Ahay, < g

m=M-+1

Likewise, for all sufficiently large £

1 €
E 3
?2 m {A}lam < 5

m=1

Then obviously, for such ¢ we have

)4
1 3 € €
6725 m{A}lam<§+§=£

m=1

(]

The following statements can be proved similarly therefore we will skip their
proofs.

Theorem 2.2. Assume that {amn}>>_; is a (1,2)-monotone sequence. Then for
x € Iy the following estimate is valid

14

¢
g(x) = _r {Z (m+ D{A}eama + O (;5 Z m+1) {A}gam> } .

(2 cos %)2 m=0 m=0

Corollary 2.2. Suppose that {a,}>°_; is a (1,2)-monotone sequence and the series

Z (m+1) (am + 2am41 + am2)
m=0

converges. Then the following asymptotic equality

glr) 1o
2 S

holds true.

The proof of the next statement is more complicated and that is why we will
sketch it in more details.
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Theorem 2.3. Assume that {an}5_, is a (2,2)-monotone sequence. Then for
x € Ip, £ > 11 the following estimate is valid

{A}aap
% t,_~_7zm {A}zam 1)

_{ohae w % m2A ({AY2am-1) -

<g(z )(2cos2) Tcot—+

HMN

Proof. By the Lemma 1.1 the condition Ag ({A}aay,) > 0 implies A ({A}gam) > 0.
Therefore by the Lemma 1.2 we have

1 oo
9(z) = —= Z {A}2am,—1 sinmz.
(2cos £)” o2

Applying Abel’s transformation we obtain

(2.6) g(x) = Z A ({£)2am-1) D),

(200s %)2 el

where Dy, (z) = > sindz is the conjugate Dirichlet kernel.

For z € (0,7] and m =0,1,2,..., introduce the functions
cos(m+1/2)x
(@) = 2sinx/2
and
e _ osin(m+1)x
B Z%(%) B 4sin®(z/2)
Denoting H(z) :== > ~_ ({A}gam 1) Dy (2) one can write
-1 N
H(x) = A({A}?am—l)Dm(aj)
m=1

+§A ({A}oam_1) (;cot 5 T em(@ ))

_ {&ha t§+§A({A} )D ()+iA({A} )
= 5 CcO 5 20m—1 m X 20m—1 me(x)
=1 m={
27) = ag—1 + 2;@ + apy1 cot g + Bo(x) + Fu(z).

We shall make use of the representation (2.7) for « € I, and from now and till the
end of the proof of our theorem we supose that x € Iy but we shall not remind of
it.

The following estimate is true in view of the monotonous decay of A ({A}oam—1)
and the positivity of D,,(x) for m < ¢:

%

-1
Ey(x) A ({AYoap—1 Z (1 cot % + gpm(:l:)>

m=1

(2.8) = A({A}ear-1) <€ cot < + Y1 (z )) = W ({sinz — sinfx) .

[\
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Let us estimate Fy(z) from above. Applying Abel’s transformation we have

[Fe(z)] =

lim { ZZ Dy ({A}sam—1) Ym(z)

n—oo

+A ({AYoan—1) Yn(z) = A ({A}2ae-1) W-1($)H

Z Dy ({A}2am—1) [Ym(z) — Pe—1(z)|

m=~{

A {Asar)
4 sin?(z/2)
From (2.8) and (2.9), in a similiar way as Telyakovskil did [6], for £ > 11 we can
show that

IN

(2.9) (1+ sin (z) .

1
iEg(x) + Fy(z) > 0.
Further, if m < ¢, then

D >
m(@) 2 P 1
Therefore,
1 =
(2.10) iEg(x) > Y m2A ({AYom_1) .
m=1

From (2.10), (2.7), and (2.6) we obtain the estimate of g(z) from below

-1
1 _ 2 1
(@) > ) (ae 1+ 2a0 + ap41 cotx—f—ZmQA({A}zam_l)).
m=1

(2cos Z ? 2 2 o
Since
- 2
Dy () <mPx < m; )
then
o=l
(2.11) Ey(z) < 7 m2A ({AYaan, 1)
m=1
For the estimate (2.9) we can write
A(Aga(_l) 2 £+ 1)
[Fy(z)] < 2s{m2}(x/2) < A({Bhag-1) 5 < ¢+l A ({AYzae),

and for ¢ > 11

5 S/

041)2 24
(t+1) AN e
m=1
hence, by reason of the monotonicity of A ({A}2as—1) we get
-1

(2.12) |Fp(z)] < 2Z4Zm2A({A}2am,1).

m=1
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Estimates (2.12), (2.13), and (2.7) give the estimate of g(z) from above

-1
1 _ 2
o(@) < _ ag—1+ 2ap + agyq cot Z m2A ({AYaam_1) | -
(2cos Z) 2 T m=1
The proof is completed. O

It follows from Theorem 2.3 that for x € I; in a sufficiently small neighbourhood
of the origin we have

(2.1§[z) = 2(1 +1cos ) <{A};w1 COtg o ( Z m £ B - 1)>> .

Corollary 2.3. Assume that {a,}5°_1 is a (2,2)-monotone sequence. Then the
following order equality is true

-1

9(&) ~ (= D{Abac 1+ 3 3 m{Alan .

m=1

Proof. Since lim,_,o x cot z = 1, then it is enough to prove that

l—1
i Z (@m = D){Batmor = (€= D{Baaer < § 3 w0 (Do)

=

and

mM—l

7 Z m2A ({AYaap 1) i 2m — 1){A}aam—1.

Indeed, putting {A}gam,l :=b,,_1, we can wrlte

1 1
7 Z m2Abp_1 = z[bo +3by + 5by + -+ + (20 — 3)bg_o — (£ — 1)%by_1]
(2.14) PR (2m = )by < & z_: 2m — 1){A}
. - m — - m — Ap—1,
ay Z ) f o] 2 1

because by the Lemma 1.1, b,,,—1 > 0 holds true.
On the other hand we get

(E — 1)2b(_1 </ - l)b(_l,
therefore the proof of the corollary is completed. ([l

Remark 2.1. Similar statement with Theorem 2.3 holds true for the series (1.1)
with (2,1)-monotone coefficients.
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