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1. INTRODUCTION AND PRELIMINARIES

Newton and Lagrange gave the classical methods for constructing Hermite interpolating polynomial.
Lagrange gave the method for such function f(t) is defined at the distinct increasing points aq, as, ..., a, but
Newton gave the method for such function f(¢) is defined at the distinct (but not necessarily increasing)
points a1, ag, ..., ap (see [3,7]).

We start with a brief overview of divided differences and n-convex functions and give some basic results from
the majorization theory.

An nth order divided difference of a function ¢ : [«, 5] — R at distinct points g, 21, ..., Tn € [, 8] may

be defined recursively by

[z:; 0] = d(x;), i=0,..,n,

[I’O, O (;5] o [1'1, ’x"’gb] 7 [I’(), "'7xn—1;¢] '
Ty — T

The value [z, ..., Zn; @] is independent of the order of the points z, ..., .
A function ¢ is n-convex on [a, 3] if

[I07I15 vy Ty ¢] Z 0

holds for all choices of (n 4 1) distinct points z; € [, 8], i =0, ..., n.

Remark 1.1. From this definition it follows that 1-convez function is increasing function and 2-convex
function is just convex function. If ¢\ exists, then ¢ is n-convex iff $™) > 0. Also, if ¢ is n-convex for

n > 2, then ¢\¥) exists and ¢ is (n — k)-convex for 1 < k < n — 2. For more informations see [13].

On the basis of various applications of the divided differences, several representations have been obtained
like error representation, Cauchy’s representation, Newton’s representation and Peano’s representation. In
this paper, we give the generalized results with the connection of Peano’s representation of Hermite’s inter-
polating polynomial and newly defined Green functions.

Majorization makes precise the vague notion that the components of a vector y are "less spread out” or
”more nearly equal” than the components of a vector x. A complete and superb reference on the subject is
the 2011 book by Marshall et al. [12].
For fixed m > 2 let

X =(T1ysTm)y Y= (Y1yrs Ym)

denote two real m-tuples. Let

T 2 Xjg] 2 - 2 Tlm], Y] = Y2l = - 2 Yiml)s

IN
A

1)y < Z(2) < Tmyy YY) S Ye) S S Y

be their ordered components.
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Definition 1.1. [13, p. 319] x is said to majorize y (or y is said to be majorized by x), in symbol, x > y,
if

l

l
Doy <Y @ (1.1)
i=1

i=1

holds for 1l =1,2,....m —1 and
D@ =D v
i=1 i=1

Note that (1.1) is equivalent to

m m

dYoovn < Y,

i=m—Il+1 1=m—I+1

holds for 1l =1,2,....m — 1.

The following theorem is well-known as the majorization theorem given by Marshall et al. [12, p. 14] (see

also [13, p. 320]):

Theorem 1.1. Let x = (z1,....%m) , Yy = (Y1, .--;Ym) be two m-tuples such that z;, y; € [a, B] (i = 1,...,m).
Then

m m

Zf(yz) < Zf(xz) (1.2)

i=1 i=1

holds for every continuous convex function f : [a, 8] = R if and only if x = y holds.

The following theorem can be regarded as a weighted version of Theorem 1.1 and is proved by Fuchs in [8]

( [12, p. 580], [13, p. 323)):

Theorem 1.2. Let € = (21,...,Zm), Y = (Y1,-..,Ym) be two decreasing real m-tuples with x;, y; € |a, ]

(i=1,....,m) and w = (w1, wa, ..., wy,) be a real m-tuple such that

! l
Zwiyi < sz‘ﬂ?i forl=1...m-—1, (1.3)
i=1 i=1
and
m m
Zwiyi = szl‘l (14)
i=1 i=1
Then for every continuous convex function f : (o, 8] — R, we have

szf(il/z) < szf(xz) (1.5)

The following integral version of Theorem 1.2 is a simple consequence of Theorem 12.14 in [15] (see also [13,

p.328)):



Int. J. Anal. Appl. 16 (3) (2018) 377

Theorem 1.3. Let z,y : [a,b] — [o, 8] be decreasing and w : [a,b] — R be continuous functions. If

/V w(t)y(t)dt < /U w(t) z(t)dt for every v € [a,b], (1.6)

and

b

b
/w(t)y(t)dt: / w(t) z(t) dt (1.7)

a

hold, then for every continuous convex function f : [a, f] = R, we have
b b
/ w(t) f(y(t)) dt < / w(t) f(x(t)) dt. (1.8)

Let —co<a< f<ooand o <a; <ag - <a. <P, (r>2) be the given points. For f € C"[a, 5] a
unique polynomial pg(s) of degree (n — 1) exists satisfying any of the following conditions:

Hermite conditions:

)
P (a5) = FD(ay); 0<i<h;, 1<j<r, Y kj+r=n. (H)
j=1

It is of great interest to note that Hermite conditions include the following particular cases:

Type (m,n —m) conditions: (r=21<m<n-1, ky=m—1, ka=n—m—1)

P (@) = 10(a), 0<i <m—1,

Two-point Taylor conditions: (n=2m,r =2,k =ky=m —1)

pir(a) = FD(a), pSr(B) = FD(B), 0<i<m—1.

We have the following result from [3].

Theorem 1.4. Let —co < a < f < o0 and a < a1 < az--- < ap < B, (r > 2) be the given points, and

feC™([a,B]). Then we have
f@)=pu(t) + Run(f.t) (1.9)

where py(t) is the Hermite interpolating polynomial, i.e.

vk
pr(t) =D > Hij(t) P (ay);

j=1i=0
the H; are fundamental polynomials of the Hermite basis defined by

w kj—i k 7a4k]‘+1
= L e Zld((t ) )

k
B t—a; 1.10
il (¢ —ay)b 0 & kldtF w(t) (t=ay), (1.10)
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wit) =] t—ap™* (1.11)
j=1
and the remainder is given by
B
Run(f,t) = | Gualt,s)f™ (s)ds
where Gy, (t,s) is defined by
Lk (a;—s)" i—1
3 ) (s s <
Gralt,s) = 77170 B (1.12)
- Z Z (ag;_sz_l)‘ Hw(t), s 2 t7
Jj=l+11i=0
forallay < s<ap1;1=0,...,7 withag =« and a,+1 = .
Remark 1.2. In particular cases,
for type (m,n —m) conditions, from Theorem 1.4 we have
where (. n(t) is (m,n —m) interpolating polynomial, i.e
m—1 n—m-—1
pimay (1) = D i) [ () + ni(t)f*(B),
=0 i=0
with
m—l—z
1 i t— n—m —|— k—1\/t—«a
r(t) = 5 (t = a) ( ) ( )(Ba (1.14)
k=0
and
n—m—1—1
1 t—a\™ m+k—1\/t—
i(t) = =(t — B)° 1.15
w0 =g (5=5)" X (" (S (1.15)
and also the remainder Ry, »)(f,t) is given by
Ry (f. 1) / G o) (t:8) f ™ (s)ds
with
mil |:m721:7j (n7m+p*1) ( t—a >p:|
=) x
=0 =0 P B—a
M(ﬂ e a<s<t<§f
G mum)(t,5) = 7!(”’1]’”’ ‘ "1“) - (1.16)
n—m—1 rn—m—i— g1 St q
- x [ X )(E) )~
i=0 4=0 a
t=B)(B=9)""""" ((1—a \"
%(é—ﬁ) ; ast<s<p
For Type Two-point Taylor conditions, from Theorem 1.4 we have
f(t) = par(t) + Ror(f, 1) (1.17)
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where par(t)is the two-point Taylor interpolating polynomial i.e,

par(t) = mjlmiﬂ (m e 1) {(t —i!a)i (i:%)m(;i(;)kf(i)(a)

=0 k=0
i ;!5)2' (;:Z)m(i:%)kf@(ﬂ)] (1.18)

and the remainder Ror(f,t) is given by

B
Ror(f.1) = / Gor(t, 5)F™ (s)ds

with

(éml)l)'p ( ) Z (m 1+J)( _S)m—l—jqj(t,s)) s <t;

() ()0, sz

<.

GQT(t, S) =

H::

(1.19)

3

where p(t, s) = S=PC= q(t,5) = p(s, 1), V1,5 € [a, B].

The following Lemma describes the positivity of Green’s function (1.12) see (Beesack [4] and [Levin [16]).

Lemma 1.1. The Green’s function G n(t,s) has the following properties:

3 G n (%,
(i) % >0,a1 <t <ap,a1 <s<apyg

(i) Gunlt,s) < Gmig—ay W );

(i) [7 Gpn(t,s)ds = 20

n!

We arrange the paper in this manner, in section 2, we use Peano’s representation of Hermite interpolating
polynomial and newly defined Green functions to establish identities for majorization inequalities. We present
generalized majorization inequalities and in particular we discuss the results for (m,n — m) interpolating
polynomial and two-point Taylor interpolating polynomial. In section 3, we give bounds for the identities
related to the generalizations of majorization inequalities by using Ceby3ev functionals. We also give Griiss
type inequalities and Ostrowski-type inequalities for these functionals. In section 4, we present Lagrange and
Cauchy type mean value theorems related to the defined functionals and also give n-exponential convexity
which leads to exponential convexity and then log-convexity. At the end, in section 5, we give some related
analytical inequalities to our generalized results of upper bounds and also construct examples of exponentially

convex functions.
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2. MAIN RESULTS VIA PEANO’S REPRESENTATION AND NEW GREEN FUNCTIONS

As mentioned in [11], the complete reference about Abel-Gontscharoff polynomial and theorem for "two-

point right focal’ problem is given in [3]:

Remark 2.1. As a special choice the Abel-Gontscharoff polynomial for “two-point right focal’ interpolating

polynomial for n = 2 can be given as:

B
F(2) = F@) + (= — ) f'(B) + / Gz, w) " (w)duw, (2.1)

[0

where Gq 2(z,w) is the Green’s function for two-point right focal problem’ given as

Gi(z,w) = Ga(z,w) = (2.2)

Mehmood et al. (2017) [11] introduced some new types of Green functions by keeping in view Abel-

Gontscharoff Green’s function for 'two-point right focal problem’ that are:

(276)7 OtS’LUSZ,

(w_ﬁ)a Zgwéﬁ

Gy(z,w) = B-w), aswss (2.5)

(B=2), z<w<p.

Mehmood et al. (2017) gave the following lemma, using this we obtain the new generalizations of majorization

inequality.

Lemma 2.1. Let f : [a, 5] — R be a twice differentiable function and G., (¢ = 1,2,3,4) be the new Green

functions defined above, then along with (2.1) the following identities holds:

B
F(2) = 18) + (2 = B)f' () + / Gz, w) f (w)duo, (2.6)
B
F(2) = F(8) — (B — a)f'(0) + (= — a) f'(o) + / Gz, w) £ (w)dw, (2.7)
B
F(2) = F@) — (B — o) f'(@) — (B — 2)F'(B) + / Gz, w) " (w)dw. (2.8)

Equivalent statements between classical weighted majorization inequality and the inequality constructed

by newly Green functions are given as:
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Theorem 2.1. Let x = (21,...,Zm), ¥ = (Y1, Ym) € I™ be two decreasing m-tuples and also w =
(w1, ...,wm,) be a real m-tuple such that satisfying (1.4) and G.(c = 1,2,3,4) is defined as in (2.2)-(2.5)

respectively. Then the following statements are equivalent:

(i) For every continuous convex function f : [a, 8] = R, then
m m
S wif () <D wif(w). (2.9)
=1 =1
(ii) For s € [a, B], the following inequality holds
Zwl G (y, s) SZlec (x1,8), ¢=1,2,3,4. (2.10)
I=1 =1

Moreover, the statements (i) and (ii) are also equivalent if we change the sign of inequality in both

inequalities, in (2.9) and (2.10).

Proof. 7 (i) = (ii)” Suppose the statement (i) satisfies. Fix ¢ = 1,2, 3,4, the functions G.(.,s) (s € [a, f])
are continuous and also convex, implies that these functions hold inequality (2.9) for each fix p, i.e., (2.10)
holds.

" (i1) = (i)” Since f : [, 8] = R be a convex function, f € C? (o, 8]) and (ii) holds. Then the representation
of the function f in the form (2.1), (2.6), (2.7) and (2.8) for the functions G, ¢ = 1, 2,3, 4 implies that

for all s € [a, ],

dowif () =Y wif(w) (2.11)
=1 =1

— [ wiGe (w1, 5) — X wiGe (1, 9)) £/ (s)ds, ¢ =1,2,3,4.

(2.12)

Since f is a convex function, then f (z) > 0 for all = € [a, B]. So, if for every s € [a, 8] the inequality (2.10)
holds for each ¢ = 1,2,3,4, then it follows that for every convex function f : [o, 8] — R, with f € C?[a, 3],
inequality (2.9) holds.

At the end, note that it is not necessary to demand the existence of the second derivative of the function f
( [12], p-172). The differentiability condition can be directly eliminated by using the fact that it is possible

to approximate uniformly a continuous convex functions by convex polynomials. ]

We give some identities related to the generalizations of majorization inequality by using Peano’s repre-

sentation of Hermite’s polynomial and new Green functions:

Theorem 2.2. Let —co < a < f <0 and a < a1 < az -+ < ar < B, (r > 2) be the given points, and

feC(o,B8]) and w = (Wi, ..., W), T = (T1,...,Tp) and Yy = (Y1,..., Yym) be m-tuples such that x;, y;
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€ [a,Bl,w, € R (1 =1,....m). Also let H;;,Gp,n and G.(c = 1,2,3,4) be as defined in (1.10), (1.12) and
(2.2)-(2.5) respectively. Then we have the following identities for ¢ = 1,2,3,4,

> i f (w) szf ) (Zwm ZWM)
=1
/ Zwl eyt eyt ] ZZ]C(H_Q) a;)Hij(t)dt (2.13)
@ j=1i=0

/ Fm [/ [Z wy (Ge(a,t Gc(ylvt))] GH,n2(t78)dt] ds,

where the Peano’s kernel (Green’s function) is defined as

kj

l J ai—s n i—3
> WH@(U; 5 <t,
GHm_ao(t,s) =4 =10 (2.14)
T s _3
zl:lz (%n o oy Hij(t); s >t
Jj=l+11
forallay <s<ap1;1=0,...,7 withag = o and a,4+1 = f.

Proof. Fix ¢ = 1,2, 3,4, evaluating the identities one by one (2.1), (2.6), (2.7) and (2.8) into majorization

difference, we get

Yowif (@) =Y wif (w)
=1 =1
m m , B m m
= (Z wizy — ZW!/I) f(a) +/ <Z wiGe (w1,1) =Y wiGe (%ﬂ) f(t)dt.
=1 =1 o \i=1 =1
(2.15)

By the Peano’s representation of Hermite’s interpolatinhg polynomial Theorem 1.4, f”(¢) can be expressed

as

S ST H / Grimalt,s) f™(s)ds (2.16)

j=1 =0

Using (2.16) in (2.15) we get
Iiwmm Zwm ) (Zwm Zwlyl>
=
o Jj=11i=
TE A,

after applying Fubini’s theorm we get (2.13). O

Integral version of the above theorem can be stated as:
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Theorem 2.3. Let —0o < a < f <o and a < a; < az -+ < ar < B, (r > 2) be the given points,
f€C([o,B]) and x,y : [a,b] — [a, 8], w : [a,b] — R be continuous functions. Also let H;j, Gy pn—2 and
G.(c = 1,2,3,4) be as defined in (1.10), (2.14) and (2.2)-(2.5) respectively. Then we have the following
identities for ¢ =1,2,3,4,

/

[ sr ~ [wr)rw)ir = ( [ et [ bw(T)y(T)dT> £ @)

b r kj
/ w(r) (Ge(x(7),1) — Gc(y(T)vt))dT] DO (ag) Hig(t)dt (2.17)

B
+
/a j=1i=0
B B b
i / ) (s) ( / [ / wm(ae(x(f),t)—Gc<y<f>,t>>ch] GH,nzoe,s)dt) ds.

Theorem 2.4. Let —co < a = a1 < ag--- < a, = § < 00, (r > 2) be the given points, w = (w1, ..., W, ),

z = (21,....«0m) and Yy = (Y1, ..., Ym) be m-tuples such that z;, y, € |a,B),w; € R (I = 1,....,m) and H;;,
G.(c=1,2,3,4) be as defined in (1.10) and (2.2)-(2.5) respectively. Let f : [a, 8] = R be n—conver and

Zwl oz, t) — Ge(y, 1)) >0, t€la,ps]. (2.18)

Consider the inequalities for ¢ = 1,2, 3,4,

szf(l’z Zwlf Y1) (szl’z wa)
=1
/ Zwl o(@1,t) = Gelur, t ]ZZ#Z“ Hij(t)dt. (2.19)

j=11i=0
(i) If k; is odd for each j =2,..,r, then the inequalities for ¢ = 1,2,3,4, in (2.19) hold.

(i) If k; is odd for each j = 2,..,r — 1 and k, is even, then the reverse inequalities for ¢ = 1,2,3,4, in
(2.19) hold.

Proof. (i) Since the function f is n—convex, therefore without loss of generality we can assume that ¢
is n—times differentiable and f(™ > 0 see [13, p. 16 and p. 293]. Also the given condition is that k;

is odd for each j = 1,2, ..,r implies that

T

wit) =] t—a)™*" > 0.

j=1
By using the first part of Lemma 1.1 we have that the Peano’s kernel G ,,—2(t,s) > 0. Hence, we
can apply Theorem 2.2 to obtain (2.19).

(ii) If k. is even then (t — a,)**1 <0 for any ¢ € [a, 8]. Also clearly (t — a1)***1 > 0 for any ¢ € [a, f]
and ]_[] 2(t —a;)* Tt >0 for t € [, B] if k; is odd for each j = 2,..,r — 1, therefore combining all
these we have w(t) = H;zl(t— a;)*i+1 <0 for any t € [, 8] and by using the first part of Lemma 1.1

we have Gy n—2(t,s) < 0. Hence, we can apply Theorem 2.2 to obtain reverse inequality in (2.19).
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Integral version of the above theorem can be stated as:

Theorem 2.5. Let —co < a=a; <az--+ < a, = <00, (r>2) be given points and x,y : [a,b] — [a, f],
w: [a,b] = R be continuous functions and H;; and G.(c =1,2,3,4) be as defined in (1.10) and (2.2)-(2.5)

respectively. Let f : [a, f] = R be n—convex and

b
/ w(T) (Ge(x(7),t) — Ge(y(7),t))dr >0, tE [a,pf]. (2.20)

Consider the inequalities for ¢ = 1,2, 3,4,

b b b b
/w(r)f(m(f))df— /w(T)f(y(T))dTZ ( / w(r)e(r)dr - / w(T)y(T)dT> £ (@)

B
o

(i) If k; is odd for each j = 2,..,r, then the inequalities for c =1,2,3,4, in (2.21) hold.

. ok (2.21)
/ w(7) (Ge(@(7),1) — Ge(y(7),1)) dT] DO ag) Hyy(t)dt.

j=11i=0

(i) If k; is odd for each j = 2,..,r — 1 and k, is even, then the reverse inequalities for ¢ = 1,2,3,4, in
(2.21) hold.

By using type (m,n — m) conditions we can give the following result.

Corollary 2.1. Let [a, ] be an interval and w = (w1, ..., wp), = (1, ...,2p) and y = (y1,...,Yp) be p-tuples
such that z;, yi € [, Bl,w; € R (I = 1,...,p). Let G.(c = 1,2,3,4) be the Green functions as defined in
(2.2)-(2.5) respectively and also 7;,m; be as defined in (1.14) and (1.15) respectively. Let f : [a, 5] — R be

n—convex and the inequality (2.18) holds for p-tuples. Consider the inequalities for ¢ = 1,2,3,4,

Zwléf’(ﬂﬂz sz¢ Y1) (Zwlwz szyz>
=1
/ > (G Gc<yl,t>>KmZn< F@ 4 S

i=0 =0
(i) If n —m is even, then the inequalities for ¢ = 1,2,3,4, in (2.22) hold.

1

772 z+2) )) dt.

(2.22)

(ii) If n — m is odd, then the reverse inequalities for ¢ = 1,2,3,4, in (2.22) hold.
By using Two-point Taylor conditions we can give the following result.

Corollary 2.2. Let [a, 5] be an interval, w = (w1, ...,wp), T = (T1,...,%p) and y = (y1,...,yp) be p-tuples
such that x;, y; € [o, B,w; € R (I =1,....p) and G.(c = 1,2,3,4) be the green function as defined in (2.2)-
(2.5) respectively. Let f : [a, B] = R be n—convex and the inequality (2.18) holds for p-tuples. Consider the
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inequalities for c =1,2,3,4,

p

szf(zz Zwlf y1) (szxz me)
=1

m—1m—1—

[ -omo £ (IS (=

L a=p <;:i)m(i:5ﬁ)kf<i+2>(g)”dt, (2.23)

7!

(i) If m is even, then the inequalities for ¢ = 1,2,3,4, in (2.23) hold.
(ii) If m is odd, then the reverse inequalities for ¢ = 1,2,3,4, in (2.23) hold.

Remark 2.2. Similarly we can give integral version of Corollaries 2.1,2.2.

The following generalization of classical majorization theorem (also known as Karamata’s inequality) is

valid.

Theorem 2.6. Let —co < a=a; <ag - <a, = <00, (r>2) be the given points, €= (1, ..., Tmy) and
y= (Y1, ..., Ym) be m-tuples such that y < x with x;, y; € [o, 5] (I =1,...,m). Let H;; and G.(c =1,2,3,4)
be as defined in (1.10) and (2.2)-(2.5) respectively and also f : [a, ] — R be n—convex. Consider the
inequalities for c =1,2,3,4,

r kj

ST (Gelwn,t) = Gelyn, t) | 57 £ (ay) Hij(t)dt. (2.24)

=1 j=114=0

m m

B
S Fa) = fw) 2/
=1 =1 @

(i) If k; is odd for each j =2,..,r, then the inequalities for ¢ = 1,2,3,4, in (2.24) hold.

<

(i) If k; is odd for each j = 2,..,r — 1 and k, is even, then the reverse inequalities for ¢ = 1,2,3,4, in
(2.24) hold.
If the inequalities (reverse inequalities) for ¢ =1,2,3,4, in (2.24) hold and the function
F(.) = Z Z F*2) (a;)H;;(.) is non negative ( non positive), then the right hand side of (2.24) will be non

j=1li=
negative (non positive) for each ¢ =1,2,3,4, that is the inequality (reverse inequality) in (1.2) will hold.

Proof. (i) Since the function G is convex and y < x therefore by Theorem 1.1, the inequalities for ¢ = 1,2, 3,4,
in (2.18) hold for w; = 1. Hence by Theorem 2.4(i) the inequalities for ¢ = 1,2,3,4, in (2.24) hold. Also if
the function F is convex then by using F in (1.2) instead of f we get that the right hand side of (2.24) is non
negative for each ¢ = 1,2, 3, 4.

Similarly we can prove part (ii). a

In the following theorem we give generalization of Fuch’s majorization theorem.
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Theorem 2.7. Let —co < a =ay < ag-+ < a, = f < 00, (r > 2) be the given points, € = (X1, ..., Tm)
and y= (Y1, ..., ym) be decreasing m-tuples and w = (w1, ..., wy,) be any m-tuple with x;, y; € [a, B, w; € R
(I = 1,..,m) which satisfy (1.3) and (1.4). Let H;; and G.(c = 1,2,3,4) be as defined in (1.10) and
(2.2)-(2.5) respectively and also f : [a, 5] — R be n—convez, then

T kf]

D wif (@) =Y wif (w) 2/ lzwz c(@i,t) = Gy ) | YD FU (ay) Hyj(t)dt.
1=1 =1 ¢

j=114=0
(2.25)

(i) If k; is odd for each j = 2,..,r, then the inequalities for c =1,2,3,4, in (2.25) hold.
(ii) If k; is odd for each j = 2,..,7 — 1 and k, is even, then the reverse inequalities for ¢ =1,2,3,4, in
(2.25) hold.
If the inequalities (reverse inequalities) for ¢ = 1,2,3,4, in (2.25) hold and the function
F(.) = XT: kZJ 0+ (a;)H;;(.) is non negative (non positive), then the right hand side of (2.25) will be non

j=1i=0
negative (non positive) for ¢ =1,2,3,4, that is the inequality (reverse inequality) in (1.5) will hold.

Proof. Similar to the proof of Theorem 2.6. O

In the following theorem we give generalized majorization integral inequality.

Theorem 2.8. Let —co < a=a1 < az -+ < a, = f < oo, (r > 2) be the given points, and x,y : [a,b] —
[ov, B] be decreasing and w : [a,b] — R be continuous functions such that (1.6) and (1.7) hold. Also let H;;
and Go(c =1,2,3,4) be as defined in (1.10) and (2.2)-(2.5) respectively and also f : [a, 8] = R be n—convex

and consider the inequalities for c =1,2,3,4,

b b
/ w(r) f(x(r))dr — /w(f)f(y(r))df

a

k; (2.26)

- /j Vabw(T) (Ge(2(7),1) = Ge( ) dr T £ (ag)Hij(t)dt.

j=11i=0

[

(1) If k; is odd for each j = 2,..,r, then the inequalities for c =1,2,3,4, in (2.26) hold.
(ii) If k; is odd for each j =2,..,r — 1 and k, is even, then the reverse inequalities for ¢ = 1,2,3,4, in
(2.26) hold.
If the inequalities (reverse inequalities) for ¢ =1,2,3,4, in (2.26) hold and the function
F(.) = Z Z f(”Q)(aJ) i;(.) is non negative (non positive), then the right hand side of (2.26) will be non

Jj=1li=
negative (non positive) for ¢ = 1,2, 3,4, that is the inequality (reverse inequality) in (1.8) will hold.

By using type (m,n — m) conditions we can give generalization of majorization inequality for majorized

tuples:
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Corollary 2.3. Let [a, 8] be an interval, * = (z1,...,2p) and Yy = (y1,...,Yp) be any p-tuple such that y
< x with x;,y; € [, 8] (I = 1,...,p). Let ; and n; be as defined in (1.14) and (1.15) respectively. Let
G.(c=1,2,3,4) be defined as in (2.2)-(2.5) respectively and also f : [a, f] = R be n—convex. Consider the

inequalities for c = 1,2, 3,4,

(2.27)

(i) If n — m is even, then the inequalities for ¢ =1,2,3,4 in (2.27) hold.

(ii) If n — m is odd, then the reverse inequalities for ¢ = 1,2,3,4, in (2.27) hold.
If the inequalities (reverse inequalities) for ¢ = 1,2,3,4, in (2.27) hold and the function
F() =0 fO () ()+ L P2 (B)nu (L) is non negative (non positive), then the right hand side
of (2.27) will be non negative (non positive) for each ¢ = 1,2,3,4, that is the inequality (reverse inequality)
in (1.2) will hold.

By using Two-point Taylor conditions we can give generalization of majorization inequality for majorized

tuples:

Corollary 2.4. Let [a, 5] be an interval and © = (21,...,2p), Y = (Y1, ...,Yp) be decreasing p-tuples such
that y < x with z;,y; € [a, 8] (I = 1,...,p). Let f : o, 8] = R be n—convex. Consider the inequalities for
c=1,2,3,4,

p p sl P
S Fa) -3 ) = / [Z (Gelar,t) - Gc<yl,t>>] F(t)dt, (2.28)
=1 =1 @

where F(t 101 m;: (m +: - 1) [(t —i!a)i (iiﬁﬁ)m(;:‘i;)kf(wz)(a)
AT (G5) e

(i) If m is even, then the inequalities for ¢ = 1,2,3,4, in (2.28) hold.

(ii) If m is odd, then the reverse inequalities for ¢ = 1,2,3,4, in (2.28) hold.

If the inequalities (reverse inequalities) for ¢ =1,2,3,4, in (2.28) hold and the function F(.) is non negative
(non positive), then the right hand side of (2.28) will be non negative (non positive) for each ¢ = 1,2,3,4,
that is the inequality (reverse inequality) in (1.2) will hold.

By using type (m,n — m) conditions we can give the following weighted majorization inequality.
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Corollary 2.5. Let [a, 5] be an interval and © = (z1,...,zp) and y = (y1,...,Yp) be decreasing p-tuples and
w = (wi,...,w,) be any p-tuple such that z;,y, € [o, Bl,w; € R (I = 1,...,p) which satisfy (1.3) and (1.4).
Let 7; and n; be as defined in (1.14) and (1.15) respectively and let f : [, f] — R be n—convex. Consider

the inequalities for c =1,2,3,4,

> wi f () *szf(yz)
=1 =1
/ lz oy, t Gc(yl,t))KmZ L (t) f(z+2) +nzm:

i=0 =0

1

771 z+2) )) dt.

(2.29)

(i) If n — m is even, then the inequalities for c =1,2,3,4, in (2.29) hold.

(ii) If n — m is odd, then the reverse inequalities for ¢ = 1,2, 3,4, in (2.29) hold.
If the inequalities (reverse inequalities) for ¢ =1,2,3,4, in (2.29) hold and the function
F(.) = 22161 FO2 (@) () + " L2 (BYni(.) is non negative (non positive), then the right hand side
of (2.29) will be non negative (non positive) for each ¢ =1,2,3,4, that is the inequality (reverse inequality)
in (1.5) will hold.

By using Two-point Taylor conditions we can give the following weighted majorization inequality.

Corollary 2.6. Let [a, 5] be an interval and © = (21,...,2p), Y = (Y1, ...,Yp) be decreasing p-tuples such
that xy, y € |a, B],w; € R (I = 1,...,p) which satisfy (1.3) and (1.4) and let f : [a, 8] — R be n—conver.

Consider the inequalities for ¢ =1,2,3,4,

D owif (@)=Y wif(w) Z/ lz el t Gc(yz’t))] F(t)dt, (2.30)
=1 =1 =1

where F(t 2 mz Z <m+k_ 1> [(t _ﬂa)i (;__ﬁﬁ)m<;__‘;>kf(i+2)(a)

S () ]

7! 8 —« a—pf
(i) If m is even, then the inequalities for ¢ = 1,2,3,4, in (2.50) hold.
(ii) If m is odd, then the reverse inequalities for ¢ = 1,2,3,4, in (2.30) hold.

If the inequalities (reverse inequalities) for ¢ =1,2,3,4, in (2.30) hold and the function F(.) is non negative
(non positive), then the right hand side of (2.30) will be non negative (non positive) for each ¢ = 1,2,3,4,
that is the inequality (reverse inequality) in (1.5) will hold.

The integral version of the above Corollaries can be stated as:
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Corollary 2.7. Let o, 3] be an interval and z,y : la,b] — [a, B] be decreasing and w : [a,b] — R be
continuous function such that (1.6), (1.7) hold. Let 7; and n; be as defined in (1.14) and (1.15) respectively

and f: [, B] = R be n—convex. Consider the inequalities for ¢ = 1,2,3,4,

b b
/ﬁﬁﬁﬂzﬁndr—/@ﬁﬁﬂyh»df

‘ 8 b m—1 n—m—1
2/ l/ W(T)(Gc(x(T)7t)_Gc(y(/r)vt))d/r‘|<z (O @) + Ym0 (s )) dt.

i=0 i=0
(2.31)

(i) If n —m is even, then the inequalities for ¢ = 1,2,3,4, in (2.31) hold.

(ii) If n — m is odd, then the reverse inequalities for ¢ = 1,2,3,4, in (2.31) hold.
If the inequalities (reverse inequalities) for ¢ = 1,2,3,4, in (2.31) holds and the function
F() =S FO2 (@) () + 0 fO2(B)ni(.) s non negative (non positive), then the right hand side
of (2.31) will be non negative (non positive) for each ¢ = 1,2,3,4, that is the inequality (reverse inequality)
in (1.8) will hold.

Corollary 2.8. Let [a, 3] be an interval and z,y : |a,b] — |a, B] be decreasing and w : [a,b] — R be
continuous functions such that (1.6) and (1.7) hold. Let f : [a, f] = R be n—convex. Consider the inequalities
forc=1,23.4,

e s~ [z [

a [e3%

8 b
V w(T) (Ge(x(T),t) = Ge(y(7), 1)) dr | F(t)dt, (2.32)

1!

+(t —i!ﬁ)i (;:2)”1(2__%)?(&2)(5)] )

(i) If m is even, then the inequalities for ¢ = 1,2,3,4, in (2.32) hold.

where F(t) :”i:mii <m+:— 1) l(t—‘a)i (Z:Bﬁ)m<;i(z>kf(i+2)(a)

(ii) If m is odd, then the reverse inequalities for ¢ = 1,2,3,4, in (2.32) hold.
If the inequalities (reverse inequalities) for ¢ = 1,2,3,4, in (2.32) hold and the function F(.) is non negative
(non positive), then the right hand side of (2.32) will be non negative (non positive) for each ¢ = 1,2, 3,4,
that is the inequality (reverse inequality) in (1.8) will hold.

3. UPPER BOUNDS FOR OBTAINED GENERALIZED IDENTITIES

For two Lebesgue integrable functions f, A : [, 3] — R we consider the Cebysev functional

A(f, h) ﬂ_ /f dt—iff t)dt - 7/h

In [6] the authors proved the following theorems:
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Theorem 3.1. Let f : [a, 8] — R be a Lebesgue integrable function and h : [o, 8] — R be an absolutely

continuous function with (- — o)(8 — -)[W]*> € L[, B]. Then we have the inequality

1
2

1 1 1 o / 2
AL < A D) m( JRCERIEERI®) dm> . (3.)

The constant % in (3.1) is the best possible.

Theorem 3.2. Assume that h : [a, 8] — R is monotonic nondecreasing on [a, 8] and f : [o, 8] — R is

absolutely continuous with f' € Loo[ar, 8]. Then we have the inequality

B
IACF,B) 1l / (x — a)(8 — z)dh(x). (3.2)

< 5o

The constant L in (3.2) is the best possible.

In this section, we give the upper bounds like Griiss-type and Ostrowski-type for our generalized results.
For m-tuples w = (w1, ..., W), X = (T1,...,7Tm) and y = (Y1, ..., ym) With x;, y; € [a, Bl,w; € R (I =
1,...,m) and the Green functions G.(c = 1,2,3,4) and Gp,—2 be as defined in (2.2)-(2.5) and (2.14)

respectively, denote

GHJL—Q(tv S)dta s € [Oé, 6]7 (33)

/ [Z wi (Ge(z1,t) — Ge(yi, 1))

for ¢ = 1,2, 3,4, similarly for continuous functions x, vy : [a,b] — [a, 3], w : [a,b] — R and the Green function

Gc(c=1,2,3,4) and Gy n—2 be as defined in (2.2)-(2.5) and (2.14) respectively, denote

8T b
3(s) = / [ / w(7) (Col@(7), 1) = Goly(r), ) dr | Grinoalt, s)dt, s € [ 8], (3.4)

forc=1,2,3,4.

Consider the Cebysev functionals A(£, £), A(J,J) are given by:

8 3 2
A(S,S):ﬁ_% / €2(s)ds — ( 5101 / S(s)ds> , (3.5)

8 2
AG.3) = _a/ () ds—< —/ J(s)ds> . (3.6)

Theorem 3.3. Let 0o < a < f <o and a < a; < az -+ < ar < B, (r > 2) be the given points,

and f € C™([o, B]) such that (- — a)(B — )[f"*V]? € Lla, 8] and w = (w1, ....;wn), T = (T1,...,T,) and

Y= (Y1, ..., Ym) be m-tuples such that z;, y; € [a,B,w; € R (1 =1,....,m). Also let H;; be the fundamental
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polynomials of the Hermite basis and the functions G.(c = 1,2,3,4) and £ be defined by (2.2)-(2.5) and
(3.3) respectively. Then

> wi f () szf (1) <Zwm Zwlyl>
=1
+ii:¢(i+2)( / lz wy (Ge(zy,t Gc(yz,t))] Hy;(t)dt

j=114=0

S - J D)
b —«

where the remainder REM(f; «, B) satisfies the estimation

/ £(s)ds + REM(f; «, ), (3.7)

1
2

/B — | B
IREM(f; a, B)| < e (AL, £)]? / (s —a)(B — s)[f "V (s)]Pds (3.8)
V2 o
Proof. Comparing (3.7) and (2.13) we have
REM(f;, ) = (8 — a) AL, /™).
Applying Theorem 3.1 on the functions £ and f(™) we obtain (3.8). O

The integral version of the above theorem can be stated as:

Theorem 3.4. Let —0 < a < f < o0 and a < a1 < ag--+ < ar < B, (r > 2) be the given points,
and f € C™(la, B]) such that (- — a)(B — )[f™tV]? € Lia,B] and x,y : [a,b] — [a,B], w : [a,b] — R be
continuous functions. Also let H;; be the fundamental polynomials of the Hermite basis and the functions

G.(c=1,2,3,4) and J be defined by (2.2)-(2.5) and (3.4) respectively. Then

/ w(r) fx(r))dr — / () F ()T = ( / w(r)e(r)dr — / fumy(r)dT) £ (@)

b r kj
/ w(r) (Ge(a(),1) — Gc(y(T)vt))dT‘| SO (ah) Hij(t)dt

j=11i=0
(n=1)(B) _ f(n-1) B ~
I il B) _é 2(e) /a 3(s)ds + REM(f; a, B), (3.9)
where the remainder REM(J‘; «, B) satisfies the estimation
B |8 3
REM(f; v, B)| < ’Bﬂ TG / (s —a)(B — s)[f™FV(s)%ds| . (3.10)

Using Theorem 3.2 we obtain the following Griiss type inequalities.

Theorem 3.5. Let —co < a < f <0 and a < a1 < az - < ap < B, (r > 2) be the given points, and

f € C™([ov, B]) such that f™ is monotonic non decreasing on [a, 8] and let £ be defined by (3.3). Then the
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representation (3.7) holds and the remainder REM(f; «, 8) satisfies the bound

(n—1) (n—1) (n—2) _ r(n—2)
REM(f; 0, 8)] < [1€/]lo {f S ARRIC AR L } . (3.11)
!
Proof. Since REM(f;, 8) = (8 — a) A(£, f™), applying Theorem 3.2 on the functions £ and f™) we get
(3.11). 0

Integral case of the above theorem can be given:

Theorem 3.6. Let —co < a < f< o0 and a < a1 < az--- < ap < B, (r > 2) be the given points, and
f € C™([ev, B]) such that f™) is monotonic non decreasing on o, 8] and let z,y : [a,b] — [, 8], w : [a,b] — R
be continuous functions and also G.(c = 1,2,3,4) and J be defined by (2.2)-(2.5) and(3.4) respectively. Then
we have the representation (3.9) and the remainder REM(f; o, 8) satisfies the bound

f("_l)(ﬁ) + f(n—l)(a) B f("_Q)(B) _ f(n—2) (a)}

. - (3.12)

REM(fi 00, 5)| < 191 {
We present the Ostrowski-type inequalities related to generalizations of majorization inequality.

Theorem 3.7. Suppose that all assumptions of Theorem 2.2 hold. Assume (u,v) is a pair of conjugate
exponents, that is 1 < u,v < oo, 1/u+ 1/v = 1. Let ‘f(")|u : la, B] — R be an R-integrable function for

some n € N. Then we have:

> wi f (w1) Zwlf ) <szxz ZWM)
=1

T k;
/ [sz (o1,t) = Gelyst ] 7D ) Hy @t < £ el (3.13)
“ J

j=1 =0

where £ is defined in (3.3).

The constant on the right-hand side of (3.13) is sharp for 1 < u < oo and the best possible for u = 1.

Proof. By using (3.3) we have

/ [i wy (Ge(z1,t) — Geyr,t))

Using the identity (2.13) and applying Holder’s inequality we obtain

dowif (m) =Y wif(w)
1= =1

Gan—2(t,s)dt, for c=1,2,3,4.

kj

m m ﬁ m T
- (Zwm Zw) f(@) - / [ w (Gela, 1) Gc(yzﬂf))] £+ (a;) Hij ()t
=1 =1 =1

a j=1i=0
B
/ S0 £ (1)dt

B
) (/ 2(t)|”dt>

o=

< Hf(n)
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1
For the proof of the sharpness of the constant (ff |£(t)|vdt) " is analog to one in proof of Theorem 11
in [1]. O

Integral version of the above theorem can be given as:

Theorem 3.8. Suppose that all assumptions of Theorem 2.3 hold. Assume (u,v) is a pair of conjugate
exponents, that is 1 < u,v < oo, 1/u+ 1/v = 1. Let ‘f(")|u : la, B] = R be an R-integrable function for

some n € N. Then we have:

B b r kj
—/ [/ w(7) (Gc(w(T)ﬂf)—Gc(y(T)J))dT] SO U (ag) Hij(t)dt

j=1i=0

< wa

3l (3.14)

I
u
where J is defined in (3.4).

The constant on the right-hand side of (3.14) is sharp for 1 < u < oo and the best possible for u = 1.

4. n—EXPONENTIAL CONVEXITY AND EXPONENTIAL CONVEXITY

We begin this section by giving some definitions and notions which are used frequently in the results. For

more details see e.g. [5], [9] and [14].

Definition 4.1. A function f: I — R is n-exponentially convez in the Jensen sense on I if

" T+ x;

Sk f (23) >0,

i,j=1

hold for all choices &1,...,&, € R and all choices x1,...,z, € I. A function f: 1 — R is n-exponentially

convez if it is n-exponentially convex in the Jensen sense and continuous on I.

Definition 4.2. A function f : I — R is exponentially convez in the Jensen sense on I if it is n-exponentially
convez in the Jensen sense for all n € N.
A function f : I — R is exponentially convex if it is exponentially convex in the Jensen sense and

continuous.

m
Proposition 4.1. If f : [ — R is an n-exponentially convex in the Jensen sense, then the matrix [f (HTIQ }

is a positive semi-definite matriz for all m € N,m < n. Particularly,

det [f (x J; mj)] >0,
ij=1

forallmeN, m=1,2,...,n.

ij=1
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Remark 4.1. It is known that f: [ — RT is a log-convex in the Jensen sense if and only if

o2 f(z) + 20 ﬁf( >+B 1) =

holds for every «, 8 € R and z,y € I. It follows that a positive function is log-convex in the Jensen sense if
and only if it is 2-exponentially convex in the Jensen sense.

A positive function is log-convex if and only if it is 2-exponentially convex.

Motivated by inequalities (2.19) and (2.21), under the assumptions of Theorems 2.4 and 2.5 we define the

following linear functionals:

()= w f () = szf ) (Zwm ZMM)
=1
/ lZwl (i, t) = Ge(yist ] ZZJC(H_Z) H;;(t)dt, ¢=1,2,3,4,

j=1 =0
(4.1)
and
b b b
Ha(f) = [w(nf(a(r)dr = [wlr)(y(r)dr - ( G ym)dT) £ @)
5 , . (4.2)
-/ [ / w(r)(Gcm(T),t)—Gc<y<T>,t>>dr] O (a0 Hyy(t)dt, e =1,2,3,4
a a j=11i=0

Remark 4.2. Under the assumptions of Theorems 2.4 and 2.5, it holds H;(f) > 0, i = 1, 2, for all n—convex

functions f.

Lagrange and Cauchy type mean value theorems related to defined functionals are given in the following

theorems.

Theorem 4.1. Let f : [a, 8] — R be such that f € C"[«, B]. If the inequalities in (2.18) (i = 1) and (2.20)
(i = 2) hold, then there exist & € [a, O] such that

Hi(f) = f™(&)Hi(e), i=1.2, (4.3)
where p(x) = %T,L and H;, i = 1,2 are defined by (4.1) and(4.2).
Proof. Similar to the proof of Theorem 4.1 in [10]. O

Theorem 4.2. Let f,g: [a, 8] = R be such that f,g € C"|a, B]. If the inequalities in (2.18) (i = 1), (2.20)
(i = 2), hold, then there exist &; € [, 5] such that

() _ 7€)
Hi(g) ¢ (&)’
provided that the denominators are non-zero and H;, i = 1,2, are defined by (4.1) and(4.2).

i=1,2, (4.4)
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Proof. Similar to the proof of Theorem 4.2 in [10]. O

Now we will produce n—exponentially and exponentially convex functions applying defined functionals.

We use an idea from [14]. In the sequel J will be interval in R.

Theorem 4.3. Let Q = {f; : t € J}, where J is an interval in R, be a family of functions defined on
an interval [o, 8] such that the function t — [xg,...,%n; ft] is n—exponentially convex in the Jensen sense
on J for every (n + 1) mutually different points xg,...,z, € [a,B]. Then for the linear functionals H;(f;)
(i =1,2) as defined by (4.1) and (4.2), the following statements hold:

(i) The functiont — H;(f;) is n-exponentially convez in the Jensen sense on J and the matriz [Hi(ftj;—tl M=
s a positive semi-definite for all m € Nym <mn, t1,..,t,, € J. Particularly,
det[H; (fe;+4,)]7721 =0 for allm € N, m =1,2,....,n.
2

(ii) If the function t — H;(f;) is continuous on J, then it is n-exponentially convex on J.

Proof. The proof is similar to the proof of Theorem 23 in [2]. |

The following corollary is an immediate consequence of the above theorem.

Corollary 4.1. Let Q = {f, : t € J}, where J is an interval in R, be a family of functions defined on an
interval [, 8] such that the function t «— [xo, ..., zy; ft] is exponentially convex in the Jensen sense on J for
every (n + 1) mutually different points xq, ..., x, € [a, B]. Then for the linear functionals H;(f;) (i = 1,2)
as defined by (4.1) and (4.2), the following statements hold:

(i) The functiont — H;(f;) is exponentially convex in the Jensen sense on J and the matric [H,(f#)];”l:l

is a positive semi-definite for all m € Nym < n, t1,..,t,, € J. Particularly,
det[H; (fe;+4)]721 >0 for allm € N, m =1,2,....,n.
—=
(ii) If the function t — H;(f;) is continuous on J, then it is exponentially convex on J.

Corollary 4.2. Let Q = {f, : t € J}, where J is an interval in R, be a family of functions defined on an

interval [a, B] such that the function t «— [z, ..., Zy; ft] is 2-exponentially convex in the Jensen sense on J

for every (n + 1) mutually different points xqg,...,x, € [a, ). Let H;, i = 1,2 be linear functionals defined
by (4.1) and (4.2). Then the following statements hold:

(i) If the function t — H;(ft) is continuous on J, then it is 2-exponentially convex function on J. If

t — H,;(f:) is additionally strictly positive, then it is also log-convex on J. Furthermore, the following

inequality holds true:

[ (fo)])" < [HL(F)) ™ [Ha(f)]" ", i=1,2,
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for every choice r,s,t € J, such that r < s < t.
(ii) If the function t — H;(f;) is strictly positive and differentiable on J, then for every p,q,u,v € J,

such that p < u and g < v, we have

fp,q (Hiy €2) < gy o (B, ©2), (4.5)
where
1
Hi(fp) ) P-4
fip.q(H;, Q) = <Hi(fq})m(fp; pre (4.6)
eXp( 7, )  P=0
for fp, fq € S2.
Proof. The proof is similar to the proof of Corollary 2 in [2]. O

Remark 4.3. Note that the results from Theorem 4.3, Corollary 4.1 and Corollary 4.2 still hold when two
of the points xo,...,x; € [a, f] coincide, say x1 = xg, for a family of differentiable functions fi such that
the function t — [xq,...,21; ft] 48 an n-exponentially convex in the Jensen sense (exponentially convex in
the Jensen sense, log-convex in the Jensen sense), and furthermore, they still hold when all (I + 1) points
coincide for a family of | differentiable functions with the same property. The proofs are obtained by suitable

characterization of convexity.

5. APPLICATIONS

In this section, we give some applications of our generalized results about the upper bounds as well as
exponential convex functions.

Firstly, we consider some related analytical inequalities by using our generalized results of upper bounds.

Example 5.1. By using Ostrowski-type inequality (3.13) for n = 4 as an upper bound of our generalized
results,
o let f(z) =€, x €R, then
1

0<| Zwleml — Zwleyl — Zwm — Zwlyl e —GH, |[< ———— || £ ||+,
1=1 1=1 1=1 1=1

Uuw

o let f(x) =2x", [0,00) forr > 3, then

m m m
0<| Zwlcx} - <Z wyT; — Zwlyl> ra” ' — GH, |
1=1 1=1 =1

ot S o) 5,
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o let f(z) =xzlogz, x € (0,00), then

0<| > walogz — Y wyilogy — <Z wyr; — ZWM) (loga + 1) — GHL, |
=1 =1

=1 =1

2 —3u “3u\w
Sm(ﬂl S _ ol 3) Il £ 1o

o let f(x) = —logz, x € (0,00), then

m m m m
O§|Zw110gyl—zwl10g$l+(Zwlxl Z lZJl)-GH |
=1 I=1

=1 =1

6 Cte 1—duyd
s R

r kj

where, GH. = ff [Zlﬂll wi (Gc(xlvt) (yh ))] E Zf(i+2)(aj)Hij(t)dt7 (C = 1727374)) and Q(S) =

j=1i=0
J2 I wi (Gelar, t) — Ge(yis )] Grra(t, s)dt.

We can also give the particular cases of above results for u =1 and v = co.
Now, we construct exponentially convex function by using family of convex functions defined on (0, 00):

Example 5.2. Let

E; ={6,:(0,00) = (0,00) : v € R}

be a family of continuous convex functions defined by

e, v #0;
0y(z) =
%, v =0.

We have v — (Q”T(‘T))H (t € R) is exponentially convex for every fized x € R. Using analogous arguing as
in the proof of Theorem 4.3 we also have that v — 0,[z0, ..., 2] is exponentially conver (and so exponentially
convex in the Jensen sense). Using Corollary 4.1 we conclude that v — H;(0,) is exponentially convex in
the Jensen sense. It is easy to verify that this mapping is continuous (although mapping v — 6, is not
continuous for v =0), so it is exponentially conver.

For this family of functions, p, 4 (E1,H;) from (4.6), becomes

(H<9§ 7‘1, p#q,
fip.q(Hi, E1) P( Hde)*%> p=q#0,
p(% i )), p=q=0,

where id is the identity function.
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Now using (4.5), pp,q is monotone function in parameters p and q.
1

2
a20,

P—a
We observe here that <‘“2> (Inz) = x so using Theorem 4.2 it follows that

2
d20g
da?

Mp.q (Ei, Hy) = Inpp.q (Eq, H;),

satisfies
a< Mp,q(ElaHi) < 67 1= 132
This shows that M, ,(Eq1,H;) is mean. Because of the above inequality (4.5), this mean is also monotonic.

Remark 5.1. We can construct other examples for exponentially convexr functions as FExample 2 for the

families of continuous convez functions:

[}
Eo = {p : (0,00) > R: t € R}
where,
ot
tt—1)° 3 7& 0711
pe(r) = ¢ —zlogz, t =0;

Es = {Xt : (Oa OO) - (0,00) tte (0,00)}

where,

e t#L

xe(z) =
3
5 t=1.
[ ]
Ey = {0, :(0,00) = (0,00) : t € (0,00)}
where,
re T t
oi(x) = n
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