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ABSTRACT. In this paper, we obtain the weighted mean and weighted Gaussian curvatures of surfaces of
Lo . . . 2 2 2 . X

revolution in Galilean 3-space with density e®1%~+@2¥"+a32% g, q5 a3 € R not all zero. Also, we investigate

some cases of weighted minimal surfaces of revolution according to a;, ¢ = 1,2, 3 and weighted flat surfaces

of revolution.

1. Introduction

The geometry of surfaces of revolution is an important studying area for geometers and it has been
studied widely in Euclidean 3-space E?, Lorentz-Minkowski space E?, Galilean 3-space Gi3, pseudo-Galilean
3-space G} and also in higher dimensions of these spaces. In these studies, the authors have investigated
lots of characterizations about surfaces of revolution, but one of the most important characterization is
minimal and flat surfaces of revolution. The catenoid which is obtained by rotating a catenary is the
most famous minimal surface of revolution. For another characterizations of surfaces of revolution, we refer

to [1, [3], 5], [6], [7], 8], [11], [12], [14] and etc.
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On the other hand, the geomerty of weighted manifold with density is a new studying area for geometers.
In this sense, the weighted mean curvature Hg, which is also called ¢-mean curvature, of a surface in Euclidean
3-space E3 with density e? has been introduced in [9] and it is given by H, = H — % (N, Vo), where H is
the mean curvature, IV is the unit normal vector of surface and V¢ is the gradient of ¢. The weighted mean
curvature is a natural generalization of the mean curvature of a surface and a surface with Hy = 0 is called
a weighted minimal surface or a ¢-minimal surface.

Also in [2], the authors have introduced the notion of weighted Gaussian curvature or ¢-Gaussian curvature
of a surface which is a generalization of the Gaussian curvature of a surface in a manifold with density e
and they have defined it as G4 = G — A¢. Here, G is the Gaussian curvature of a surface and A is the
Laplacian operator. If a surface’s weighted Gaussian curvature is zero everywhere, then we call it a weighted
flat surface or ¢-flat surface.

In [18], the translation surfaces in G5 with a log-linear density have been studied and such a surface with
vanishing weighted mean curvature has been classified. In [13], the authors have considered the Euclidean
3-space E® with a positive density function e?, where ¢ = —2% —y?, (2,y,2) € E? and they have constructed
all the helicoidal surfaces in the space by solving the second-order non-linear ordinary differential equation
with the weighted Gaussian curvature and the mean curvature functions. Also in [10], the authors have
studied the ruled surfaces and translation surfaces in E® with density e* and as a generalization of this
density, Lopez has used a linear density e®*t0¥+¢* ¢ b ¢ € R and classified weighted minimal translation
and cyclic surfaces in E3 [15].

In the present paper, we obtain the weighted mean curvature and weighted Gaussian curvature of three
types of surfaces of revolution in Galilean 3-space with density e“1$2+a2y2+“322, a; € R not all zero and
investigate some cases of weighted minimal surfaces of revolution according to a;, i = 1,2,3 and weighted

flat surfaces of revolution. Also, we draw the obtaining surfaces of revolution with the aid of Mathematica.

2. Preliminaries

The Galilean space G is a Cayley-Klein space equipped with the projective metric of signature (0,0, 4, +).
The absolute figure of the Galilean geometry consists of an ordered triple {w, f, I}, where w is the ideal
(absolute) plane, f the line (absolute line) in w and I the fixed elliptic involution of points of p.

A vector x = (21,9, x3) in G is isotropic if 1 = 0 and non-isotropic otherwise. So, for affine ccordinates
(z,y, z), the y-axis and z-axis are isotropic while the z-axis is non-isotropic. Also, the yz-plane is Euclidean
and the xy-plane and zz-plane are isotropic. If x = (21,22, 23) and y = (y1,y2,y3) are two vectors in Gs,

then the Galilean scalar product of x and y is defined by

T1Y1, ifxy #0or y; #0,

Toys + x3y3, if z;1 =0 and y; = 0.

<X’ Y> =
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So, the Galilean norm of a vector x in G is ||x|| = \/(x,x) and the vector x is a unit vector if ||x|| = 1. The

Galilean cross product of x and y is defined by

0 €9 €3
XXY=|x1 X2 x3
Yy Y2 Y3

For a more detailed treatment about Galilean space, we refer to [3], [4], [16], [17], [18] and etc.

Furthermore, let M be a surface in G5 parametrized by
T(u',u?) = (z(ut,u?), y(ut, u?), 2(ut, u?)).

Then, the unit normal vector N of the surface is defined by

Tr r
N = ! X ,2’
w
where w = Iy x o and I'; = 2% (u!, u?) for i € {1,2}. The coefficients of the second fundamental form

are given by

oo (Lara—wala o\ [Tare —wile
Y L1 ’ T2 ’ .

) )

Analogous to Euclidean space, in [16], the mean curvature H and the Gaussian curvature K of the surface

are defined by
Ly Loy — L3,

2 b

2
1 ii
_FI:5 E g]LZ] and K =

w
i,j=1

where ¢g" = g'g?, for i,j € {1,2} and g* = 22, g? = — %L,

w

Here we always assume that the surface is admissible, that is, its tangent space is nowhere an Euclidean

plane (for detail, see [3]).

3. Weighted Minimal and Weighted Flat Surfaces of Revolution in G35

. . 2 2 2
with Density e Taz2y"tasz

In [3], the authors have constructed the surfaces of revolution in Galilean 3-space analogously to how that

is done in Euclidean 3-space and they have obtained 3 types of surfaces of revolution in Gs.

Since there are different kinds of planes in G3, we have to consider two possibilities for the supporting

plane of the profile curve which generates the surface of revolution. In this context, the profile curve lies in

an Euclidean plane or it lies in an isotropic plane.

In order to construct a surface of revolution in G, we use two types of rotations which are defined as

follows:
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An FEuclidean rotation about the non-isotropic z-axis is given by

x' 1 0 0 T
y | =] 0 cos#; sinb; vy |
2 0 —sinf; cos6; z

where 6; is the Euclidean angle and an isotropic rotation is given by

x 1 0 0 x clsy
y | =6 1 0 y |+ £062)* |
z 0 0 1 z 0

where 65 is the isotropic angle and ¢ € R.

3.1. Weighted Minimal and Weighted Flat Type I Surfaces of Revolution in G3.

Type I surface of revolution has constructed with the aid of an isotropic rotation as

Fr(u,v) = (ev, f(u) + 507, g(w), (3.1)

where the profile curve « lies in the Euclidean yz-plane and it is parametrized by a(u) = (0, f(u), g(w)) [3].

Here, f and g are real functions and we assume that, the profile curve « is given by the arc length, that is
() +g*(u) =1, Yu e I. (3.2)

Using (3.2), we obtain the mean curvature and Gaussian curvature of (3.1) as

_ (W' () = L") g =L Hc(“), (3.3)

H

respectively. On the other hand, the unit normal vector N of the surface (3.1) is

N = (0,g'(u), = f'(u)). (3-4)

Assume that, M is the surface in G with density e?, ¢ = a12? + a2y® + a32>, a1,az,a3 € R not all zero.
Then, for this density, from (3.1)-(3.4) the weighted mean curvature and the weighted Gaussian curvature

can be obtained as

"/ ! 1
_ c
Hy = Mf < (arev,as(f + §1;2)’a3g)7 0,9, —f") > (3.5)
and
fl/
K¢ = ? _2((11 +(l2+a3), (36)
respectively.

Firstly, let us assume that the surface of revolution (3.1) is weighted minimal, i.e., Hy = 0. Then, from

(3.5) we have
"9 = f'9" =2 < (arev,as(f + 50%),a39), (0.9, —J') >=0. (3.7)

Now, we'll investigate some cases of weighted minimal surfaces of revolution (3.1) according to a;, i = 1,2, 3.
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If ay # 0, then from (3.7) we get
"9 = f'g"=0. (3.8)
Here, using (3.2) in (3.8) we obtain

flu) =cru+co (3.9)

and using (3.9) in (3.2) we get

g(u) = /1 —cu+cs, (3.10)

where c1, co, c3 € R. Hence, we have

Theorem 3.1. Let M be a weighted minimal type I surface of revolution in Galilean 3-space with density

2 2 2 .
e ® Fazy+asz" phere a1 # 0, ay and az are constants. Then, M can be parametrized by

Iy(u,v) = (cv,clu—l—cz—i—ng,\/l—C%u+63), (3.11)

for some constants ¢, ¢1 ,co and cs3.

In Figure 1, one can see the surface of revolution (3.11) for c=4, ¢; =1/2, ¢o = 2 and c3 = 3.

FIGURE 1.

If a; = 0, then from (3.7) we get
1"g = '9" = 2(as(fg + 50%) — asf'g) = 0. (3.12)
Taking az = 0 in (3.12) and using (3.2), we get
9" —2a39(1 = (¢')*) = 0. (3.13)

The equation (3.13) is a second-order nonlinear ordinary differential equation and g(u) = u + ¢4, ¢4 € R, is

a special solution for it. So, for this special solution, from (3.2) we get f(u) = ¢s5, c5 € R. Hence, we have
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Theorem 3.2. Let M be a weighted minimal type I surface of revolution in Galilean 3-space with density

6“322, where ag s a non-zero constant. Then, M can be parametrized by
c
Tr(u,v) = (cv,c5 + 5112, u+ cq), (3.14)
for some constants ¢, ¢4 and cs.

In Figure 2, one can see the surface of revolution (3.14) for ¢ =1, ¢4 = 2 and ¢5 = 3.

FIGURE 2.

Now, let us investigate the weighted flat surfaces of revolution (3.1). If the surface of revolution (3.1) is

weighted flat, i.e., Ky = 0, then from (3.6) we have

" —2c(ar + az +a3) = 0. (3.15)
From (3.15), we have
f(u) = eru® + cou + ¢7 (3.16)
and using (3.16) in (3.2), we have
g(u) = :Fﬁ((cG + 2cru) \/1 — ¢ — decgru — 4c2r2u? + arcsin(cg + 2cru)) + cs, (3.17)

where r = a1 + a2 + a3 and ¢, cg, c7, cg are constants. Hence, we have

Theorem 3.3. Let M be a weighted flat type I surface of revolution in Galilean 3-space with density

2 2 2 .
et1@ Fa2y +asz® g a5 a3 € R not all zero. Then, M can be parametrized by

T (u,v) = (cv, eru? + cou + c7 + gv2, (3.18)

1
F 4—((06 + 2cru) \/1 — & — decgru — 4c?r?2u? + arcsin(cg + 2cru)) + cs),
cr

for some constants c, cg, c7, cs and r = a1 + as + as.
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Figure 3 shows the weighted flat type I surface of revolution (3.18) for r =6, c =4, ¢g = 1, ¢; = 2 and

68:3.

FIGURE 3.

3.2. Weighted Minimal and Weighted Flat Type II Surfaces of Revolution in Gj3.

Type II surface of revolution can be obtained with the aid of an isotropic rotation as
Trr(u,v) = (u+ cv, g(u), uv + gv2), (3.19)

where the profile curve « lies in the isotropic zy-plane and it is parametrized by a(u) = (f(u), g(u),0) [3].

Here, f and g are real functions and we assume that, the profile curve « is given by the arc length, that is
f?(u)=1,Yu e I (3.20)

We obtain the mean curvature and Gaussian curvature of (3.19) as

_ —Cug" (W) —g' W) e Y (w)(ug"(w) — g'(u))

= , 3.21
2(’LL2 + c2(g’(u))2)% (’LL2 + c2(g’(u )2)2 ( )
respectively. On the other hand, the unit normal vector N of the surface (3.19) is
1 /
N = (0, —u, —cg' (u)). (3.22)

u? + (g (u))?
Assume that, M is the surface in G5 with density e?, ¢ = a 2 + asy® + azz?. Then, for this density, from

(3.19)-(3.22) the weighted mean curvature and the weighted Gaussian curvature can be obtained as

_C2(ug// _ g/) 1
2 + () VPR

Hy = < (a1(u+ cv), azg, as(uv + §v2)), 0, —u, —cg") > (3.23)

and
ng/(ug“ g/) 1
¢ (u? +c%(g')?)? Aontaatas) 220

respectively.



Int. J. Anal. Appl. 16 (3) (2018) 421

Firstly, let us assume that the surface of revolution (3.19) is weighted minimal, i.e., Hy = 0. Then, from

(3.23) we have
A(ug” —g') +2(u* + 2(g')?) < (a1 (u+ cv), azg, az(uv + ng)), (0,—u, —cg") >=0. (3.25)

Now, we’ll investigate some cases of weighted minimal surfaces of revolution (3.19) according to a;, i = 1,2, 3.
If ay # 0, then from (3.25) we get
A(ug” —g') =0. (3.26)
So, from (3.26) we get
c

g(w) = S + ez, (3.27)

where c¢q, co € R. Hence, we have

Theorem 3.4. Let M be a weighted minimal type Il surface of revolution in Galilean 3-space with density

e“1w2+“2y2+a3z2, where a1 # 0, ay and as are constants. Then, M can be parametrized by
€1 2 € 2
Trr(u,v) = (u+ cv, U +C2,U/U+§U ), (3.28)
for some constants ¢, ¢1 and cs.

The shape of the surface of revolution (3.28) for ¢ = 3, ¢; = 1 and ¢o = 2 can be seen in Figure 4 as

follows:

FIGURE 4.
If a; = 0, then from (3.25) we get
A(ug” — g') + 2w + (g")?)(—agug — azcg’ (wv + §v2)) =0. (3.29)
Taking az = 0 in (3.29), we get
A(ug” — g') = 2a2ug(u® + ¢*(¢')%) = 0. (330)

Hence, we have
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Theorem 3.5. Let M be a weighted flat type Il surface of revolution in Galilean 3-space with density 6a2y2,
where ag is a non-zero constant. Then, the real function g which is in (3.19) must satisfy the second-order

nonlinear ordinary differential equation (3.30).

Now, let us investigate the weighted flat surfaces of revolution (3.19). If the surface of revolution (3.19)

is weighted flat, i.e., Ky = 0, then from (3.24) we have
g (ug” — g') = 2r(u? + *(¢')*)* = 0, (3.31)
where r = a1 + a2 + a3. From (3.31), we have

/2

Rug'g” — g — 2t — drudctg? — 27,049’4 = 0. (3.32)

Taking p(u) = ¢'(u) in (3.32), we get

V=2rut —u? — 2c2cqu?
u) = 3.33
plu) = VoV EruZ + crey ( )

and integrating (3.33), we have

V2arcsin h(v2vru? + 2eg)Vru® + c2ey
+2(ru? + c2eq)V2ru + 2c2cy + 1
421/ —u(2ru? + 2c2cq + 1)/ 2ru? + cfey

uV2ru? + 2c2¢4 + 1

glu) == , (3.34)

where r = a1 + as + as, ¢ and ¢4 are constants. Hence, we have

Theorem 3.6. Let M be a weighted flat type II surface of revolution in Galilean 3-space with density

2 2 2 .
@ Fa2y +asz” g qs a3 € R not all zero. Then, M can be parametrized by

Tr(u,v) = (u+ cv, (3.35)

V2arcsin h(v2vru? + cZey)Vru? + ey

+2(ru? + ccq)V2ruZ + 2c2c4 + 1
+ )
4N2r\/—u2(2ru? + 2c2cq + 1)V 2ru? + cley

uv2ru? + 2c%c4 + 1

)
uv+2v ),

for some constants ¢, ¢4 and r = a1 + az + as.

Figure 5 shows the weighted flat type II surface of revolution (3.35) for r = —6, ¢ = 2 and ¢4 = 1.
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—0.02
0.00 ¢ o2

FIGURE 5.

3.3. Weighted Minimal and Weighted Flat Type III Surfaces of Revolution in Gs.

Type III surface of revolution can be obtained with the aid of an Euclidean rotation about the axis x as
Trrr(u,v) = (u, g(u) cosv, —g(u) sinv), (3.36)

where the profile curve « lies in the isotropic zy-plane and it is parametrized by a(u) = (f(u), g(u),0) [3].

Here, f and g are real functions and we assume that, the profile curve « is given by the arc length, that is
) =1,Vuel. (3.37)

Now, we obtain the mean curvature and Gaussian curvature of the surface of revolution (3.36) as

R SR N ()
H=—g 0 d K= OR (3.38)

respectively. On the other hand, the unit normal vector N of the surface (3.36) is

N = (0,cosv, —sinv). (3.39)

Assume that, M is the surface in G5 with density e?, ¢ = ayx? + asy® + azz®. Then, for this density, from

(3.36)-(3.39) the weighted mean curvature and the weighted Gaussian curvature can be obtained as

H, = 557 < (aru, asg cosv, —azgsinw), (0, cos v, — sinv) > (3.40)
g
and
9" (u)
Ky=-— —2a1—|—a2—|—a3, 3.41
o= = ) (3.41)
respectively.

Firstly, let us assume that the surface of revolution (3.36) is weighted minimal, i.e., Hy = 0. Then, from
(3.40) we have

1
2—+ < (a1u, azg cosv, —asgsinv), (0,cosv, —sinv) >=0 (3.42)
g

Next, we’ll investigate some cases of weighted minimal surfaces of revolution (3.36) according to a;, i = 1,2, 3.
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If a; # 0, then from (3.42) we get
~ 0 (3.43)

and this is a contradiction. Hence, we have

Theorem 3.7. There is no weighted minimal type III surface of revolution in Galilean 3-space with density

2 2 2
ed1@ Faxy +asz® yhere ay # 0, ag and az are constants.

If a; = 0, then from (3.42) we get

1 2 s

5% + agg cos” v + azgsin®v =0 (3.44)
Taking as = a3 = a # 0 in (3.44), we get

g(u) = ;,/—% La<0. (3.46)

Theorem 3.8. Let M be a weighted minimal type III surface of revolution in Galilean 3-space with density

and so,

Hence, we have

ea(yz"’ZZ), where a < 0 is a constant. Then, M can be parametrized by

/1 [ 1
Trrr(u,v) = (u, F —gcosvglz —gsmv). (3.47)

The shape of the surface of revolution (3.47) for a = —1 is given in Figure 6.

FIGURE 6.

Now, let us investigate the weighted flat surfaces of revolution (3.36). If the surface of revolution (3.36)

is weighted flat, i.e., Ky = 0, then from (3.41) we have

g//
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where r = a1 + a2 + a3. From (3.48), we have
g(u) = ¢ cos(V2ru) + cosin(v2ru). (3.49)
Hence, we have

Theorem 3.9. Let M be a weighted flat type III surface of revolution in Galilean 3-space with density

ea112+a2y2+‘13z2, a1, as,as € R not all zero. Then, M can be parametrized by
Crrr(u,v) = (u, (¢ cos(V2ru) + co sin(v2ru)) cos v, —(c1 cos(V2ru) + co sin(v2ru)) sinv) (3.50)

for some constants ¢y, co and r = a1 + as + as.

Figure 7 shows the weighted flat type III surface of revolution (3.50) for r =2, ¢; = 1 and ¢3 = 3.

FIGURE 7.
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