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ABSTRACT. The purpose of this paper is to introduce and study new separation axioms by using the notions

of a-open and a-bioperations. Also, we analyze the relations with some well known separation axioms.

1. Introduction

The study of a-open sets was initiated and explored by Njastad [8]. Maheshwari and Thakur [7] and
Maki, Devi and Balachandran [6] introduced and studied a new separation axiom called a-separation axiom.
Ibrahim [2] introduced and discussed an operation of a topology aO(X) into the power set P(X) of a space
X and also he introduced the concept of c,-open sets. Khalaf, Jafari and Ibrahim [4] introduced the notion
of aO(X, 7')[%7/], which is the collection of all v, ,/-open sets in a topological space (X, 7) and also they

defined the a[%ﬂ—Ti [5] (i =0, %7 1,2) in topological spaces. In this paper, the author introduce and study

1

the a(,wf)—Ti spaces (i = 0, 5,1, 2) and investigate relations among these spaces.

2. Preliminaries

Throughout this paper, (X, 7) represent nonempty topological space on which no separation axioms
are assumed, unless otherwise mentioned. The closure and the interior of a subset A of X are denoted
by CI(A) and Int(A), respectively. A subset A of a topological space (X,7) is said to be a-open [8] if

A C Int(Cl(Int(A))). The complement of an a-open set is said to be a-closed. The intersection of all
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a-closed sets containing A is called the a-closure of A and is denoted by aCIl(A). The family of all a-open
(resp. a-closed) sets in a topological space (X, 7) is denoted by aO(X,7) (resp. aC(X,7)). An operation
v:aO0(X,7) — P(X) [2] is a mapping satisfying the condition, V' C V7 for each V € aO(X, 7). We call the
mapping v an operation on aO(X, 7). A subset A of X is called an a4-open set [2] if for each point z € A,
there exists an a-open set U of X containing x such that U C A. The complement of an a,-open set is
called a-closed. The set of all ay-open sets of X is denote by aO(X, 7),. An operation v on aO(X, 1) is
said to be a-regular [2] if for every a-open sets U and V containing x € X, there exists an a-open set W
containing x such that W7 C U NV7. An operation v on aO(X,7) is said to be a-open [2] if for every
a-open set U containing « € X, there exists an a-open set V' of X such that x € V and V C U7. A subset
A of X is said to be [y '1-0PEN [4] if for each = € A, there exist a-open sets U and V of X containing x

such that UTNV?Y" C A. A subset F of (X, 7) is said to be oy, p-closed if its complement X'\ F'is «f,, ./ -open.

’
7]

We recall the following definitions and results from [3].

Definition 2.1. A non-empty subset A of (X, 7) is said to be a, ./)-open if for each z € A, there exist
a-open sets U and V' of X containing x such that UY U VY C A. A subset F of (X, 7) is said to be
a(,m/)—closed if its complement X \ F is Q(y,)-OPEN. The set of all Q(y,')-ODEN sets of (X, 7) is denoted by

aO(X, T)('Yv'yl).
Definition 2.2. Let A be a subset of a topological space (X, 7). The intersection of all @y, )-Closed sets

containing A is called the o, +)-closure of A and denoted by «, .\-Cl(A).

Definition 2.3. For a subset A of (X,7), we define aCl, ./ (A) as follows: aCl, \(A) = {z € X :

7')
(UYUWY)N A # ¢ holds for every a-open sets U and W containing z}.

Proposition 2.1. If A is Q(y,4')-OPED, then A is ay-open for any operation 7,.

Proposition 2.2. For a point = € X, z € o -Cl(A) if and only if V N A # ¢ for every (4 y-OPen set

v

V' containing x.
Remark 2.1. If v and 7/ are a-regular operations, then aO(X, T)(Am/) forms a topology on X.
Proposition 2.3. If A is @(y "y-OPen, then A is a-open.

Definition 2.4. A subset A of (X, T) is said to be an o,/ -generalized closed (briefly, a(,m/)—g.closed) set
if oy ) -CU(A) CU whenever AC U and U is an o, 1 -open set in (X, ).

Remark 2.2. Every a(%,y/)-closed set is a(%,y/)—g.closed.

Proposition 2.4. For each z € X, {z} is o, ,/)-closed or X \ {z} is a(, ,/)-g.closed in (X, 7).
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Proposition 2.5. The following statements (1), (2) and (3) are equivalent for a subset A of (X, 7).
(1) Ais a, ./ -g.closed in (X, 7).
(2) g, ,-Cl({z}) N A# ¢ for every x € o, )-Cl(A).

(3) a(y)-Cl(A) \ A does not contain any non-empty «, ./ -closed set.

Definition 2.5. A topological space (X, 7) is said to be:

(1) a-Ty [6] if for any two distinct points x,y € X, there exists an a-open set U such that either z € U
andy¢UoryeUandz ¢U.

(2) o-T [6] if for any two distinct points x,y € X, there exist two a-open sets U and V containing x
and y, respectively, such that y ¢ U and « ¢ V.

(3) a-Ty [7]) if for any two distinct points z,y € X, there exist two a-open sets U and V' containing z
and y, respectively, such that UNV = ¢.

(4) o-Ty [1] if every (c,o0)-g-closed set(X,7) is a-closed.

Definition 2.6. [5] A topological space (X, 7) is said to be:
(1) Oé[am']-To if for each pair of distinct points x,y in X, there exist a-open sets U and V such that
xGUﬂVandy¢UWQVVI,oryEUﬂVandz¢U7ﬂV7/.

(2) a -T1 if for each pair of distinct points x,y in X, there exist a-open sets U and V' containing x

[v]
and a-open sets W and S containing y such that y ¢ U7 N V"Y, and z ¢ W7 N S’V/.

(3) a1
and a-open sets W and S containing y such that (U"NVY )N (W7YNS7Y ) = ¢.

-T5 if for each pair of distinct points x,y in X, there exist a-open sets U and V' containing =

Proposition 2.6. [5] A topological space (X, 7) is T if and only if for each z € X, {z} is either

ahﬁ/]-closed or aj, ,/j-open.

3. Qy ,y/)—SEPARATION AXIO0MS

Throughout this section, let v and 'y/ be operations on aO(X, 7).

Definition 3.1. A topological space (X, 7) is said to be:
(1) a4y Ty if every o, s -g.closed set is a, ,/)-closed.
(2) a(vﬁl)—To if for each pair of distinct points z,y in X, there exist a-open sets U and V such that
xeUNVandyg¢UTUVY joryeUNVandaz ¢ U"UVT .
(3) (4T if for each pair of distinct points z,y in X, there exist a-open sets U and V' containing z
and a-open sets W and S containing y such that y ¢ UYUV?Y and z ¢ WY U S .
(4) a(%,y/)—Tg if for each pair of distinct points z,y in X, there exist a-open sets U and V containing z

and a-open sets W and S containing y such that (U7 U V’Y/) Nnwru SV/) = ¢.
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Remark 3.1. It follows from Remark 2.2 that (X, 7) is a(, ,/)-T1 if and only if the a(, +)-g.closedness

")

coincides with the a(777/)—closedness.

Remark 3.2. For any two distinct points x and y of a space, the a(wﬁr)—T o-axiom requires that there exist
a-open sets U, V, W and S satisfying one of the following conditions :

(1) zeUNV,yeWnS,y¢U UV andz ¢ WIUS” .

2) 2€UNV,2eWNS,y¢ U UV andy¢ WIUSY .

3) yeUNV,yeWnS, ¢ UYUVY andz ¢ WIUS7 .

4) yeUNV,2eWnS,z¢UTUVY andy ¢ WIUS” .

Proposition 3.1. Let (X, 7) be a topological space. If X is a(mvf)—To, then for each distinct points z,y in
X, there exists an a-open set W such that x e W and y ¢ WY NW? jorye W and x ¢ WYNW?Y .

Proof. Let x,y be two distinct points. Since X is a(,yﬂ/)—TO, then there exist two a-open sets U and V such
that:

Case : z e UNV and y ¢ U UV, or

Case 2: yeUﬂVandx%U”UV“/.
For Case 1 above, we have the following possible case, say Casel-1.

Case 1-1: z e UNV,y ¢UY and y ¢ V?'; that is, 2 € U and y ¢ U?. Then, z € U and y ¢ UY NU",
because UY MUY C U7 and y ¢ U7 hold.
Thus, for Case 1, we can say that there exists an a-open set W such that z € W and y € W7 N wY'.
For Case 2 above, we have the following possible case, say Case 2-1.

Case 2-1: ye UNV,x ¢ UY and = ¢ V7' that is, y € U and ¢ U7. Then, y € U and ¢ € U” nuY,
because U N U7 CU”Y and x € U hold.

Thus, for Case 2, we can say that there exists an a-open set W such that y € W and x ¢ WY N wY'. O

Proposition 3.2. A topological space (X,7) is oy Tt if and only if for each z € X, {«} is either

a(%ﬂ/)-closed or a(., ./)-Open.

Proof. Necessity: Suppose {z} is not @(,,,yclosed. Then, by Proposition 2.4, X \ {z} is Oy, )8-closed.
Since (X, 7) is ay Ty, X\ {z} is o, ,r)-closed, that is {z} is a(, s -open.
Sufficiency: Let A be any «, ./ -g.closed set in (X, 7) and « € o, /)-CI(A). It suffices to prove that z € A
for the following two cases:

Case 1. {z} is o, ,)-closed: for this case, by Proposition 2.5, it is shown that {z} Z a(, ,/)-CI(A) \ 4;
and so x € A.

Case 2. {z} is o, ,/)-open: for this case, we have that {z} N A # ¢ by Proposition 2.2 and so z € A.
-Th. ]

Hence, A is o, +)-closed; and so (X, 7) is o, /) 1
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Proposition 3.3. A topological space (X, 7) is (411 if and only if for each z € X, {z}is Q(y,4/y-Closed.

Proof. Necessity: Let  be a point of X. Suppose y € X \ {z}. Then, there exist a-open sets W and S
containing y and z ¢ W7 U s Consequently y € W7 U s7 C X\ {z}, that is X \ {z} is a(, ,/)-open.

Sufficiency: Let ,y € X with  # y. Now = # y implies y € X \ {z} and z € X \ {y}. Hence X \ {y} is an
Q(y,,')-OPen set containing x, so there exist a-open sets U and V' containing x such that U7 U V"Y, C X\{y}
Similarly X \ {z} is an Q(4,4/y-OPen set containing y, so there exist a-open sets W and S containing y such

that W7 U 7 C X'\ {z}. Accordingly X is an «a, /)-T7 space. O

Proposition 3.4. The following statements are equivalent for a topological space (X, 7).
(1) (X,7)1s ag, )T
(2) Letz € X. For each y # x, there exist a-open sets U and V' containing x such that y ¢ aC’l(Wﬁz)(UVU

V7).
(3) For each z € X, n{aCl, ,(U”U V'V/) U, VeaO(X,r)and z e UNV} = {z}.

Proof. (1) = (2): Let x € X. For each y # z, it follows from (1) that there exist a-open sets U and V
containing x and a-open sets W and S containing y such that (UY U VV/) NWru S"Y/) = ¢. This implies
that y ¢ aCl, (U7 U V"YI).

(2) = (3): Set B(z) = N{aCl,, /(U UV ): U,V € aO(X,7) and 2 € U NV}, where = € X. Let z € X.
We claim that B(z) = {z}. Indeed, y be any point of X with z # y. It follows from (2) that there exist
a-open sets U and V' such that x € UNV and y ¢ aCl, (U7 U V'Yl). Thus, we have that y ¢ B(z) and
so {¢} = B(x), because {x} C B(z) C aCl, (U UV ) hold.

(3) = (1): Let z,y € X with © # y. By (3), it is assumed that B(x) = {x} where B(z) is defined in
the proof of (2) = (3) above. Then, there exist a-open sets U and V such that y ¢ aCl, /(U7 U VAY,);
and hence (U7 U V'Y/) N (WU S'Yl) = ¢ for some a-open sets W and S containing y. Therefore, (X, 7) is
-T. ]

Yy

Proposition 3.5. Let (X, 7) be a topological space. Then:
(1) If ()(7 T) is a(’Y)’Y’)_T27 then it is Oé(,y’,yl)—Tl.

(2) If (X7 T) is 04(777’)-T1, then it is OL('y,'y/)_Tl .
(3) If (X7 T) is 04(77,7/)-T%, then it is a(%"/,)_TO'

Proof. 1. The proof is follows from Definition 3.1.
2. The proof is obvious by Propositions 3.2 and 3.3.
3. Let z and y be any two distinct points of (X, 7). By Proposition 3.2, the singleton {z} is «(, ./ -closed

Or (v(, ,/)-Open.
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Case 1. {z} is o, ,+)-closed: for this case, X \ {z} is an o, /)-open set containing y; and so there exist
a-open sets W and S containing y such that W7 U S”/ C X\ {z}. Thus we have that y € W N S and
x ¢ WTU s

Case 2. {z} is Q(y,4y-open: for this case, there exist a-open sets U and V' containing x such that
Uruve C {«}. This implies that t e UNV and y ¢ U7 U v

Therefore, we have X is a(,m/)—To. O
Remark 3.3. The following examples show that all converses of Proposition 3.5 can not be reserved.

Example 3.1. Let X = {1,2,3} and 7 be a discrete topology on X. For each A € aO(X), we define two

operations 7y and fy/, respectively, by

g A if A={1,2} or {1,3} or {2,3},
X  otherwise,

Then, it is shown directly that each singleton is «(, ./ -closed in (X, 7). By Proposition 3.3, (X, 7) is T
T;. But, we can show that (U"UVY )N (WU SV/) # ¢ holds for any a-open sets U, V, W and S. This

implies (X, 7) is not gy )T

Example 3.2. Let X = {1,2,3} and 7 = {¢, X, {1},{1,2},{1,3}} be a topology on X. For each A €
aO(X, 1) we define two operations v and ~', respectively, by A7 = A7 = A Then, it is shown directly that
each singleton is «, ./ -closed or a,  / -open in (X, 7). By Proposition 3.2, (X, 7) is oy Tr However,

by Proposition 3.3, (X,7) is not a,, .)-T1, in fact, a singleton {1} is not «, ./ -closed.

")

Example 3.3. Let X = {1,2,3} and 7 = {¢, X, {1},{1,2}} be a topology on X. For each A € aO(X) we

define two operations v and vl, respectively, by

A if2¢ A,
X if2eA

AT — A7 —

Then, (X, 7) is not a(,m/)—T% because a singleton {3} is neither Q(y,4)-OPeNn nor a ., ry-closed. It is shown

directly that (X, 7) is o, /)-To.

Remark 3.4. From Proposition 3.5 and Examples 3.1, 3.2 and 3.3, the following implications hold and none

of the implications is reversible:

—Tl —

) s (%“/)'TO’

Uy T2 = Ay Tt —

where A — B represents that A implies B.

Proposition 3.6. If (X, 7) is ()L, then it is a-T;, where i =0, %, 1,2.
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Proof. The proofs for i = 0,2 follow from their definitions. The proof for ¢ = 1 (resp. i = %) follows from

Propositions 2.3 and 3.3 (resp. Proposition 3.2). O
Remark 3.5. The following example shows that all converses of Proposition 3.6 can not be reserved.

Example 3.4. Let X = {1,2,3} and 7 be a discrete topology on X. For each A € «O(X, 1) we define two
operations v and 7, respectively, by A7 = AT = X, Then, (X, 7) is @-T; but it is not (4T3, where

. 1
2—07571,2.

-T;, where i =0, 1,1, 2.

Proposition 3.7. If (X, 7) is (L, then it is o ' 5

’
7]

Proof. The proofs for i+ = 0,1,2 follow from Definitions 3.1 and 2.6. The proof for ¢ = % follow from
Propositions 3.2 and 2.6. O

Remark 3.6. The following examples show that all converses of Proposition 3.7 can not be reserved.

Example 3.5. Let X = {1,2,3} and 7 be a discrete topology on X.

(1) For each A € aO(X) we define two operations v and ~', respectively, by

A A if A={1,2} or {1,3} or {2,3},
X otherwise.

Then, (X, 7) is Ay 112 but not 4y T
(2) For each A € aO(X) we define two operations v and ~', respectively, by

P A if A={1,2} or {1,3},

X  otherwise,
and
A"’/ _ A it A={2,3},
X if A#{2,3}.

Then, (X, 7) is oy - Ti but not e, r\-T;, where i = 3, 1.

1
2
’

(3) For each A € aO(X) we define two operations v and v , respectively, by

4 A if A={1},
X if A # {1},
and
A"l _ A it A={2},
X if A#£{2}.

Then, (X, 7) is o, ,/)-To but not a, ,/\-To.
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Remark 3.7. From Propositions 3.5, 3.6 and 3.7, for distinct operations v and ’y/ we have the following

diagram. We note that implications in the following diagram are not reversible by Remarks 3.3, 3.5 and 3.6:

U1 T2 = Ayt = gy Ty = apy 1o

’
v,

| | ! T

Uy T2 T Oy T = Q) Ty = Q)T

| | | |

a-Ty —> o) —— a—T% — -1y

where A — B represents that A implies B.

Proposition 3.8. Suppose that v and fy' are a-regular operations on aO(X, 7). A space (X, 7) is ¥y L

if and only if an associated space (X, aO(X,7) ) is T;, where ¢ = 1,1/2.

(v

Proof. 1t follows from Remark 2.1 that a subset A is Q(y,/)0PeN in (X, 7) if and only if A is open in

(X,00(X,7)(,,,)). Therefore, the proof for i = 1 (resp. i = 1) follows from Propositions 3.2 (resp.

Proposition 3.3). O

Proposition 3.9. Let v and 7' be a-regular operations on aO(X, 7). If (X,a0(X, T)(y,y'y) 18 T;, then
(X,7) is (4 Ti, where i = 0,2.

Proof. The proof for ¢ = 0 (resp. i = 2) follows from the Tp-separation property (resp. Hausdorffness) of
(X,20(X,7)(,,)), the concept of v )-open sets Definitions 2.1 and 3.1 (2) (resp. Definition 3.1 (4)).
a
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