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ABSTRACT. The purpose of this paper is to introduce the notion of o, W/)-separated sets and study their
properties in topological spaces, then we introduce the notions of o (v ,Y/)—connected and a (v’ )—disconnected
sets. We discuss the characterizations and properties of @, W/)-connected sets and then properties under

(a(%wl), a(ﬁﬁl))—contmuous functions. The a(%wl)—components in a space X is also introduced.

1. Introduction

Njastad [5] introduced a-open sets in a topological space and studied some of their properties. Ibrahim [1]
introduced and discussed an operation of a topology aO(X) into the power set P(X) of a space X and

also in [2] he introduced the notion of aO(X,7), /), which is the collection of all «(, ./ -open sets in a

(v

topological space (X, 7). In addition, Ibrahim [3] introduced the concept of (oz(,yﬁ/), a(ﬁ,ﬁ/))—closed and
(@(y4'): (s,5"))-continuous functions and investigated some of their basic properties. Mishra [4] introduced
a-T-disconnectedness and a-7-connectedness in topological spaces. In this paper, the author introduce and
study the characterizations and properties of a(%v/)—connected and a(%,y/)—disconnected spaces and then

properties under (a(,yﬁ/), a(ﬁﬂ/))—continuous functions.
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2. Preliminaries

Throughout the present paper, (X,7) and (Y,0) (or simply X and Y) denotes a topological spaces on
which no separation axioms is assumed unless explicitly stated. For a subset A of a space X, CI(A) and

Int(A) represent the closure of A and the interior of A, respectively.

Definition 2.1. [5] A subset A of a topological space (X, 7) is said to be a-open if A C Int(Cl(Int(A))).
The complement of an c-open set is said to be a-closed. The family of all a-open (resp., a-closed) sets in a
topological space (X, 7) is denoted by aO(X, 1) (resp., aC(X,1)).

The intersection of all a-closed sets containing A is called the a-closure of A and is denoted by aCl(A).

Definition 2.2. [4] The subsets A and B of a topological space (X, 7) are called a-7-separated sets if
(aCl(A)NB)U (AN aCl(B)) = ¢.

Definition 2.3. [1] An operation v : aO(X,7) — P(X) is a mapping satisfying the condition, V.C V7 for
each V € aO(X, 7). We call the mapping v an operation on aO(X, ). The operation id : «O(X,T) — P(X)
is defined by Vi® =V for any set V. € aO(X, 7). This operation is called the identity operation on aO(X,T).

Definition 2.4. [2] A nonempty subset A of (X,7) is said to be (4 y-open if for each z € A, there
exist a-open sets U and V of X containing x such that UY UV C A. A subset F of (X,7) is said to be
oz(,m/)-closed if its complement X \ F is Q(y,')-OPEN. The set of all Q(y ')-ODen sets of (X, 7) is denoted by

QO(X, T)('Y7'Y/)'

Definition 2.5. [2] Let A be a subset of a topological space (X, 7).
(1) The union of all Q(y,,y-OPen sets contained in A is called the /(4 /y-interior of A and is denoted by
a(%,y/)—.[nt(A).
(2) The intersection of all v, s -closed sets containing A is called the o, ./ -closure of A and denoted

by O[(,\/’,Y/)—CZ(A).

Proposition 2.1. [2] Let A and B be subsets of (X, 7). Then the following hold:

1) AC a,.-Cl(A).

(1)

(2) If A C B, then o, ,/\-Cl(A) C a(, ,/\-Cl(B).

(3) Als o,  -closed if and only if o, /)-Cl(A) = A.
(1)

« Cl(A) is a, )-closed.

(r")
Proposition 2.2. [2] For a point x € X, x € 04(%7/)—6'1(14) if and only if V N A # ¢ for every Q(y,4/y-OPEN
set V' containing x.

Definition 2.6. [3] A function f: (X, 7) — (Y,0) is said to be (a(, ./, a(g 5))-closed if for a,, .+ -closed
set A of X, f(A)is oy gy-closed in Y.
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Proposition 2.3. [3] Let f: (X,7) — (Y,0) be a function. Then, fis (o, ), a(s g))-closed if and only
if g 5)-CUf(A)) C fla(, ,)-Cl(A)) for every subset A of X.

Theorem 2.1. [3] Suppose that f: (X, 7) = (Y,0) is (a(, /), &g g)-continuous. Then,
(1) f~Y(V)is (., y-open for every a g 5y-open set V of (Y, 0).

(2) For each point « € X and each cg 4)-open W of (Y, o) containing f(z), there exist a, . -open U
of (X, 7) containing x such that f(U) C W.

3. @(y,,/y"CONNECTED AND «(, ,/)-DISCONNECTED SETS
Throughout this section, let v,~ : «O(X,7) = P(X) be operations on aO(X,7) and 8,8 : aO(Y,0) —

P(Y) be operations on aO(Y, o).

Definition 3.1. Two subsets A and B of a topological space (X, 7) are called a(,m/)—separated if (oz(
Cl(A)NB)U (ANa, .\ -CU(B)) = ¢.

)"

Remark 3.1. Fach two a(wﬁf)—sepamted sets are always disjoint, since ANB C AN a(%vf)—C'l(B) = ¢.

The converse may not be true in general, as it is shown in the following example.

Example 3.1. Let X = {1,2,3} and 7 = {¢, X, {2}}. For each A € aO(X), we define two operations ~y
and 'y/, respectively, by

A if3eA

X if3¢A

A=A =

Since aO(X, 7) )y = {9, X, {2,3}}, then {2} and {3} are disjoint subsets of X, but not a, ./ -separated.

(v

From the fact that aCl(A) C «, ,)-Cl(A), for every subset A of X. Then every o separated set is

¥y’

a-T-separated. But the converse may not be true as shown in the following example.

Example 3.2. Let X = {1,2,3,4} and 7 = {¢, X, {1}, {2}, {1,2}}. For each A € aO(X), we define two

operations v and fy/, respectively, by

A if4c A
X if4¢ A

AV =AY =

Since aO(X,7)(, .y = {9, X,{1,2,4}}, then the subsets {3} and {4} are a-T-separated, but not a, ./ -

separated.

Theorem 3.1. If A and B are any two nonempty subsets in a space X, then the following statements are

true:

(1) If A and B are a(vﬁf)—separated, A1 C A and B; C B, then A; and By are also a(v’vf)—separated.
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(2) If AN B = ¢ such that each of A and B are both «, ,/\-closed (c(, ,)-open), then A and B are
a(%vl)—separated.

(3) If each of A and B is «, ,/y-closed (a(, ,y-open) and if H = AN (X \ B) and G = BN (X \ 4),

’
Y

then H and G are a(yﬁf)—separated.

Proof. (1) Since A; C A, then a(, /)-Cl(A1) C o, /-Cl(A). Then, BN, )-Cl(A) = ¢ implies
BN oz(%,y/)-C’l(A) = ¢ and B1 N a(,m/)—Cl(Al) = ¢. Similarly A; N oz(%ﬁy/)-C'l(Bl) = ¢. Hence, A;
and B, are oz(%vf)—separated.

(2) Since A = «a(, /-Cl(A), B = o, /-ClU(B) and AN B = ¢, then a, /)-Cl(A) N B = ¢ and
oz(%,y/)—Cl(B) N A = ¢. Hence, A and B are oz(%,y/)—separated. If A and B are (4 4/y-OPeN, then
their complements are a, ./)-closed. Hence, a(, ,/\-Cl(4) € X \ B and o, /)-Cl(B) € X \ A.
Therefore, A and B are 04(%7/)—separated.

(3) If A and B are o, ./y-open, then X \ A and X \ B are o, ./ -closed. Since H C X \ B, a(, /-
Cl(H) C ap,,-Cl(X \ B) = X\ B and so a(, ,\-Cl(H) N B = ¢. Thus G Na, -Cl(H) = ¢.
Similarly, Hﬂa(%n/)—C’l(G) = ¢. Hence H and G are a(vﬁz)—separated. If A and B are a(%vf)—closed,
then o, -Cl(H) C A and o, /\-Cl(G) C B. Thus, H and G are «, .+ -separated.

(|

Theorem 3.2. The sets A and B of a space X are a(mvx)—separated if and only if there exist U and V in
aO(X, T)(,m/) such that ACU, BCV and ANV =¢ and BNU = ¢.

Proof. Let A and B be o, s -separated sets. Set V = X \ a(, /)-Cl(A) and U = X \ «(, ,\-Cl(B).
Then U,V € aO(X, T)(W/) such that AC U, BCV and ANV =¢, BNU = ¢. On the other hand, let
U,V € aO(X,7)(,.)such that ACU, BCVand ANV = ¢, BNU = ¢. Since X \V and X \U are o

')
closed, then a(, ,-Cl(A) € X\V C X\ B and a(, ,/-Cl(B) € X\U € X\ A. Thus o, ,\-Cl(A)NB = ¢
and a(, ,\-Cl(B)NA = ¢. O

Theorem 3.3. In any topological space (X, 7), the following statements are equivalent:

1) ¢ and X are the only Q(y,4')-ODED and a(ﬂm/)—closed sets in X.

(1)
is not the union of two disjoint nonempty «,., .-\-open sets.
2) Xi t th i f two disjoint t (vv') t
is not the union of two disjoint nonempty «., ../y-closed sets.
3) X i t th i f two disjoint t (%7)1 d set
(4)

4) X is not the union of two nonempty Oz(%vl)—separated sets.

Proof. (1) = (2): Suppose (2) is false and that X = AU B, where A, B are disjoint nonempty Q(y,4/)-OPen
sets. Since X \ A = B is (4 y-0pen and nonempty, we have that A is a nonempty proper (4,4 y-0Pen and
(.~ -closed set in X, which shows that (1) is false.

(2) < (3): This is clear.
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(3) = (4): If (4) is false, then X = AU B, where A, B are nonempty and (4 y-Separated. Since o, /-

Cl(B)NA = ¢, we conclude that a(, .\-CI(B) C B, so Bisa, ./ -closed. Similarly, A must be o, ) -closed.

Therefore, (3) is false.

4) = (1): Suppose (1) is false and that A is a nonempty proper «,. ./y-open and « ., .+ -closed subset of
() (")

X. Then, B = X \ A is nonempty, Q(y,4)-OPEN and a(%v/)—closed, so A and B are a(777/)—separated and

X = AUB, so (4) is false. O

Definition 3.2. A subset C of a space X is said to be (4 ,")-disconnected if there are nonempty T
separated subsets A and B of X such that C' = AU B, otherwise C is called a(wﬁz)—connected. If C is

a(%v/)—disconnected, such a pair of sets A, B will be called an a(%vl)—disconnection of C.

Example 3.3. Let X = {1,2,3} and 7 = {¢, X, {1}, {2},{1,2},{2,3}}. For each A € aO(X), we define

two operations v and 7/, respectively, by

A if3¢€ A
CI(A) if3¢ A.

AT =AY =

Then, X is «(, ,/)-disconnected because there exist a pair {1}, {2, 3} subsets of X such that {1}U{2,3} = X,
and (a(, ,-CI({1}) N {2,3}) U ({1} N, -Cl({2,3}) = ({1} N{2,3) U ({1} N{2,3}) = ¢.

Example 3.4. Let X = {1,2,3} and 7 = {¢, X, {1},{3},{1,3}}. For each A € aO(X), we define two
operations v and 7/, respectively, by
/ A if2e A
AT =AY =
X if2¢A.
Then, X is a(%vz)—connected, since there does not exist a pair A, B of nonempty a(v)vf)—separated subsets

of X such that X = AU B.

Remark 3.2. Every indiscrete space is o connected.

')
Remark 3.3. Every discrete space contains more than one element is o, ;4 )-disconnected.

Remark 3.4. A space X is o, )-connected if any (therefore all) of the conditions (1) — (4) in Theorem
3.3 hold.

Remark 3.5. According to the Definition 3.2 and Remark 3.4, a space X is a(vﬁf)—disconnected if we can
write X = AU B, where the following (equivalent) statements are true:

(1) A and B are disjoint, nonempty and (4 y-OPED.

(2) A and B are disjoint, nonempty and (4 )-closed.

3) A and B are nonempty and « ., ./ -separated.
(r")
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Theorem 3.4. A space X is oz(%vf)—disconnected if and only if there exists a nonempty proper subset A of

X which is both Q(y,)-OPEN and a(ﬂm/)—closed in X.
Proof. Follows from Remark 3.5. a

Definition 3.3. Let A be a subset of a space X, then the a(%,y/)—boundary of A is defined as Xy ')
Cl(A)\ a(, ,/y-Int(A) and is denoted by «, .\-Bd(A).

Proposition 3.1. Let A be any subset of a topological space (X, 7). Then, the following statements are
hold:

(1) ()é(,y7,y/)—Cl(A) = a(%,y/)—fnt(A) U a(%,y/)—Bd(A).

(2) Oé(,y7,y/)-Bd<A) = Oé(%,y/)—Cl(A) n Oz(%,yl)-Cl(X \ A)

Proof. Obvious. O

Theorem 3.5. A space X is oz(,m/)-connected if and only if every nonempty proper subset of X has a

nonempty o, s )—boundary.

Proof. Suppose that a nonempty proper subset A of an oz(%ﬂ/)-connected space X has empty Xy y')"
boundary. Since o, ./)-Cl(A) = o, ,/)-Int(A) Uay, ,/-Bd(A). Thus, A is both «, ./ -closed and «, /-
open. By Theorem 3.4, X is a(vjvl)—disconnected. This contradiction, hence proves that A has a nonempty

a(%ﬂ/)—boundary.

Conversely, suppose X is o -disconnected. Then by Theorem 3.4, X has a nonempty proper subset A

7Y')
which is both o, /)-closed and «, ,-open. Then, a(, ,-Cl(4) = A4, o, /)-CU(X \ A) = X\ A and
a(y-ClA) N, )-CUX \ A) = ¢. So A has empty «, ./ -boundary, this is a contradiction. Hence, X

is a(,wz)—connected. O

Lemma 3.1. Suppose M, N are o /)—Separated subsets of X. If C C M UN and C is a(%,yl)—connected,

¥y
then C C M or C C N.

Proof. Since CNM C M and CNN C N, then CNM and CNN are o, .+)-separated and C' = CN(MUN) =
(CNM)U(CNN). But Cis a, .+ -connected so (CNM) and (CNN) can not form an «, ./ -disconnection
of C'. Therefore, either CNM =¢,s0 CC NorCNN =¢,s0C C M. O

Theorem 3.6. Suppose C' and C; (i € I) are «, ,/\-connected subsets of X and that for each i, C; and C

are not oz(ﬂm/)—separated. Then, S=CUC; is a(%,y/)—connected.

Proof. Suppose that S = M U N, where M and N are « -separated. By Lemma 3.1, either C C M or

()

C C N. Without loss of generality, assume C C M. By the same reasoning we conclude that for each 1,
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either C; C M or C; C N. But if some C; C N, then C and C; would be oz(%vf)—separated. Hence every

C; € M. Therefore, N = ¢ and the pair M, N is not an @, " -disconnection of S. ]

Corollary 3.1. Suppose that for each i € I, C; is an a(mvx)—connected subset of X and that for all i # j,
C;NCj # ¢. Then, U{C; :i € I} is o, /\-connected.

Proof. f I = ¢, then U{C; :i € [} = ¢ is Q(y )-connected. If I # ¢, pick ip € I and let C;, be the central

set C'in Theorem 3.6. For all ¢ € I, C; N Cy, # ¢, so C; and C}, are not o separated. By Theorem 3.6,

")
U{C; i € I} is o, ,/\-connected. O
Corollary 3.2. Suppose that for all x,y € X, there exists an a(%wz)—connected set Cry C X with z,y € Cyy.

Then, X is a(%y/)—connected.

Proof. Certainly X = ¢ is a(vjvl)—connected. If X # ¢, choose a € X. By hypothesis there is, for each
y € X, an a(, / -connected set Cqy containing both a and y. By Corollary 3.1, X = U{Cqy : y € X} is

oz(%ﬂ/)—connected. O

Corollary 3.3. Suppose C is an a,, +)-connected subset of X and A C X. If C C A C a(, ,/\-CI(C), then

y-connected.

Alds ag,

Proof. For each a € A, {a} and C are not a, +-separated. By Theorem 3.6, A = CUJ{{a}:a € A} is

a(%v/)—connected. ]
Remark 3.6. In particular, the a(vﬁ/)—closure of an a(nml)—connected set is a(%vx)—connected.

Theorem 3.7. Let f: (X,7) — (Y,0) be a function. Consider the following statements.
(1) is (@(4,4)» Q(p,5))-continuous.
2) f1 n-Int(f~1(V)) for every a4 4y-open set V of Y.
RCED) (8,87
(3) (cu(AY H-Cl(A )) C g 5y-Cl(f(A)) for every subset A of X.
4) « -Cl(f1 C fYayg 41-Cl(B)) for every subset B of Y.
()" (8,87)

Then, the following implications are true: (1) = (2) = (3) = (4).

Proof. (1) = (2). Let V be any o4 gy-open set of Y and z € f7Y(V). Then, f(z) € V. Since f is
(@(y.4/)» @ (g,p))-continuous, there exists an o, ./ -open set U of X containing x such that f(U) C V and
hence U C f~1(V), this implies that x € a(,y’,y/)—lnt(f_l(V)). Thus, it follows that f=*(V) C o
Int(f=1(V)).

(2) = (3). Let A be any subset of X and f(z) ¢ o4 5-Cl(f(A)). Then, by Proposition 2.2, there exists

v')”

an ag g)-open set V of Y containing f(x) such that V' N f(A) = ¢ and hence fFYV)NA = ¢. Also
f(x) € V implies z € f~1(V). Then by (2) we obtain that = € a(vﬁf)—lnt(f_l(V)). Hence, there exists an
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(4 y-open set U of X containing  such that U C f71(V). Then UN A = ¢ and so = ¢ Ay ClUA).
This implies f(z) ¢ f(c(,.-Cl(A)). Thus, f(a,.-Cl(A) C o 5)-CU(f(A)).

(3) = (4). Let B be any subset of Y. Since f(f~'(B)) C B, so, we have a4 5,-CU(f(f~(B)))
CI(B). Also, f~1(B) C X, then by (3), we have f(a, -Cl(f~"(B))) C ag z)-Cl(f(f1(B)) C ap e
Cl(B). Thus, a(777/)—Cl(f*1(B)) C ffl(a(ﬂﬁ/)—C’l(B)). O

N

RGN o

N

Corollary 3.4. Let f: X — Y be an (a(, /), qg g)-continuous and injective function. If K is o, /-

connected in X, then f(K) is o4 4)-connected in Y.

Proof. Suppose that f(K) is a(ﬂﬁ/)—disconnected in Y. There exist two a(ﬁ,ﬂ/)—separated sets P and Q of Y
such that f(K) = PUQ. Set A= KNf~Y(P)and B = KNf~1(Q). Since f(K)NP # ¢, then KNf~Y(P) # ¢
and so A # ¢. Similarly B # ¢. Now, AUB = (KN f~Y(P)U(KNf Q) =Kn(f~HP)uf Q) =
KnfY (PuQ)=Knf1f(K)) = K. Since f is (@4, @(s,5))-continuous, then by Theorem 3.7 ,
a(%ﬂ/)—Cl(f_l(Q)) - f_l(a(B”B/)—Cl(Q)) and B C f~1(Q), then a,4ClUB) C f_l(a(ﬁ,ﬁ/)-Cl(Q)). Since
Pma(ﬁ76')—cl(Q) = ¢, then Aﬂa(vﬁr)—Cl(B) g Aﬂf_l(oz(ﬁﬁl)—Cl(Q)) g f_l(P) ﬂf_l(a(ﬁ’ﬁ/)—Cl(Q)) = ¢
and then AN oz(%n/)—C’l(B) = ¢. Similarly, BN a(%vf)—C’l(A) = ¢. Thus, A and B are «, .,/ -separated.

Therefore, K is o, ./ -disconnected, this is contradiction. Hence, f(K) is g 5" y-connected. ]

Theorem 3.8. If f : (X,7) — (Y,0) is an onto (e, ), @ g))-continuous function and X is a, /-

connected, then Y is g, B/)—connected.

Proof. Suppose that Y is o g,5")-disconnected and A, B is an g, )-disconnection of Y. By Remark 3.5, A
and B are both a4 5)-open sets. Since f is (a(%y), a(ﬁ’ﬁ/))—continuous, so by Theorem 2.1, f~1(A) and
f~1(B) are both nonempty «, ./)-open sets in X. Now, f~1(A)U f~1(B)= f"'(AUB) = f'(Y) = X,
and f~H(A) N f~YB) = fFY(ANB) = f~}(¢) = ¢. Then by Remark 3.5, f~1(A), f~1(B) is a pair of

oz(,m/)-disconnection of X. This contradiction shows that Y is a(ﬂﬁ/)-connected. O

Corollary 3.5. For a bijective (0‘(7,7')’ a(Bﬁr))—closed function f: X — Y, if C'is a4 4)-connected in Y,

then f~1(C) is Q(y,,y-connected in X.

Proof. Suppose that f=1(C) is a(, ,-disconnected in X. There exist two «, ./)-separated sets M and N
of X such that f71(C) = MUN. Set K = CN f(M) and L = C N f(N). Since C = f(M) U f(N),
then C N f(M) # ¢ and so K # ¢. Similarly L # ¢. Now, K UL = (Cn f(M))U(CnN f(N)) =
CN(f(M)Uf(N) =Cnf(MUN)=Cnf(f(C)) =C. Since f is (o, ), @ g)-closed, then by
Proposition 2.3, g 5-CU(f(N)) C f(a(, . -CUN)) and L C f(N), then ag 5\-CIU(L) C f(ey,, ,/)-CUN)).
Since M Nay, ,-CUN) = ¢, then KNaygz 5\-CUL) € KN f(a, ,-CUN)) € F(M)N f(a ., -CUN)) = ¢
and then K N as gy-CI(L) = ¢. Similarly, LN gy 5)-CI(K) = ¢. Thus, K and L are a4 -separated.

Therefore, C' is a(ﬂﬁr)—disconnected, this is contradiction. Hence, f~1(C) is 04(%7/)—(:onnected. O
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Definition 3.4. A set C' is called a maximal oz(%wl)—connected set if it is a(%vz)—connected andifCC DCX
where D is «, ./ -connected, then C = D. A maximal ®(y,")-connected subset C of a space X is called an

(4,,y-component of X. If X is itself «(, ./)-connected, then X is the only «(, ,/)-component of X.
Theorem 3.9. For each z € X, there is exactly one @, ~/y-component of X containing x.

Proof. For any z € X, let C; = J{A:2 € AC X and A is o, /)-connected}. Then, {z} € Cy, since C; is
a union of a(777/)—connected sets each containing z, C,, is a(777/)—connected by Corollary 3.1. If C;, C D and
D is a(%,y/)-connected, then D was one of the sets A in the collection whose union defines C,, so D C C,,

and therefore C,, = D. Therefore, C,, is an /(4 4/y-COmponent of X that contains x. O
Corollary 3.6. A space X is the union of its ®(y,)-COmponents.

Proof. Follows from Theorem 3.9. ]
Corollary 3.7. Two Q(y,,/y-COmponents are either disjoint or coincide.

Proof. Let Cy and Cy be @(, ')-components and C, #Cy. If pe C, NCy, then by Corollary 3.1, C, U C,

would be an a(wﬁr)—connected set strictly larger than C,. Therefore, C, N Cy = ¢. O
Theorem 3.10. Each a(%,/)-connected subset of X is contained in exactly one @, /y-component of X.

Proof. Let Abe an a(vﬁ/)—connected subset of X which is not in exactly one Q( )-component of X. Suppose
that Cy and Cy are Q(y )-COmponents of X such that A C €7 and A C Cy. Since C; N Cy # ¢ and by
Corollary 3.1, C; UC5 is another oz(%ﬁy/)-connected set which contains C; as well as C5, a contradiction to the

fact that Cy and Cs are Q(, /y-components. This proves that A is contained in exactly one Q(y,4')-COmponent

of X. O

Theorem 3.11. A nonempty ®(y,,y-connected subset of X which is both «, ,/)-open and o,/ -closed is

Oy )—component.

Proof. Suppose that A is a(%wz)—connected subset of X which is both Q(y,4/)-OPEN and a(vﬁf)—closed. By
Theorem 3.10, A is contained in exactly one /(y,/y-COmponent C of X. If A is a proper subset of C, then
C = (CNA)U(CN(X\A)) and (CNA), (CN(X\A)) is an o, 7 -disconnection of C', which is a contradiction.
Thus, A= C. O

Theorem 3.12. Every Q(y ')-COmponent of X is a(,m/)—closed.

Proof. Suppose that C'is an @, /y-component of X. Then, by Remark 3.6, a(%v/)—CZ(C) is a(vﬁ/)—connected

containing c(, ,/)-component C of X. This implies that C' = a(%q/)—Cl(C) and hence C' is oy 4 yclosed. 0
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