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ABSTRACT. In this paper, we introduce a new class of harmonic convex functions with respect to an arbitrary
trifunction F'(-,-,-) : K x K x [0, 1] — R, which is called generalized strongly harmonic convex functions. We
study some basic properties of strongly harmonic convex functions. We also discuss the sufficient conditions
of optimality for unconstrained and inequality constrained programming under the generalized harmonic
convexity. Several special cases are discussed as applications of our results. Ideas and techniques of this

paper may motivate further research in different fields.

1. INTRODUCTION

The concept of convexity and generalized convexity in the study of optimality to solve mathematical
programming, have been extended using innovative ideas and techniques. For example, in earlier paper-
s, Bector and Singh [3] introduced a class of b-vex functions. Chao et al. [4] considered new generalized
sub-b-convex functions and sub-b-convex sets. They proved the sufficient conditions of optimality for both
unconstrained and inequality constrained sub-b-convex programming. Anderson et. al. [1] and Iscan [5]
have investigated various properties of harmonic convex functions. Noor and Noor [9] have shown that the
minimum of the differentiable harmonic convex functions on the harmonic convex set can be characterized

by a class of variational inequalities, which is called harmonic variational inequality. To the best of our

Received 2018-01-19; accepted 2018-03-14; published 2018-05-02.
2010 Mathematics Subject Classification. 26D15; 26D10; 90C23.

Key words and phrases. harmonic convex functions; F-harmonic convex functions; optimality conditions.
(©2018 Authors retain the copyrights

of their papers, and all open access articles are distributed under the terms of the Creative Commons Attribution License.

427


https://doi.org/10.28924/2291-8639
https://doi.org/10.28924/2291-8639-16-2018-427

Int. J. Anal. Appl. 16 (3) (2018) 428

knowledge, this field is new one and has not developed as yet. A significant class of convex functions is that
of strongly harmonic convex functions introduced by Noor et. al. [11]. For recent applications, generaliza-

tions and other aspects of convex and harmonic convex functions, see [2—4,6,10,12-19] and references therein.

Inspired by the research works [2—4, 6], we introduce a new class of harmonic convex functions with
respect to an arbitrary function F(.,.,.), which is called strongly generalized harmonic convex function.
One can show that the generalized strongly harmonic convex functions is quite general and unified one.
Several new and old classes of convex and harmonic convex functions can be obtained from these general
harmonic convex functions. We consider the sufficient conditions of optimality for both unconstrained and
inequality constrained programming. Some properties of generalized strongly harmonic convex functions and
generalized strongly harmonic convex sets are discussed. Results obtained in this paper may be considered

as significant improvement of the known results.

2. PRELIMINARIES

In this Section, we recall some basic concepts and results. We also introduce some new concepts and

discuss some special cases.

Definition 2.1. [1]. A set K = [a,b] C R™\ {0} is said to be a harmonic convez set, if

Ty

— 2 €K, Vz,y € K, t €[0,1].
tr+ (1—t)y oY [0,1]

We now consider the concept of generalized strongly harmonic convex functions with respect to an arbi-

trary trifunction F(-,-,-) : K x K x [0,1] = R.

Definition 2.2. Let K is a nonempty harmonic convex set in R™ \ {0}. A function f: K — R is said to
be generalized strongly harmonic convex function on K with respect to map F(-,-,+) : K x K x [0,1] = R, if

and only if,

f(M) <A —=t)f(x) +tf(y) + Fz,y,t),  Va,ye K, tel0,1]. (2.1)

(I). If F(z,y,t) =0 in Definition 2.2, then it reduces to harmonic convex function.

Definition 2.3. [5]. A function f: K — R, where K is a nonempty harmonic convez set R™\ {0}, is said

to be a harmonic convex function on K, if and only if,

zy
f(tx—i—(l—t)y) <A-t)f(@)+tfly), VzyeK, tel0,1].

This shows that every harmonic convex function f is harmonic sub-F-convex function with respect to the

map F(x,y,t) = 0, but the converse may not be true. See also [8-10,17].
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(ID). If F(z,y,t) = t(1-1)§(;=;) in Definition 2.2, then it reduces to §-strongly harmonic convex function

Definition 2.4. [18]. A function f: K CR\ {0} — R is said to be F-strongly harmonic convex function,

if there exists a non-negative function § : X \ {0} — [0, 00), such that

Ty Yy
f<tx . t)y) SA=0)f(x)+tf(y) —t(1 - t)S<H), Va,y € K,t € (0,1). (2.2)

If t = %, then (2.2) reduces to

f< 2y ) @)+ W) _1g< 2y )

z+y 2 4" \x—y

and the functionf is called F-strongly harmonic mid-convex(harmonic Jensen-convex) function.
(ITX). If F(z,y,t) = —ct(1 — 1) | % || in Definition 2.2, then it reduces to strongly harmonic convex

function with modulus ¢ > 0.

Definition 2.5. [11]. A function f : K — R, where K is a nonempty harmonic convex set in R™ \ {0}, is

said to be strongly harmonic convex function on K with modulus ¢ > 0, if and only if,

Ty T— Y2
f<tx+(1_t)y)<(1—t)f(:v)+tf(y)—ct(l—t)H U, nyelie 0.

Theorem 2.1. [17]. Let K be a nonempty harmonic convex set in R™ \ {0} and let f : K — R be

differentiable on K. Then f is harmonic quasi convez, if and only if,

Ly
Yy—x

flz) < fly) = (f'(y), Yy <0 Vayek.

Definition 2.6. Let K is a nonempty harmonic convex set in R™\ {0}. A function f: K — R is said to be
generalized strongly harmonic quasi convex function on K with respect to map F(-,-,-) : K x K x [0,1] = R,

if and only if,

f<m T chyi t)y) <max{f(z), f(y)} + F(z,y,t), Va,ye K,tel0,1] (2.3)

(I). If F(z,y,t) =0 in Definition 2.6, then it reduces to harmonic quasi convex function.

Definition 2.7. [20]. A function f: K — R, where K is a nonempty harmonic convex set R™\ {0}, is said

to be a harmonic quasi convex function on K, if and only if,

wy
f(ta:Jr(lt)y> <max{f(z),f(y)}, Va,yeK.

We now define a new class of generalized strongly harmonic log-convex functions.
Definition 2.8. Let K is a nonempty harmonic convex set in R™\ {0}. A function f: K — R is said to be
generalized strongly harmonic log-convex function on K with respect to map F(-,-,-) : K x K x [0,1] —» R,

if and only if,

Ty 1—t t
f(t:c—l—(l—t)y) < [f(l')] [f(y)] + F(I,y,t), v T,y € K? te [Oa 1] (24)
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From (2.4), it follows that

Yy 1—t t
Hazig,) < V@I o)l + Fs
(1= 1)7(&) + ££(0) + Fla.p.1)

max{f(z), f(y)} + F(z,y,t), Vuw,yekK, tel0,1],

IN

IN

This shows that every generalized strongly harmonic log-convex function is generalized strongly harmonic
convex and every generalized strongly harmonic convex function is generalized strongly harmonic quasi

convex, but the converse is not true.

3. MAIN RESULTS

In this section, we introduce the concept of generalized harmonic convex set and harmonic convex functions

with respect to an arbitrary map F(-,-,-) and discuss its properties.

Theorem 3.1. If f; : K — R, (i = 1,2,3,...,m) are generalized strongly harmonic convez functions with

respect to map F; : K x K x [0,1] — R, respectively. Then the function

f=) afi @20, i=123 ..m

is generalized strongly harmonic convex with respect to F =" | a;b;.

Proof. For all z,y € K and t € [0, 1], we have

(vi=m) -

Ms

)

ai[(L =) fi(x) + tfi(y) + Fi(z,y,1)]

=1

IA
NgE

1=

= (=0 @)+t afily +Zaz (2.t
=1 i=1

= (1=0f(@)+tf(y) + F(z,y,1).
]

Theorem 3.2. If the function f; : K — R are generalized strongly harmonic convex functions with respect
to Fi(x,y,t) respectively. Then f = max{f;,;i = 1,2,3,...,m} is also generalized strongly harmonic convex

with respect to F' = max{F;}.
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Proof. Consider,

f<tx—|—f1y—t)y> = max{fi<m_|_éy_t)y>,il,2,3,...,m}
(1 —t)max{f;(z)} + t max{f;(y)} + max{Fi(z,y,1)

IN

= (1=t)f(@) +tf(y) + F(z,y.1).
So, f(x) is harmonic sub-F convex function with respect to

F(z,y,t) = max{f;,i =1,2,3,...,m}. a

Theorem 3.3. If the function f : K — R is a generalized strongly harmonic convex function with respect to

F(z,y,t) and g : R — R is a linear function, then f o g is generalized strongly harmonic convex with respect

to F'=goF.

Proof. Since f is generalized strongly harmonic convex function with respect to F(z,y,t) and g is a an

o(# (i)
g(A =t) f(z) +tf(y) + F(x,y,t)

= (1-t)g(f(z)) +tg(f(y)) + g(F(z,y,1))

= (I—t)(gof)+tlgof)+(goF)(x,y,t).

increasing function, it follows that

(gof)<tx_|_(xly_m)

IN

That is, go f is generalized strongly harmonic convex function with respect to I = go F and this completes

the proof. O

The following theorem gives a necessary and sufficient characterization of a differentiable generalized

strongly harmonic convex function with respect to a map F(,-,-).

Theorem 3.4. Let K be a harmonic convex set. If f : K — R is a differentiable generalized strongly
harmonic convez function on the harmonic convex set K with respect to the map F(x,y,t), then
(1) (f'(x), 224) < f(y) = f(x) + limgyor ZE2D 0 vy € K.

(2) (f'(2) = f'(y), 22%) <limy g TEED 4 lim, o0 FEED Ve y € K.

Proof. (1). Let f be a generalized strongly harmonic convex function. Then

zy
iy, ) < 0= 05 +00) + Pl

which can be written as

Fa,yt) i) — /@)
t - t :
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Since f is differentiable function, so taking the limit in the above inequality, as t — 0, we have

P@y1) 5 iy, 2, (3.1)

t—0+ t r—y
which is (1).

Changing the role of z and y, in (3.1), we obtain

F(y, z,t) / zy

- lim —2 22 > ) 2
f@) = fly) + Jim —=—={F ), =) (3.2)

Adding (3.1) and (3.2), we have

/ / Ty . (z,y,1) F(y,z,1)
— <1 1
(i) = 1), -y = o t AT

which is the required (2). This completes the proof. |

Definition 3.1. [17]. A4 function [ : K — R, where K is a nonempty harmonic convex set R™\ {0} is said
to be a harmonic quasi convex function, if, for each x,y € K with f(x) < f(y), we have (f'(y), ;fym> <0; or

equivalently, if (f'(y), ;=25) > 0, then f(z) > f(y).

Definition 3.2. [17]. A function f: K — R, where K is a nonempty harmonic conver set R™\ {0} is said
to be a harmonic pseudo-convex function, if, for each xz,y € K with {f'(y), %) >0, we have f(x) > f(y);

or equivalently, if f(x) < f(y), then (f'(y), yﬂf’;) < 0.

Theorem 3.5. Let K be a harmonic convex set and f : K — R be a differentiable generalized strongly har-

monic convez function on the harmonic convex set K with respect to the map F(x,y,t). If lim;_ M <

lf(z) = f(y)], V x,y € K, then f is harmonic quasi-convex. Furthermore, if lim;_q M <|f(z) = fy)l,

Vz,y € K, then f is harmonic pseudo-convex.

Proof. Suppose that f(z) < f(y), for any z,y € K and ¢ € (0,1). Then from Theorem 3.4, we have

(W) 2y < fa)— f) + Jim D,

y—x t—0+

If limg o 20 < |f(z) — f(y)], then f(z) — f(y) + limyo ZELD < 0. So, (f/(y), L) < 0. Therefore,
from Definition 3.1, we have f is harmonic quasi-convex function.
Similarly, if f(z) < f(y), we also have (f'(z), ;2) < 0. So, from the Definition 3.2, we have f is harmonic

pseudo-convex function. O

Now, we are going to introduce a new concept of generalized harmonic convex set.

Definition 3.3. Let K, C R"™1\ {0} be a nonempty set. A set K is said to be generalized harmonic convex
with respect to F(z,y,t) : R™ x R x [0,1] = R, if

(it (- 094 Fle0) € o V0, 05) € .
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for all xz,y € R™, and t € [0, 1].

We now investigate some characterizations of generalized strongly harmonic convex function f: K — R

in term of their epigraph E(f).

Definition 3.4. [2]. Let K be a nonempty in R™ and let f : K — R be a function. Then epigraph of f,
denoted by E(f) is defined by

B(f) = {(z,0) : v € K,a €R, f(x) < a}.

Theorem 3.6. A function f : K — R is generalized strongly harmonic conver with respect to F(x,y,t) :

R™ x R™ x [0,1] — R, if and only if, epigraph of f is generalized harmonic convex set with respect to F(-,-,-).

Proof. Suppose that f is harmonic sub-F-convex function with respect to F(x,y,t). Let (z,a) and (y,8) €
E(f). Then z,y € K, f(z) < a and f(y) < 8, we have

y
Moy ) = Q-0f@ 40+ Pl

(1=ta+t8+ F(z,y,t).

IN

Hence from Definition, one has

Ty
(tm—i—(l—t)y’(l —t)oz—i—tﬁ—f—F(x,y,t)) € E(f)

Thus E(f) is generalized harmonic convex set with respect to F'.
Conversely, assume that E(f) is generalized harmonic convex set with respect to F. Let z,y € K, then

(z, f(z)) and (y, f(y)) belong to E(f). Thus for ¢ € [0, 1],

zy
(mmt)y’ (1= 1)) +1f(y) + F<w7y,t)) € E(f).

This further follows that,

zy
f<m+(1t)y) <A =0)f(x) +tf(y) + F(z,y,1)

That is f is a generalized strongly harmonic convex function with respect to F'(.,.,.). O

Theorem 3.7. If K, is a family of generalized harmonic convex set with respect to a map F(z,y,t), then

Nier K, is a generalized harmonic convex set with respect to F(x,y,t).

Proof. Let (z,a),(y,B) € MierKs,, t € [0,1]. Then for each i € I, (z,a),(y,8) € I;. Since K, is a

generalized harmonic convex set with respect to F(.,.,.), it follows that

(m+(1—t)y’(1 —t)f(z) +tf(y) +F(x,y,t)> € K,,Viel
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Thus
Y (1—0)f(@) +tf(y) + Fa,yt) ) € nier K
T 1 - X x’ b 7 Si-*
tr + (1 —1t)y Y Y €I
Hence, N;cr K, is generalized harmonic convex set with respect to F(x,y,t). (Il

We apply the above results to the nonlinear programming problem. First, we consider the unconstraint

problem.

Theorem 3.8. Let f : K — R be differentiable and generalized strongly harmonic convex function with

respect to map F(-,-,-). Consider the optimal problem min{ f(x)|z € K}. If T € K and the relation

>0, (3.3)

holds for each x € K, then T is the optimal solution of f on K.

Proof. For any x € k, from Theorem 3.4, we have

, Tx . F(z,z,t) i
_ < _
(@), =—) = lim ——=— < f(z) - f(2) (3.4)
From (3.3) and (3.4), we have f(z) — f(Z) > 0. So, Z is an optimal solution of f on K. O

Next, we apply the above results to the nonlinear programming problem with inequality constraints:

min  f(z)
(Py) st gi(x) <0,iel=1{1,23,..,m}
xreR"

Denote the feasible set of (P;) by S, = {z € R"|g;(x) <0, i € I}.

Definition 3.5. Let K be a nonempty harmonic convezr set in R™. The function f : K — R is said to
be generalized strongly harmonic pseudo conver on K with respect to F' : K x K x [0,1] — R, if for each

z,y € K and t € (0,1), from (f'(y), ;25) + limo M > 0 one can have f(z) > f(y).

Theorem 3.9. (Karush-Kuhn-Tucker Sufficient Conditions) The function f is differentiable generalized
strongly harmonic pseudo convex with respect to F(.,.,.) : K x K x[0,1] = R, g;(x) (i € I) are differentiable
and generalized strongly harmonic convex with respect to F : K x K x [0,1] — R. Assume that T € Sy is a

KKT point of (P,), that is, there exist multiplier A\; > 0 (i € I) such that

=)+ Y Mg @),

i€l (z)

Ty 0, Alg(7), =) =0, (3.5)

r—x T —x

(f'(2),

T
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If

F(z,7,t
T CIEA) N e ST
t—0 t t—0
icel

P s
w Va € S,. (3.6)

Then Z is an optimal solution of the problem (Py).

Proof. For any x € Sy, we have g;(z) <0, ¢;(2) =0, ¢ € I(z) = {i € I | g;(Z) = 0}. Therefore, from the
generalized strongly harmonic convexity of g;(x) and Theorem 3.4, we obtain

Tx . F(z,z,t)

<0, forie I(z). (3.7)

From (3.5), one has

z— T—x
1€I(T)
In view of (3.6) and from (3.7), we have
, o IT F(z,x,t) s Iz . F(z,z,t)
> —
(f'(@), =) + lim, Z Alg' (@), 220+ ) di lim
1€I(Z) i€I(x)

I
|
>
—~
Q\
8
I
8
|
=
g8
T
—~
&I
8
~
S~—
—_

%
o

So,

F(3), =y ¢ g EEDY

r—x t—0+

From the generalized strongly harmonic pseudo convexity of f(z), we have f(x) > f(Z). Therefore Z is an

optimal solution of the problem (Fy). O
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