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PROPERTIES OF SOLUTIONS OF COMPLEX DIFFERENTIAL
EQUATIONS IN THE UNIT DISC

ZINELAABIDINE LATREUCH AND BENHARRAT BELAIDI*

ABSTRACT. In this paper, we investigate the growth and oscillation of higher

order differential polynomial with meromorphic coefficients in the unit disc

A = {z : |z| < 1} generated by solutions of the linear differential equation
W+ AR =0 (k22),

where A (z) is a meromorphic function of finite iterated p—order in A.

1. INTRODUCTION AND MAIN RESULTS

Throughout this paper, we assume that the reader is familiar with the fundamental
results and the standard notations of the Nevanlinna’s value distribution theory on
the complex plane and in the unit disc A = {z : |z| < 1} (see [14], [15],[18],[20],[22]).
We need to give some definitions and discussions. Firstly, let us give two defini-
tions about the degree of small growth order of functions in A as polynomials on
the complex plane C. There are many types of definitions of small growth order of
functions in A (see [11],[12]).

Definition 1.1 Let f be a meromorphic function in A, and

D(f):= limsupw =b.

r—1- 108 77

If b < oo, we say that f is of finite b degree (or is non-admissible). If b = oo, we say
that f is of infinite degree (or is admissible), both defined by characteristic function

T(r, f).

Definition 1.2 Let f be an analytic function in A, and

log™ M
Dy (f) := limsupOgigr’f> =a< oo (ora=oc0),
r—1- 0og 1—r

then we say that f is a function of finite a degree (or of infinite degree) defined by
maximum modulus function M (r, f) = ‘m‘zix |f (2)].

Now we give the definitions of iterated order and growth index to classify generally
the functions of fast growth in A as those in C (see [5],[17],[18]). Let us define
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inductively, for r € [0,1), exp; 7 = €” and exp,,; 7 = exp (expp ), p € N. We also
define for all r sufficiently large in (0,1), log, 7 = logr and log,,,, r = log (log, 7) ,
p € N. Moreover, we denote by exp,r = r, loggr = r,exp_; r = log; r,log_;r =
expy 7.

Definition 1.3 [6] The iterated p—order of a meromorphic function f in A is

defined as
log; T (r, f)

pp (f) = limsup g 1 p>1).
r—1- og 7=~

For an analytic function f in A, we also define

. log, 1 M (r, f)

prp (f) = hmsuppfrl—l (p>1).
r—1- 0og 1—r

Remark 1.1 It follows by M. Tsuji in [22] that if f is an analytic function in A,

then

p1(f) < pma(f) < pr(f)+1.
However, it follows by Proposition 2.2.2 in [18]

PM,p(f):pp(f) (p>2).

Definition 1.4 [6] The growth index of the iterated order of a meromorphic func-
tion f(z) in A is defined as

0, if f is non-admissible,
min{j € N: p; (f) < oo}, if f is admissible
and p; (f) < oo for some j € N,
+00, if p; (f) = oo for all j € N.

i(f) =

For an analytic function f in A, we also define
0, if f is of finite degree,
min{j € N: par; (f) < oo}, if fis of infinite degree
and par,; (f) < oo for some j € N,
+o0, if parj (f) = oo for all j € N.

iv (f) =

Definition 1.5 ([13],[16]) The iterated p—type of a meromorphic function f of
iterated p—order p, (f) (0 < p, (f) < 00) in A is defined as
7, (f) = limsup (1 — r)p”(f) log;_1 T (r, f).
r—1-

Definition 1.6 [7] Let f be a meromorphic function in A. Then the iterated
exponent of convergence of the sequence of zeros of f (z) is defined as
log; N (r, %)
Ap (f) = limsup———+,

p( ) r—1- IOg 117\

where N (r, %) is the counting function of zeros of f (z) in {z € C: |z| < r}. Simi-

larly, the iterated exponent of convergence of the sequence of distinct zeros of f (2)
is defined as

_ log; N (r, %)

A () = limsuplil,

r—1- 1—r
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where N (T, %) is the counting function of distinct zeros of f (2) in {z € C: |z| < r}.

Definition 1.7 [7] The growth index of the convergence exponent of the sequence
of zeros of a meromorphic f(z) in A is defined as

| 0, if N (r, }) =0 (log 12) :
ix(f) = min{j € N: \; (f) < oo}, ifsome j € N with \; (f) < oo exists,
+00, if \j (f) = oo for all j € N.

Remark 1.2 Similarly, we can define the finiteness degree ix (f) of A\, (f).

Consider for k > 2 the complex differential equation

(1.1) fP+A@i =0

and the differential polynomial

(1.2) 95 = dif W+ dr fEV - dif  dof,
where A and d; ( =0,1,--- , k) are meromorphic functions in A.

Let £(G) denote a differential subfield of the field M (G) of meromorphic
functions in a domain G C C. Throughout this paper, we simply denote £ instead
of L (A). Special case of such differential subfield

Lp+1,p={g meromorphic in A: pp1 (9) < p},
where p is a positive constant. Recently, T. B. Cao, H. Y. Xu and C. X. Zhu [§8], T.
B. Cao, L. M. Li, J. Tuand H. Y. Xu [10] have studied the complex oscillation of
differential polynomial generated by meromorphic and analytic solutions of second
order linear differential equations with meromorphic coefficients and obtained the
following results.

Theorem A [10] Let A(z) be an analytic function of infinite degree and of finite
iterated order pprp (A) = p > 0 in the unit disc A, and let f # 0 be a solution of
the equation

(1.3) f"+A()f=0.

Moreover, let
(1.4) PU =P (£ f) = pif )
§=0

be a linear differential polynomial with analytic coefficients p; € Lyi1,,, assuming
that at least one of the coefficients p; does vanish identically. If ¢ (2) € Lpt1,p
is a mon-zero analytic function in A, and neither P [f] nor P[f] — ¢ vanishes
identically, then we have

ix(P[fl—¢)=i(f)=p+1

and

Api1 (Pf] = @) = parpi1 (f) = parp (A) = p.
Theorem B [8] Let A be an admissible meromorphic function of finite iterat-
ed order pp,(A) = p > 0 (1 <p<o0) in the unit disc A such that 6 (00, A) =
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lim inf% =4§ > 0, and let f be a non-zero meromorphic solution of equation
r—1- ’

(1.3) such that 6 (0o, f) > 0. Moreover, let be a linear differential polynomial (1.4)
with meromorphic coefficients p; € Lpy1,,, assuming that at least one of the coef-
ficients p; does not vanish identically. If ¢ € L,11, 15 a non-zero meromorphic
function in A, and neither P [f] nor P[f] — ¢ vanishes identically, then we have

i(f)=ix(P[fl-¢)=p+1
and B
Ap (Pf] = @) = ppt1 (f) = pp(A) =p
if p> 1, while
Pp(A) SXP(P[f] —p) < Pp+1 (f) < l)p(A)+1
if p=1.
Remark 1.3 The idea of the proofs of Theorems A-B is borrowed from the paper

of Laine, Rieppo [19] with the modifications reflecting the change from the complex
plane C to the unit disc A.

Before we state our results, we define the sequence of meromorphic functions a; ;
(j=0,---,k—1)in A by

of i i +oj_14-1, foralli=1,--- k-1
R 7,5—1 —Ly—=1 ) ) )
(1.5) Oé’L,] { 0467j_1 — Aak—l,j—17 for: =0
and
d;, foralli=1,--- k-1,
(16) 0 = { do — di A, for i = 0.

We define also h and 1 (z) by

0,0 Q1o - - Qp—1p0
Qo1 Q11 B k1,1
(1.7) h = . . - . ,
Qok—1 QX1 k—1 - - Ok—1k—1
(1.8) ¥ (2) = Cop + C1¢p’ + -+ + Cror o™,
where C; (j =0,---,k — 1) are finite iterated p—order meromorphic functions in

A depending on «; ; and ¢ # 0 is a meromorphic function in A with p, (¢) < co.

The main purpose of this paper is to study the growth and oscillation of differential
polynomial (1.2) generated by meromorphic solutions of equation (1.1) in the unit
disc A.

Theorem 1.1 Suppose that A(z) is a meromorphic function of finite iterated
p—order in A and that d; (z) (j =0,1,--- , k) are finite iterated p—order meromor-
phic functions in A that are not all vanishing identically such that h £ 0. If f(z)
is an infinite iterated p—order meromorphic solution of (1.1) with ppy1 (f) = p,
then the differential polynomial (1.2) satisfies

pp(gf):pp(f):oo
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and

Po+1(95) = ppt1 (f) = p-
Furthermore, if f is a finite iterated p—order meromorphic solution of (1.1) such
that

(19) pp(f) >max{pp (A)vpp (dj) (]:0717 7k)}7
then

pp (gr) = pp (f).
Remark 1.4 In Theorem 1.1, if we do not have the condition h # 0, then the
conclusions of Theorem 1.1 cannot hold. For example, if we take d, = 1,dyg = A
andd; =0 (j=1,---,k—1), then h = 0. It follows that gy = 0 and p, (g5) = 0.
So, if f(z) is an infinite iterated p—order meromorphic solution of (1.1), then
pp(g9f) = 0 < pp(f) = oo, and if f is a finite iterated p—order meromorphic
solution of (1.1) such that (1.9) holds, then p, (9¢) =0 < p, (f).

Corollary 1.1 Suppose that A (z) is admissible meromorphic function in A such
that i(A) = p (1<p<o0) and 6(c0,A) = 6 > 0. Let d; (2) (j=0,1,--- ,k)
be finite iterated p—order meromorphic functions in A that are not all vanishing
identically such that h 2 0, and let f be a nonzero meromorphic solution of (1.1).
If 6 (o0, f) > 0, then the differential polynomial gs satisfies i(gf) = p + 1 and
Pp+1(9f) = pp+1 (f) = pp (A) if p> 1, while

pp (A) < ppi1 (gf) = Pp+1 (f) < pp(A)+1
if p=1.

Theorem 1.2 Under the assumptions of Theorem 1.1, let ¢ (z) #Z 0 be a meromor-
phic function with finite iterated p—order in A such that ¥ (z) is not a solution of
(1.1). If f(2) is an infinite iterated p—order meromorphic solution of (1.1) with
Pp+1 (f) = p, then the differential polynomial (1.2) satisfies

)‘p(gf_sp):)‘p(gf_@)zpp(f)zoo

and

Ap+1 (97 — @) = Mpt1 (97 — ) = pp41 (f) = p-
Furthermore, if f is a finite iterated p—order meromorphic solution of (1.1) such
that

(1.10) pp (f) >max{p, (A),pp (¢),pp(dj) (j=0,1,---,k)},
then

Ao (97 = #) =X (95 — @) = pp (f).-
Corollary 1.2 Under the assumptions of Corollary 1.1, let ¢ (2) # 0 be a mero-
morphic function with finite iterated p—order in A such that 1 (z) £ 0. Then the
differential polynomial (1.2) satisfies

Apt+1 (9F — ) = Apt1 (95 — ) = pp41 (f) = pp (4)
if p>1, while
Pp (A) < Xps1 (95 — @) = Apr1 (95 — @) = pps1 (f) < pp (A) +1
if p=1.
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Remark 1.5 The ideas of the proofs of Theorems 1.1 and 1.2 are from [21] with
modification from the complex plane C to the unit disc A. For some papers related
in the complex plane see [19,21,4].

2. AUXILIARY LEMMAS

Lemma 2.1 [9] Let Ay, A1, , Ak—1, F £ 0 be meromorphic functions in A, and
let f be a meromorphic solution of the equation

(2.1) FO 4 Ay (2) f5D o+ Ay (2) f + Ao (2) f = F(2)

such that

maX{p;D(Aj) (j:O,l,--- 7k_1>7pp(F)} <pp<f) < +o0.
Then

and

Apt1 (F) = Apra () = ppra (f) -
Lemma 2.2 [6] Let p > 1 be an integer, and let Ao(2), -, Ar—1(z) be analytic
functions in A such that i (Ao) = p. If

max{i(4;):5=1,--- Jk—1} <p
or
max{pP(A]) .] = 17 7k_1} <pI)(AO)a
then every solution f % 0 of the equation
(2.2) FO 4 A () f* D 4 A (2) F Ao (2) =0,
satisfies i (f) = p+ 1 and p,(f) = 00, pp(Ao) < pper (f) = parpes () <
max{parp (A;):j=0,1,---, k—1}.

Lemma 2.3 [3] Let f and g be meromorphic functions in the unit disc A such that
0< pp(f),pp(9) <ooand 0 <1, (f), 7 (9) < co. Then we have
(1) If pp (f) > pp(g), then we obtain

(2.3) Tp(f+g):7—p(f9):7p(f)~
(i) If pp (f) = pp (g) and 1, (f) # 7 (g) , then we get

(2.4) pp(f+9)=pp(f9)=pp(f)=pp(9)-

Lemma 2.4 [17,2] Let f be a meromorphic function in the unit disc for which
i(f)y=p>1and p,(f) =B < oo, and let k € N. Then for any € > 0,

B+e
(2.5) m (r, f;k)) =0 (expPQ <log lir) )

for all v outside a set E C [0,1) with [, 2= < .
Lemma 2.5 [8] Let A(z) be an admissible meromorphic function in A such that
i(A)=p (1 <p<oo)and §(co,A) =0 >0, and let f be a nonzero meromorphic



PROPERTIES OF SOLUTIONS OF COMPLEX DIFFERENTIAL EQUATIONS 165

solution of (1.1). If 6 (oo, f) > 0, then i(f) = p+ 1 and ppy1 (f) = pp (4) if
p > 1, while

Pp (A) < ppy1 (f) < pp(A) +1
if p=1.

Lemma 2.6 [1] Let g : (0,1) = R and h : (0,1) — R be monotone increasing
functions such that g (r) < h(r) holds outside of an exceptional set Fy C [0,1)
for which fEl 1d_r7, < oo0. Then there exists a constant d € (0,1) such that if

s(ry=1—=d1 —r), then g(r) < h(s(r)) for all r €10,1).

3. PROOFS OF THE THEOREMS AND THE COROLLARIES

Proof of Theorem 1.1 Suppose that f is an infinite iterated p—order meromor-
phic solution of (1.1) with pp4+1 (f) = p. By (1.1) we have

(3.1) f8 = —af

which implies
gr = def P+ der SOV 4 dof

(3.2) =dp_1 fOD 4+ (do — diA) f.
We can rewrite (3.2) as

k—1 ‘
(33) g5 =Y aiof®,

i=0

where o o are defined in (1.6). Differentiating both sides of equation (3.3) and
replacing f*) with f(*) = —Af, we obtain

k—1 k—1 k—1 k
R LRSS VELED STIVEED S UL
=0 i=0 =0 i=1

k—1 k—1
=agof + Zaé,of“) + Zai—l,of(i) +ap_10f®

i=1 i=1
k—1
= agof + Z (o4 cic10) £ — an_1,0Af
i=1
k-1
(3.4) =Y (0fg+ic10) fD+ (ap g — ar-1,04) f.
i=1
We can rewrite (3.4) as
k—1
(3.5) g; = Zai,lf(z),
i=0
where
042,0 + a;—1,0, for all 7 = 1,--- ,k‘ —1,

(3.6) Qi1 = {

a0 — Aag_1,, for i = 0.
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Differentiating both sides of equation (3.5) and replacing f*) with f*) = —Af, we
obtain

k-1 k-1 k-1 k
gf = DbV + D e S =30l O+ Y s
i=0 i=0 i=0 i=1

k1 k-1
=ap f+ > i fY 4+ aiafY e f®

i=1 i=1

k-1
=ag.f + Z (afy +ai11) fO — a1 1 Af
i1

k—1
57 =5 o i) £+ e — s 1)
i=1
which implies that
k—1 '
(3.8) gf = Zai,zf(’),
i=0
where
_f ol taigg, foralli=1,--- k-1,
o H { gy — Aag_11, for i =0.

By using the same method as above we can easily deduce that

(3.10) gf’ Zkiai,jf(”a i=01 k-1,
where -

aa) = { g S
and

12 o= {0 i e

By (3.3) — (3.12) we obtain the system of equations

g =aoof +orof +---+ akfl,Of(kil)a
gy =ao1f+aif +-+ ap_11f*Y,

(3.13) gf =aoaf +araf +- + ag—1,2f Y,
k—1 .
g§c ) = aop—1f +ar g1 f 4+ g1 o1 fETY.

By Cramer’s rule, and since h #Z 0 we have

gf 1,0 - k—1,0

g} 1.1 - Op—1,1

(k—1)

9y a1 k-1 - - Og—1k—1

(3.14) f=

h
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So, we obtain
(3.15) f=Cogy+Cigh+-+ Ck_lg}k—l)’

where C; are finite iterated p—order meromorphic functions in A depending on
o j, where «; ; are defined in (3.11) and (3.12).

If pp (9¢) < 400, then by (3.15) we obtain p, (f) < +oo, and this is a contra-
diction. Hence p, (97) = pp (f) = +o0.

Now, we prove that ppt1(gr) = pp+1 (f) = p- By (3.2), we get ppt1 (g7)
pp+1 (f) and by (3.15) we have ppi1(f) < ppt1(gy). This yield ppi1(gyr)

ppt1 () = p.
Furthermore, if f is a finite iterated p—order meromorphic solution of equation
(1.1) such that

IIVAN

(316) Pp (f) > max{pp (A)app (dj) (] :0717"' 7k)}7
then
(3.17) pp (f) >max{p,(a;;):i=0,--- ,k—1,j=0,--- ,k—1}.

By (3.2) and (3.16) we have p, (g7) < pp (f). Now, we prove p, (g¢) = pp (f). If
Pp (g7) < pp (f), then by (3.15) and (3.17) we get

Pp(f) Smax{pp(cj) (=0, ,kfl),pp(gf)}<pp(f)

and this is a contradiction. Hence p, (gf) = pp (f) -

Remark 3.1 From (3.15), it follows that the condition h # 0 is equivalent to that

gfs g}, g}’ S g}k_l) are linearly independent over the field of meromorphic functions

of finite iterated p—order in A.

Proof of Corollary 1.1 Suppose f # 0 is a meromorphic solution of (1.1). Then,
by Lemma 2.5, we have i (f) = p+ 1 and pp1 (f) = pp (4) if p > 1, while

Pp (A) < ppy1 (f) < pp(A) +1

if p = 1. Thus, by Theorem 1.1 we obtain that the differential polynomial g; satisfies
i(gs) =p+1and ppy1(97) = pp+1 (f) = pp (4) if p > 1, while

Pp (A) < pp+1(9r) = pp+1 (f) < pp (A) + 1
ifp=1.
Proof of Theorem 1.2 Suppose that f is an infinite iterated p—order meromorphic

solution of equation (1.1) with p,11 (f) = p. Set w (2) = gy — ¢. Since p, (¢) < oo,
then by Theorem 1.1 we have p, (w) = p, (g7) = 00 and ppt1 (W) = pp+1 (g7) = p.

To prove A, (95 — ©) = Ap (95 — ) = 00 and Apy1 (g5 — ) = Apy1 (95 — ) = p we
need to prove A, (w) = A, (w) = 00 and Apq1 (W) = App1 (W) =p. By gy =w+¢
and (3.15), we get

(3.18) f=Cow+Crw' + -+ Croyw® D 1y (2),
where

(3.19) ¥ (2) = Cop + Cr/ + -+ + Corp* 1.



168 LATREUCH AND BELAIDI

Substituting (3.18) into (1.1), we obtain

2k—2
(3.20) Crorw® D 4 3" g = - (W) +A(2) 1/)) — H,
i=0
where ¢; (1 =0,---,2k — 2) are meromorphic functions in A with finite iterated

p—order. Since ¢ (z) is not a solution of (1.1), it follows that H # 0. Then by
Lemma 2.1, we obtain A, (w) = A, (w) = 0o and Apt1 (W) = Ap1 (w) = p, 1. e,

Ap (95 = 9) = Ap (95 — ) = 00 and Xpy1 (95 — ¢) = Apr1 (97 — ©) = p.
Suppose that f is a finite iterated p—order meromorphic solution of equation
(1.1) such that (1.10) holds. Set w (z) = g — . Since p,, (¢) < pp (f), then by The-

orem 1.1 we have p, (w) = p, (97) = pp (f) . To prove A, (9r — ) = Ay (95 — ) =
pp (f) we need to prove A, (w) = A, (w) = pp (f). Using the same reasoning as
above, we get

2k—2

Croqw®D 1+ 3 g = — () + A (2)0) = F,
=0

where Cy_1, ¢; (i =0,---,2k — 2) are meromorphic functions in A with finite it-
erated p—order p, (Cx—1) < pp (W), pp (¢i) < pp (w) (i =0,---,2k —2) and

¥ (2) =Cop+ C1¢/ + -+ Crm10™ ™V, p, (F) < pp ().
Since 9 (z) is not a solution of (1.1), it follows that F' # 0. Then by Lemma 2.1,
we obtain A, (w) = Ay (w) = pp (f), 1 e, Ap (g7 — ) = Ap (95 — @) = pp (f) -

Proof of Corollary 1.2 Suppose that f # 0 is a meromorphic solution of (1.1).
Then, by Lemma 2.5, we have i (f) = p+ 1 and ppy1 (f) = pp (4) if p > 1, while

pp (A) < ppra (f) < pp(A) +1

if p = 1. Since ¢ # 0 and p, (¢) < oo, then 1 cannot be a solution of equation
(1.1) . Thus, by Theorem 1.2 we obtain that the differential polynomial g satisfies

)‘p+1 (gf - 90) = )‘p+1 (gf - 90) = Pp+1 (f) = Pp (A)
if p> 1, while
P (A) < A1 (g5 — @) = Apr1 (95 — @) = ppa (f) < pp (A) +1
ifp=1.

4. DISCUSSIONS AND APPLICATIONS

In this section, we consider the differential equation
(4.1) " +AR) f=0,

where A (z) is a meromorphic function of finite iterated p—order in A. It is clear
that the difficulty of the study of the differential polynomial generated by solutions
lies in the calculation of the coefficients o; ;. We explain here that by using our
method, the calculation of the coefficients «; ; can be deduced easily. We study for
example the growth of the differential polynomial

(4.2) gr=f"+r"+r+r
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We have
gf = aoof +orof +azof”,
(4.3) gy =aoaf+aif +azif”
gf =aoaf +aiaf +agaf"

By (1.6) we obtain

(4.4) Qg0 =

)

1, for allt = 1,2,
1—A, fori=0.

Now, by (3.6) we get
i = o+ a1, foralli=1,2
i,1 — a6’0 — AOéQ)(), for 2 = 0.
Hence
0= g~ Auso = —A'— 4
(4.5) a1y =ajgt+age=1-A4,
a1 =agg+ag =1
Finally, by (3.11) we have

o — Oé;J + a1, foralli=1,2,
+2 gy — Aag, fori=0.

So, we obtain
Qp,2 = 046,1 — Aa271 =-A"— A — A,

(4.6) a2 =ay; +apgr =—24"— A4,

Q22 = 0/271 + a171 =1-A.
Hence

gr=Q0=A) f+ [+ [
(4.7) gp=A-A) f+1-A)f +[f"

g}’ =(-A" A -A)f+ (24 -A) f+1-A) "

and
1-A 1 1
h=| -A"-A 1-A 1
AT A — A —9A—A 1-A
(4.8) = 34"~ A~ AN — AA" + A — AP 1 2(A) 4L

Suppose that h # 0, by simple calculations we have

Agl+ (=1 =24 ¢, + (1 — A+ 24" + A?) g
(49) f: gf ( )gf h( )gf

and by different conditions on the solution f we can ensure that

pp (f" + "+ f 4+ F)=pp(f).

169

Turning now to the problem of oscillation, for that we consider a meromorphic

function ¢ (z) Z 0 of finite iterated p—order in A. From (4.9) we get
Aw’ + (-1 =24 w + (1 — A4 24"+ A%)w
h

(4.10) f= +4(2),
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where w = gy — ¢ and

CAY (124 + (1 - A4 24"+ A%)

4.11
(A1) e () i
Hence
A 1 !
(4.12) f = ﬁw + C’lw + Cow + w,
where
1424’ 1—A+2A4" 4 A?
N A

Substituting (4.12) into (4.1), we obtain

4
=0

where ¢; (i =0, -+ ,4) are meromorphic functions in A with finite iterated p—order.
Suppose that all meromorphic solutions f # 0 of (4.1) are of infinite iterated
p—order and py,y1 (f) = p. If ¢ # 0, then by Lemma 2.1 we obtain

(4.13) Ap(gr — ) =X (g5 — ) = pp (f) = +00
and
(4.14) Apt1 (97 = ©) = Aps1 (97 — @) = ppi1 (f) = p-

Suppose that f is a meromorphic solution of (4.1) of finite iterated p—order such
that

Pp (f) > max {pp (A4) » Pp (90)} .
If ) + A(2) 1 # 0, then by Lemma 2.1 we obtain

Ao (gr =) =M (gr — ) = pp (f) -

Finally, we can state the following two results without the additional conditions
h # 0 and 1 is not a solution of (4.1).

Theorem 4.1 Suppose that A (z) is analytic function in A of finite iterated p—order
0 < pp(A) < o0 and 0 <7,(A) < oo, and that d; (z) (j =0,1,2,3) are finite it-
erated p—order analytic functions in A that are not all vanishing identically such
that

max {pp (d]) (J = Oa ]-’ 27 3)} < Pp (A) .
If f is a nontrivial solution of (4.1), then the differential polynomial
(4.15) gr =dsf® + dof” +drf' +dof
satisfies
Py (97) = pp (f) =00
and

Pp (4) < Pp+1 (gf) = Pp+1 (f) < PM.p (A4).

Theorem 4.2 Under the assumptions of Theorem 4.1, let ¢ (2) £ 0 be an analytic
function in A with finite iterated p—order. If f is a nontrivial solution of (4.1),
then the differential polynomial gy = d3f®) + dof” + di f' +dof (d3 # 0) satisfies

(4.16) Ao (gr =#) =X (95 =) = pp () = 0
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and

(4~17) Pp (A) < Xerl (gf - SD) = )‘p+1 (gf - SD) = Pp+1 (f) < pPMp (A) .
Remark 4.1 The results obtained in Theorems 4.1 and 4.2 and refinement of
Corollaries 1.1 and 1.2 respectively.

Proof of Theorem 4.1 Suppose that f is a nontrivial solution of (4.1). Then by
Lemma 2.2, we have

pp (f) =00, pp(A) < ppy1 (f) < parp (A).
First, we suppose that ds3 # 0. By the same reasoning as before we obtain that

Hy H, H
h=| Hs Hy Hs |,
Hg H; Hg

where H() = do — d3A7 H1 = dl, H2 = d2,H3 = d6 - (dg "‘rdé)A - d3AI, H4 =
do + dll —d3A, Hy =dy + d/27H6 = dg — (dl + 2d/2 + dg)A — (dg + 2dg) A — dgAH,
H7 = 2d6 + dlll - (dg + 2dé) A— 2d314/7 HS = do + 2d/1 + dg - dgA Then
h = (3dod1da + 3dod1dly + 3dodady — 6dodsd) + 3d1dad) + 3d1dsdy
+dodady — 2dodsdy + didadly + didsdy + dadsdyy + 2dodsdly + 2d1d dy — 4dadydy
+2dodydby + 2dsdydy — dydydly + dydydy + dodydy — dod dly — dzd’dy
+dsdhd! — df — 3dids — 2dy (dy)? — 3didy —2ds(d))* — d5d] — didf — 3d3dy) A
+ (2dodadyy + 2dodsdy, — dydedy + 2dydsdy — 4dadsdyy + didsdy
—dadsd — 2dydydly + 2dad)dy + 3dodyds + dods — dids + d3d) — Zd%dg) A
—l—(dgdgdll + dodods — d1d3d/2 — d%d;g)A” + (2d2d3dé - 3d1d§ + 2d§d3 - ngdé)AA/
+ (d‘;’ — 3dydads — 3dydszdly — 3dadsdy — dadszdly — 2d3dydy
+3dod3 + 3d3d) + 2da(dy)? + 3d3ds + d3jdy) A°
—d3 AP 4 2dod3(A')? — dod3 AA" — 3dydyd)) — dodydy — dodady — 2dodydy
+dydfjdly + dodhd] — doddf) 4 d3 + 2do(d})? + 3d2d) + 2dy(d))?
+didy + didy — 2dydyd; + dodydy — dodyd! — dydyds.-
By d3 # 0, A # 0 and Lemma 2.3, we have p, (h) = p, (A), hence h # 0. For the
cases (i) d3 =0, do £ 0; (ii) d3 = 0,d2 = 0 and d; # 0 by using a similar reasoning
as above we get h # 0. Finally, if d3 =0, dy =0, d; = 0 and dy # 0, then we have
h = d} # 0. Hence h # 0. By h # 0, we obtain

1 g.f dl d2
f==19 do +d} —dsA di + df ,
g7 2dy +df — (do+2d3) A —2d3 A" do+2d} +dy — d3zA

which we can write

1
(4.18) f= 7 (Dogs + D1gs + Dag),

where
Dy = (dydy — 2dodsz + 2dydfy + dodly — 3d3dy — dzdy + 2d5d}) A
+ (2d1d3 + 2dsdh) A’ + Ad3 + 3dod), — 2d1dy + dody — dydf
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—2dydy + dydy — dyd + dj + 2(d})?,
Dy = (dids — 2dody — d3) A+ dad — dody — 2d1d}; + 2dod)y — drdy,
Dy = degA + d% — dgdll + dldé — dods.

If p, (gf) < 400, then by (4.18) we obtain p, (f) < 400, and this is a contradiction.
Hence py (97) = pp (f) = +c.

Now, we prove that ppy1(9r) = pp+1 (f). By (4.15), we get ppy1(g9r) <
pp+1 (f) and by (4.18) we have pp11 (f) < pp+1 (9f). This yield py, (A) < ppi1 (95) =
pp+1 (f) < parp (A) .

Proof of Theorem 4.2 By setting w = gy — ¢ in (4.18), we have

1
(419) f = E (D()’w + Dlw/ + DQU)”) + ¢7

where
DQ()ON + D1(,O/ =+ Do(p

4.20 = .
(4.20) Y 3

Since dg # 0, then h # 0. It follows by Theorem 4.1 that g¢ is of infinite iterated
p—order analytic function and p, (A) < ppy1(g5) < paryp (A). Since pp, (@) < 00,

then we have p, (w) = pp (9f) = pp (f) = co and py, (4) < ppi1 (W) = ppy1 (97) =
pp+1 (f) < parp (A) . Substituting (4.19) into (4.1), we obtain

4
%w(s) n ;@w(i) — (¢(3) 1+ A(2) w) ,

where ¢; (1 =0, -- - ,4) are meromorphic functions in A with finite iterated p—order.
We prove first that ¢ # 0. Suppose that 1) = 0, then (4.20) can be rewritten as

(421) DQQDH + Dl@/ + Do(p =0
and by Lemma 2.3, we have

(4.22) p(Do) > max {p (D), p (Da)}
By (4.21) we obtain

/

1!
Dy = — (DQ“’ +D1“0) .
2 P

Since p, (¢) = B < oo, then by Lemma 2.4 we have

1 B+e
T (r,Do) <T(r,D1)+T (r,D2) + 0O (expp_2 <log T— 7‘) ) , T ¢ E,

where E C [0,1) is a set with fE 1‘1_TT < 00. Then, by using Lemma 2.6, we get

Pp (DO) < max {p;ﬂ (Dl) ) Pp (D2)}’

which is a contradiction. It is clear now that ¥ # 0 cannot be a solution of (4.1)
because p, (1) < co. Then, by Lemma 2.1 we obtain

Xp(w):>‘p(w):Xp(gf*SD):)‘p(gf*SD):Pp(f)zoo
and

pp(A) < Xer1 (w) = Apy1 (w) = Xerl (gf —¥)
= Xpt1 (9r — ) = ppt1 (f) < parp (A)
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