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ABSTRACT. The main aim of this paper is to introduce a new class of harmonic convex functions with respect
to non-negative function h, which is called generalized (h,r)-harmonic convex functions. We derive some
new Fejer-Hermite-Hadamard type inequalities for generalized harmonic convex functions. Some special

cases are also discussed. The ideas and techniques of this paper may stimulate further research.

1. INTRODUCTION

Convexity theory has become a rich source of inspiration in pure and applied sciences. This theory had
not only stimulated new and deep results in many branches of mathematical and engineering sciences, but
also provided us a unified and general framework for studying a wide class of unrelated problems. For recent
applications, generalizations and other aspects of convex functions, see [1,2,4,6,8,10,11,13-16, 18-23, 25,
27-29, 32, 35] and the references therein. Varosanec [31] introduced the class of h-convex functions with
respect to an arbitrary non-negative function h, which is quite flexible and unifying one. Pearce et. al [18]
generalized the Hermite-Hadamard inequality to a r-convex positive functions. Gordji et al. [3,4] consid-
ered a new class of convex functions, which is called the generalized convex( ¢-convex) functions. For some
properties of the generalized convex functions, see [3-5]. Anderson et al. [1] and Iscan [9] introduced and

studied the harmonic convex functions, which can be viewed as an important and siginificant generaliztion
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of convex functions. Noor et. al. [24] introduced and investigated new class of convex functions, which is
called relative harmonic (s, n)-convex functions. They discussed some basic results of harmonic (s, 7)-convex
functions and also derived the Hermite-Hadamard and Fejer type inequalities for this class of functions.
Noor et al. [17-23,25,27-29] have derived various error estimates for different classes of generalized convex

functions.

Inspired and motivated by the ongoing research, we introduce the concept of (h,r)-harmonic convex
functions with respect to an arbitrary nonnegative function h and r > 0. This class is more general and
contains several new classes of harmonic r-convex functions functions as special cases. We discuss some
properties of generalized harmonic r-convex function. We establish several Hermite-Hadamard inequalities
for generalized harmonic r-convex function. Our results represent a significant refinement of the known

results.
2. PRELIMINARIES
In this section, we recall some basic concepts. Let n(-,-) : R x R — R be a continuous bifunction.
Definition 2.1. [13] 4 set I = [a,b] C R is said to be a convex set, if
(I-tx+tyel, Va,y € I,t €[0,1].
Definition 2.2. [13] 4 function f: I = [a,b] — R is said to be a convex function, if
F(A=tz+ty) <A —t)f(z)+tf(y), Vr,y € I,t € 0,1].

Definition 2.3. [31] Let h: J = [0,1] — R be a nonnegative function. A function f:I =[a,b] CR = R

is said to be an h-convex function, if
F(L=t)z +ty) < h(1 =1)f(x) + h(t)f(y), Va,y € 1,t€[0,1].

Definition 2.4. [18] A function f : I =[a,b] C R — R is r-convez, if f is positive and for all x,y € I and
t €[0,1], we have

(L=Bf @) +tf@))7 e #0

(f@)' ()’ r=0

F((L=t)z +ty) =

It is clear that 0-convex functions are simply log-convex functions and 1-convex functions are ordinary
convex functions. Ngoc et. al [12] obtained the Hermite-Hadamard inequality for r-convex function. Hap
and Vinh [7] established a Hermite-Hadamard inequality for (h,r)-convex functions.

Gordi et al [4] introduced another class of convex functions, which is called the generalized convex functions.
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Definition 2.5. [3,4] A function f : I = [a,b] C R — R is said to be generalized convex (¢p-convex) function,
if and only if,

f(A =tz +ty) < f(@) +in(f(y), f(x)), Va,y € I,t € [0,1].
Noor [14] introuced and studied the genralized r-convex functions.

Definition 2.6. [14] A function f : I = [a,b] C R — R is said to be generalized r-convez, if f is positive

and for all x,y € I and t € [0, 1], we have

(L= 8)[f @)+ tlf (@) +n(f ), f@))7 . #0
(f@) 7 (f (@) +n(f (), f(2)))* ;7 =0

It is clear that generalized 0-convex functions are simply generalized log-convex functions [29] and gener-

(L=t +ty) =

alized 1-convex functions are generalized convex (¢-convex) functions, see [3].

Definition 2.7. [33]. A set I = [a,b] C R\ {0} is said to be a harmonic convex set, if

Ly

— 2 eI, Vo,y € 1,t €[0,1].
tr+ (1 —t)y wY [0,1]

Definition 2.8. [9]. A function f:I = [a,b] C R\ {0} = R is said to be harmonic convex function, if

ry
) St t \/ I,te(0,1].

f(t{l?—f—(l—t)y)_( )f($)+ f(y)a xr,y ed, 6[,]
In particular, it has been shown that f is a harmonic convex function, if and only if,

b b [P b
FE S,

which is called Hermite-Hadamard inequality for harmonic convex function.

Definition 2.9. [26] Let r # 0 be a real number and h : J — R be a nonnegative function. We say that
f:1I=1a,b CR\ {0} — R is harmonic (h,r)-convez function, if

f(M) < [h(1=Bf @) +hOf W), Vayelteloll.

It is clear that harmonic (h,0)-convex functions are simply harmonic logarithmic h-convex functions and
harmonic (h, 1)-convex functions are harmonic h-convex functions [17].
We now introduce some new concepts. Throughout this paper, we take r # 0, a real number, unless otherwise

specified.

Definition 2.10. Let h: J =[0,1] — R be a nonnegative function. A function f: I =[a,b] CR\ {0} - R

is said to be generalized (h,r)-harmonic convezx function, or f belongs to the class HR(h,r), if and only if,

1

3

. ML= O+ h r ) r#0
f(t:v+y>: [ =O)[f(@)]" + h(B)[f (x) +n(f (), f())]"] # o)

(1 =1y (f(@)" = (f (@) +n(f (y), f(2)))"® r=0
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The function f is said to be generalized (h, r)-harmonic concave function, if and only if, -f is generalized

(h,r)-harmonic convex function.

For t = %, we have

1
r

f< 22y ) O @)+ @) + ), S@)) T £0
vy VI@F@) +a(f ), F@) =0

The function f is called Jensen generalized (h,r)-harmonic convex function.

We now discuss some special cases of generalized (h,r)-harmonic convex function, which appear to be
new ones.
I. If h(t) = t in Definition 2.10, then it reduces to the Definition of generalized r-harmonic convex

functions.
Definition 2.11. A function f : I = [a,b] C R\ {0} — R is r-harmonic convex function, if and only if,

ey, ) <[00l + @) + a0 JOIT Yee Lee il

IIL. If r = 1 in Definition 2.10, then it reduces to the Definition of generalized h- harmonic convex functions.
II1. If h(t) = t* in Definition 2.10, then it reduces to the Definition of Breckner type of generalized

(s, r)-harmonic convex functions.

Definition 2.12. A function f : I = [a,b] C R\{0} — R is (s,7)-harmonic convezx function, where s € (0,1),
if

1
p

gy, ) < (0= 0@l + 1@ + ) JOI T, e Lee il

IV.If h(t) = t~*° in Definition 2.10, then it reduces to the Definition of Godunova-Levin type of generalized

(s,r)-harmonic convex functions.

Definition 2.13. A function f : I = [a,b] C R\ {0} — R is Godunova-Levin type of generalized (s,r)-
harmonic convex functions where s € (0,1), if

Ty —s r —s i
(o) < -0 @) + U@ + a7 ST, Ve eLte 0.0

If s = 1, then Godunova-Levin type of generalized r-harmonic convex functions reduces to Godunova-

Levin type of generalized (1, 7)-harmonic convex functions.

Lemma 2.1. Suppose that a,b,c € R. Then

(1) min{a,b} < ‘LT'H'.
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(2) if ¢ >0, c. min{a, b} = min{ca, cb}.
Remark 2.1. If I = [a,b] C R\ {0} and if we consider the function g : [%, ﬂ — R defined by g(t) = f(%),
then f is generalized r-harmonic convex on [a,b], if and only if, g is generalized r-convex in the usual sense
on [l l].

b’ a

Generalized logarithmic means of order r of positive numbers x, y is defined by:

4l el
r-:l (%)7 T?é {_170}71‘7&3/

L (Z‘ y)_ ln;:%/ny’ T:0,$7éy
r\L -
xylniiflynyv r:_]_7$7éy
x, T =Y.

Minkowskis Inequality is stated as follows: Let

b b
r>1, 0< / [f(@)]de <00, 0< / [9(2)]"dx < oo.

([v@+ g(azr)V“czac)i <(/ b[f(x)]’"dxf + ([ lore) g

3. MAIN RESULTS

Then

In this section, we obtain several new Hermite-Hadamard type inequalities for generalized (h,r)-harmonic

convex functions.

Theorem 3.1. Let f : I = [a,b] C R\ {0} — R be a generalized (h,r)-harmonic convex function. If
f € Lla,b], then
ab  [* f(x)

2
b—aj, =x

dx

IN
=
jm}
—
=
~—~
Q
=
3
+
=
—~
&
+
3
—
[
—~
=
=
Q
S~—
=
3
Tie
N
O\H
>
—
N
B!
(oW
=
N————

;{H F@) + [f(@) + n(f(b), S(@)]]

IN

SO+ [£(0) +n(f(a), f(0))]']

Sl
—
7N
N
iy
>=
—~
N
.
o,
~
~__

Proof. Let f be a generalized (h, r)-harmonic convex function. Then

Hr i) < 1= O @ + KO 17 (0) + (), J@)T T

and
ab
(I—t)a+td

1
s

i ) < [AA=O[F )] +h@)[F(0) +n(f(a), fON],  Va,yeLte(0,1].



Int. J. Anal. Appl. 16 (4) (2018)

547

Thus, we have

ab ab
f(ta +(1- t)b) + f((l —t)a +tb)

< [ =0Lf @)+ h(D)[f(a) +n(f (), f(@)]']7

1

P =[O+ h@)[F () +n(f(a), FO)]],

Integrating (3.1) over the interval [0, 1] and using Minkowskis inequality, we have

1 ab 1 ab
|t | e

(/ [h(1 - ot roa) +( [ O f(a) + 00, i) |
(/ [h1 - o) +( [ BOI ) + (f(a), ojar) |

L

+
- {Hf(a)]’" T [F(a@) + n(F0), )]

1

IN

1
G + F0) + n(f(a), f(b))]’"ﬁ}( / [h(t)ﬁdt).

This implies

which is the required result.

Corollary 3.1. Under the assumptions of Theorem 3.1 with r = 1, we have

b 1
ab [P @) min{f(a)/o [(B[(1 = 8)] + h(t)|dt

— 2
b—a), =«

(£ (), £(a)) / h(t)dt, £(b) / (B~ )] + h(t)]dt

(@), 10) [ hjat)

< @)+ f0)] / h(t)dt
(A0 7(0) + (516 1) / _—
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Theorem 3.2. Let f : I = [a,b] C R\ {0} — R be a generalized (h,r)-harmonic convex function. If
f € Lla,b], then

Sl=

H )+ () T )| )
6] ([
* {f((l—f)iwrtb) +1lf( + (alb— t)b)’f((l - gl; + tb))]r> } (32)

Proof. Let f be a generalized (h, r)-harmonic convex function. Then, taking x =

ab _ ab
tat+(1-0)b and y = (I—t)a+tb

in (2.2), we have

20y < )] ([
ab

ab "
Gt U e )] )

1

and
2y < )] ()
1 e )
Thus,
(22
« sl (sl

ab ab ab NG
+[f(ta+(1—t)b)+n(f((1—t)a+tb)’f(ta+(1—t)b))} ) ’

o] (aieral]

ab ab ab "
+[f<(1—t)a+tb) +n(f(ta+(1—t)b)’f((l—t)a—i-tb))} ) }

The required result. O
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Corollary 3.2. Under the assumptions of Theorem 3.3 with r = 1, we have

122 < min{n(3) 27 G =)

ab ab
0 =) s (=)

1 ab
h3) |2 ()

ab ab
il g )|

Theorem 3.3. Let f : I = [a,b] C R\ {0} — R be a generalized (h,r)-harmonic convex function. If

f € Lla,b], then
2 (2 \ (b )i () @)\
h(%) (f(a—i—b)) <b—a/a 2 d >
f
< (%) L)
< g (@I + 1@ + (s ST

Proof. Let f be a generalized (h,r)-harmonic convex function. From inequality (3.2) and Lemma 2.1, we

have

2ab)
a+b

N}

I

(SIS

[ (3))"

([ =) = ([ i)
1

1 ab ab T
[ttt [ =) G )
1—

(/
< Olf ( +tb)dt+/01”(f(ta+(alb—t)b)’f((l—Siﬂb))dt)r}

b

+2<baba /ab (a+b)q« @rb)o—ab)> f(:c))dx>r} |

IA

+

1
-

+
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This implies

2;;;<f(m)>’“ (btiba /: f(x)+n(f((;+2‘;§’$_ab)7f(x))dx)’”
< (2 [y
< o (@I + @ + a0 g1
o) + o)+ ats. s ) (| l[h@)Jidt)T,
which is the required result. 0

Corollary 3.3. Under the assumptions of Theorem 3.3 with r = 1, we have

dz

1 2ab ab b 77(f( (a+%)§7ab)7 f(.’[?))
2h(é)f(a+b)_2(b—a)/a x2

ab  [* f(x)
< . /a dx
1

b— 2

1
< U@+ ) [ ngar s ]OSOET@IO) [y,

0
One can also obtain the Hermite-Hadamard inequality for generalized (h,r)-harmonic convex functions

as:

1. [ 2ab ab [0 @)+ 0(f (), F@))"
D’ (255) 5%/ I o
ab (" f(x)

< dx

2
b—al/), =«

T

) . ! 1
< W@+ @+ ). s@)( [ merar)
We now obtain some Fejer type integral inequalities for generalized (h,r)-harmonic convex functions.

Theorem 3.4. Let f,g : I = [a,b] C R\ {0} — R be generalized (h,r)-harmonic convez functions. If
fg € Lla,b], the

[tk
b —x T —a 1.9(x
<o [ (S r@r a2 = )@ + a0 s T s
ab b (a(b—z) . b(x — a) “ mi9(x) -
i | (S ror (MO o)+ s, s T 0

where g : [a,b] C R\ {0} is symmetric, nonnegative, integrable and satisfies

g(z) = g(wz]‘ﬁ), vV € [a, b].
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Proof. Let f be a generalized harmonic r-convex function. Then, multiplying inequality (3.1) with g(ﬁ)

and integrating over t, we have

1 ab ab ab
| UG eV =)

< /0 [h(1 = D[ (@)]" + h()[f(a) +n(f(b), f(a))]r}r]g(m

)dt

1 ab

+/O [ =[] + h(B)f(5) + n(f(a), f(0))]'] T]g(m)df-

Since g is symmetric, we have

[t
)
b alb—x rT—a 1, g\x
< 5 [ (ST u@r +n( 2D ) 1@ + 00, ) A s
1 /b a(b— ) - b(x — a) r119(x)
w5 [ (ST uor (A=) ro + ats, o011
the required result. O

Corollary 3.4. Under the assumptions of Theorem 3.4 with r = 1, we have
/ f(z
x2
)+f()/ a(b — x) b(z —a)\, 9(x)
h h —
2 a[ x(b—a) + x(b—a) ]x2 dz

n(F(), £(@) +n(f(a), fB)) [* (b(z —a)\ g(a)
2 / h<x<b—a>>d

IN

+

2

Theorem 3.5. Let f,g : I = [a,b] C R\ {0} — R be generalized (h,r)-harmonic convezr functions. If
fg € La,b], then

f(fibb)/abgi?dx < /abgif)min{[h(;)r([f(x)]r
i@+ 0 (g ) S @)
b6 (=)

Hf((aJrZ;);:al)) +77(f(95)’f((a$)h)>)]7">i}dm.

where g : [a,b] C R\ {0} is symmetric, nonnegative, integrable and satisfies

abx

g(z) = g(m), Yz € [a,b].
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Proof. Let f,g be generalized (h,r)-harmonic convex functions. Then multiplying (3.2) with g(ﬁ)

and integrating over t, we have

1) [ o=

o [t (el
Gt U s G t)b))}rf’
o] (aieral] |

ab ab ab "
+[f((1—t)a+tb)+n(f(ta+(1—t)b)’f((l—t)a,+tb))} ) }dt'

By the symmetry of g on [a, b], we have

2 [ < [ e (i) (o

which is the required result. O

Corollary 3.5. Under the assumptions of Theorem 3.5 with r = 1, we have

1 2ab b g(x)
2h(§)f(a+b>/a 22 0

in{10) + 500 (g ) 1)

o)+ et (e ) oo
/adeWr;/:ggs){ﬁ(f($)7f(m+zs)§_d)))}dx.

Theorem 3.6. Let f: I =[a,b] C R\ {0} — R be generalized r-harmonic convex function. If fg € Lla, ],

IN
T~
o
<)
Hw‘/é\

S—

z

jm}

IN

then
ab  [° f(x)
B B ACOF|
b—aj, z? v
r [ @)™ [ (a)+n(f(b), f(a))] T
?( @l LF(a) Fn (@) F(@)]” > r#{=1,0}, f(a) # f(b)
n(f(6),F (a)) _
<! W@ @) @ r=0,f(a) # f(b)

F(@)[f (@) +n(F(b), f(a))] AELEGRLERERI,r = —1, f(a) £ £(b)
1(@), f(a) = f(b).
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Proof. Let f be a harmonic r-convex functions. Then

ab
ta+ (1 —1t)b

1

I ) < 1A= (@)]" + [f(a) +n(fO), f(a)]]",

I. The case r # {—1,0}, f(a) # f(b).

ab (" f(x)
b—a 2 dz

! ab
- /o s (1— t)b)dt

AKL%W@W+ﬂﬂ®+MNwﬂ®Wﬁ&

__r ([f(a)]r“—[f(a)+n(f(b),f(a))]’”“>
r+ 1\ [f@)] = [f(a) +n(f®), fla)]" )

a

IN

II. The case r =0, f(a) # f(b).

ab (b f(x) ! ab
R /Of(ta—i—(l—t)b)dt
Awww%+uw+Mﬂmﬂmwa

n(f(b), f(a))
In[f(a) +n(f(b), f(a))] —In f(a)

IN

IIT1. The case r = —1, f(a) # f(b).

ab [* )
L A
b—a ), x? *

! ab
- /0 f(ta+(1—t)b)dt
1
/O (1= )[f (@] +t[f(a) +n(f(b), f(a)] ] at

_ f(a)[f(a) +n(fb), f(a))] /f(a)+17(f(b)7f(a)) 1
n(f(b)7 f(a)) f(a) U

In[f(a) + n(f(b), f(

n(f(b), f

IA

du

)] —In f(a)
(a)) '

IV. The case f(a) = f(b) is obvious. This completes the proof. O
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