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ABSTRACT. In this paper, we introduce and investigate a new class of generalized convex functions, known as
generalized r-convex function. Some new Hermite-Hadamard integral inequalities via generalized r-convex
functions have been established. Results proved in this paper can be viewed as significant new contributions

in this area of research.

1. INTRODUCTION

In order to obtain some desirable results in general framework related to pure and applied sciences,
the concept of convexity has been extended and generalized in several directions, see [1,2,4,5,7,11-17].
Several branches of mathematical and engineering sciences has been developed by using the crucial and
significant concepts of convex analysis and hence it becomes one of the most interesting and useful concept
of mathematics for last few decades.

Hermite-Hadamard inequality is one of the most important inequality related to convex function, see
[9, 10]. In recent years, much attention has been given to derive the Hermite-Hadamard type inequalities
for various types of convex functions, see [8-10,17,18,22]. Gill et al [8] introduced and investigated the
concept of r-convex functions. They established some new Hermite-Hadamard integral inequalities for r-
convex functions. For the applications of r-convex functions in statistics and probability theory, see Pecaric

et al. [25-27,30,31] and the references therein.
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Gordji et al. [7] has introduced an other class of convex functions, which is called generalized convex(
p-convex ) functions. The generalized convex functions are nonconvex functions. For recent developments,
see [3,6,18-21,25-31] and the references therein. Inspired and motivated by the ongoing research, we
introduce a new class of generalized convex functions, which is called generalized r-convex functions. We
derive some new Hermite-Hadamard integral inequalities for these nonconvex functions. Some special cases
are also discussed, which can be obtained from our main results. The ideas and techniques of this may be

starting point for further research in this field.

2. PRELIMINARIES

Let I = [a,b] be an interval in real line R. Let f : I — R be a continuous function and n(-,-) : R xR — R

be a continuous bifunction. We need the following well known results and concepts.

Definition 2.1. [7] A function f : I = [a,b] = R is said to be generalized convex function with respect to

a bifunction n: R xR — R, if
F((1 = t)a+ ) < (1= 0)f(a) + t[f (@) + n(f(b), f(a))],Ya,b € It € [0,1].

Definition 2.2. A function f : I = [a,b] = R is said to be generalized r-convex function with respect to a
bifunctionn : R xR = R, ifVa,be I, ¢t € [0,1]

1
=

%1Mﬂ@r+ﬂﬂw+nuwxﬂ@w}, r£0,
@1 (@) + n(F®), @) r=o.

F(1=ta+th) <

1-convex is called generalized convex functions and 0-convex is called generalized log convex functions.

Ift= %, then

1

{ @)+ @ @)D } Y

) <

VIF@]f (@) +n(f @), f(a)], r=0.

The function f is called generalized Jensen r-convex function.

I (/(5) — f(@)) = f(b) — f(a), then
Definition 2.3. [8] A function f : I = [a,b] — R is said to be r-convex function, if

(A= D[ @]+t O}, 740,
F(@) [F (b, r=o0.

F((1 = tya+tb) <
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Note that for 7 = 1, we have classical convex functions and for r = 0, we have log convex functions. For

the recent applications of convex functions and their generalizations, see [1-9,12-15,17,18,22-27,31].

The generalized logarithmic means of order r of positive numbers a, b is defined by

Definition 2.4. The beta function, also called the Euler integral of the first kind, is defined as

1
Baa) = [ =

arHl_prtl

7.:_1 ar—br r 7é 07 _15 a 7é bv

ﬁ, r=0,a#b,
L(a,b) =

abilog‘;:zogb, r=—1,a#b,

a, a=h.

I'(2)C(y)

, x,y >0
Iz +y) 4

where I'(.) is a Gamma function.

3. MAIN RESULTS

In this section, we establish several new integral inequalities of Hermite-Hadamard type for generalized

r-convex functions.

Theorem 3.1. Let f: I — R be generalized r-convex function on I. Then for 0 < r <1, we have

[ s < () wr v . s}

1

r

Proof. Let f be generalized r-convex function on I. Then, Va,b € I,t € [0, 1], we have

f(1=t)a+1tb) < {(1 —)[f(@)]" +t[f(a) + n(f(b),f(a))]’”} :

r

Using Minkowski’s inequality and the fact that f is generalized r-convex function, we have

b
bia/ f(z)dz

which is the required result.

AN

IA

/1 (1= t)a + tb)dt

/0 [ = U@ + (@) + n(f(b), f@)]"}" dt

{(] - o) +( | () + W50 fajar) )

r

{ <r :— 1>r([f(a)]r + [f(a) +n(f(b), f(a))]r)}

r
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Corollary 3.1. [29] If n(f(b), f(a)) = f(b) — f(a), then, under the assumptions of Theorem 3.7, we have

[ e = () @ ron)

Theorem 3.2. Let f: I — R be generalized r-convex function on I. Then for 0 < r <1, we have

a b b
IS = s | e b=a) f@ran < ot [ s

< JUHOTEIOTY 3 (150 00 @)1 + 10) 4 0@ 707 )

Proof. Let f be generalized r-convex function on I. Then for ¢t = %, we have

Ty o { [f(@)]" + [f () + n(f (), f ()] }

Fri— 5

This implies that

73

{ [f((1=t)a+t0)]" + [f((1 = t)a+tb) + n(f(ta+ (1 — 1)b), f((1 = t)a + tb))]r}
5 :

<

Integrating the above inequality with respect to ¢ on [0,1], we have

a+b 1

regt < g [ e gar ey o - oo

2

+n(f(ta+ (1 —6)b), fF(1 —t)a+ tb))]r}dt

b
— s L {r@r 1@+ nra+ -0 o fas
This implies
a+b 1 b i
= / 5@) +n(7a+ b= 2), f@)]rde

bfa/f

(3.1)

Consider,
[ =ta+tb) < {(1 = )[f(a)]" + t[f(a) +n(f(b), f(a))]r}, (3:2)
ST (A =1)b+ta) < {(1 —)[fO)]" + t[f(b) +n(f(a), f(b))V} (3.3)

Adding (3.2) and (3.3), we have
[T =ta+tb) + f1(1-1)b+ta) < {(1 —t)[f(a)]" +t[f(a) + n(f(0), f(a))]r}

Ha-opor + o + s, sor
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Integrating the above inequality with respect to ¢ on [0,1], we have

) b
o [

§/0 {(1—t)([f(a)]T+[f(b)}T)+t<[f(a)+77(f(b),f(a))]r

L) + (/). f(b)>]’“> }dt,

b
2 i , / f(z)dz

< {{[f(a)]r +1f®)]"}
= 4

which implies that

n ([f<a>+n<f<b>,f<a>>r

1
i
HLFB) 4 (@) SO0 )} (3.4

Combining (3.1) and (3.4), we have

a b
) = s | V@ +atatb=o). f@))de < g / fr(a

- {{[f( Tz[f@} ((a)+q7(f(b)7f(a))]7'+[f(b)+’7(f(a)7f(b))])}7

which is the required result. |

Corollary 3.2. [29] If n(f(b), f(a)) = f(b) — f(a), then, under the assumptions of Theorem 3.2, we have

73 < bfa/b s < {0,

Theorem 3.3. Let f: I — R be generalized r-convez function on I and r > 0, then

n(f” +1(b) f +1(a))
N O
X

[f(a)+n(£(b),f(a))]=[f(a)] r=0
log[f (a)+n(f(b),f(a))]-log[f(a)] [’ ’

b—a

Proof. First, let r > 0 and f be generalized r-convex function on I. Then, Va,b € I,t € [0, 1], we have

1 b 1
bfa/a flo)dz = /Of((l—t)a+tb)dt

1
/ {(1 = )[f(@)]" +t[f(a) +77(f(b),f(a))]r} de.
0

1

IN

Subsituting u = [(1 — ¢)[f(a)]” + ¢t[f(a) + n(f(b), f(a))]"] in (3.5), we have

b ) @+n @@
bfa/af“)d”” S U@ 0o, f@)r [f(aw/ﬂa) urdu

_ ( r ){([f() n(f(®), f(a)]"* - [f(a)}”l)}
[£(a) +n(f(b), f(a))]" = [f(a)]"
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For r = 0, we have

f«l_na+w>s{Umﬂ“mﬂ@+nﬁwxﬂ@nﬁ.

Hence we have,

/1 F((1 = t)a + th)dt
0

>
| | =
Q
—
o
kﬁ
—~
8
S—
o
5
I

IN
S—
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|
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N—
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—
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=
——
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—

which is the required result. O

Corollary 3.3. [8] If n(f(b), f(a)) = f(b) — f(a), then, under the assumptions of Theorem 3.3, we have

b S - 1 (@, 0). o
1/f@m<{(ﬂﬂ e | |

b—a
o _ _
TRl o] } = L(f(a), V), r=0.

Theorem 3.4. Let f: I — R be generalized r-convez function on I and r > 0, then

1/U”d<{www(;)mﬂwﬁ@mYm#ww=ﬂw
b—a /, TIE =
e [Loglf (@) + (/1 (8), S~ )] — gl @], 7= 1.

Proof. First, let r > 0, f be generalized r-convex function on I and f(a) = f(b). Then, Va,b € I,t € [0,1],

we have

>
| | —
Q
T~
o
.
—~
&
o,
&
I

/1 F((1 = t)a + th)dt
0

1
r

IN

/ {(1 = )[f(@)]" +t[f(a) +n(f(a),f(a))]r} dt.
0

= fla)

For r = —1 and f(a) # f(b), we have
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bia/a flz)dz /Of((l—t)a+tb)dt

1 /[f(a)ﬂ?(f(b),f(a))}_l 1

[F(@) +n(F0), Fa)] " = (@] Jisay-+ w0

' —log[f(a)]~!]
(N7t = [f(a)]~t 7

which is the required result. O

Corollary 3.4. [29] If n(f(b), f(a)) = f(b) — f(a), then, under the assumptions of Theorem 3.4, we have

b fla),r #0, f(a) = f(b),
' /f(x)dx<{() £0, f(a) = £(b)

o Fla) f(0) GRS = Ly (f(a), (B), =1,

Theorem 3.5. Let f,g: I — R be generalized rq-convex function and generalized ro-convex function respec-

tively on I. Then for r1 > 0,19 > 0 >, we have

bia/abf(x)g(x)dx < ( . ){([f(a)]”+[f(a)+77(f(b)af(a))]”)} 1

r+1

4 (r j; 1) { (lg(@)]™2[g(a) +n(g(d), g(a))}”)}

Proof. Let f,g: I — R be generalized r;-convex function and generalized r3-convex function respectively on

I with (ry > 0,79 > 0). Then, Va,b € I,t € [0, 1], we have

P~ t)a+ 1) < {(1 COU@I™ +117(a) + (), f(a))]“} ,

1

T2

o=+ ) < {0 = Olo@]" +tlfa) + (a0l |
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Using Cauchy’s and Minkowski’s inequalities and the fact that f and g are generalized r; and ry-convex

functions, we have

1
b—a

b 1
/f(a:)g(x)dx - /Of((l—t)a+tb)g((1—t)a+tb)dt

ey

IN

/ {(1 COU@I™ + 17(a) + (), f(a))]’"‘}

1
T2

{(1 ~t)lg@))” + tlgla) + n<g<b>,g<a>>r2} i

e

1

3 [ {a-ou@r + @+ . s a

IN

She

+§ /0 {(1 —t)[g(a)]™ + t[g(a) + n(g(b),g(a))]“} dat

IN

which is the required result. d

Corollary 3.5. [29] If n(f(b), f(a)) = f(b) — f(a), then, under the assumptions of Theorem 3.5, we have

bia/abf(m)g(x)dx < (ri1){([f”(a)+fn(b)])}"21

+<T—:1>{([9T2(a) +gr2(b)])}é.
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Theorem 3.6. Let f,g: I — R be generalized r1-convex function and generalized ro-convez function respec-

tively on I. Then forr1 > 0,19 > 0 and%—i—%:l , we have

1
1

[ < S{ (v + s+ a0, o)

(1961 + (@ + ntato. gt ) " }

Proof. Let f,g: I — R be generalized r;-convex function and generalized r3-convex function respectively on

I with (ry > 0,79 > 0). Then, Va,b € I,t € [0, 1], we have

3
==

(= 0a+0) < {0 -0l @) + @) + (7). F@)]

9((1— t)a+tb) < {(1 — 1)lgla)]" + tlg(a) + n<g<b>,g<a>>r2}' .

Using Holder’s inequality and the fact that f and g are generalized r; and re-convex functions, we have

1

b 1
- a/a f(@)g(x)dz = /0 fl1=t)a+tb)g((1 —t)a + tb)dt

Sl

< | {(1 (@)™ +1lf(a) +n(f(b),f(a))]“}
{(1 )o@ + tlg(a) + n<g<b>,g<a>>r2}”dt

1

/O (1 =t)f ()™ +t[f(a) +n(f(b), f(a))]“dt} h

IN

1

/0 (1-)g(@)]" + tlga) + n<g<b>,g<a>>r2dt}

I
I/~ NI A A A

which is the required result. O

Corollary 3.6. [29] If n(f(b), f(a)) = f(b) — f(a), then, under the assumptions of Theorem 3.6, we have

{(1rm@+ ) g (1700 +970)) }

b
= |t < :
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Theorem 3.7. Let f,g: 1 — R be generalized r-convex function on I. Then for r > 0, we have

(bla /abf(w)g(:c)dcvy < {M(@b)(riQ)T +N(a7b)(ﬁ(% 41, % n 1))r}.

where

M(a,b) = ([fr(a)gT(a)] + [£(@) +n(f(0), £(a))]"[g(a) +n(g(b), g(a))]T)

N(a,b) = ([fr(a)][g(a) +n(g(0), 9(a)]" + [g"(a)][f (@) + n(f(b), f(a))]r)

and B(-,-) is the Beta function.

Proof. Let f, g be two generalized r-convex functions on I. Then Va,b € I,t € [0,1], we have

(- tha+ tb) < {(1 “ O @) + tlf(a) + n(Fb). f(a))]r}

g((1 = a+1h) < {(1 — 1)lg(a)]” + tlg(a) +n<g<b>,g<a>>r} .

Using Minkowski’s inequality and the fact that f and g are generalized r-convex functions, we have

(25 [ r@wwar)
(/f (1 —t)a+ th)g((1 — t)a + th)d )

{/01 <(1—t)[f( )"+ tlf(a) +0(f(b), fa)]"

IA

(1~ )lg(@)]” + tlg(a) + n(a(b), <a>>r) dt}

{ /01 <(1 —)*[f"(a)g"(a)] +t(1 — 1)

<[fr(a)}[g(a) T ng®), 9@ + [¢" (@)L (@) + n(Fb), f(a»r)

2 <[f(a) L/ 0). f@)] lg(a) + n<g<b>,g<a>>r) }
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{rsal( [ e i)

+ ([fr(a)] [9(a) +1(g(b), g(a))]" + [g" (@)][f () +n(f (D), f(a))]r)

</O1[t(1 - t)]idt)r

IN

I
—N
=
e
=
7N

: ‘
N———
5
_l’_
=
—
e
=
—~
=
I
_|_
-
| =
+
—
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SN—
5
——

which is the required result. ]
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