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ABSTRACT. In this paper, we introduce and investigate a new kind of function namely g-3-irresolute function
along with its two weak and strong forms in generalized topological spaces. Several characterizations and

interesting properties of these functions are discussed.

1. INTRODUCTION

Concepts of generalized topological spaces (GTS), generalized open sets and generalized continuity (=
(g, g')-continuous functions) were introduced by A. Csdszdr [8,11,14]. Since then, several research works de-
voted to generalize the existing notions of topological spaces to generalized topological spaces have appeared.
In [22], [23], W. K. Min introduced the notions of weak (g, ¢')-continuity and almost (g, ¢’)-continuity on
generalized topological spaces. The concept of g-a-irresolute functions on generalized topological spaces was
introduced by Bai and Zuo [4]. In 2013, Bayhan et al. [7] investigated some functions between generalized
topological spaces. Recently, Acikgoz et al. [2] also studied some functions between GTS’s.

On the other hand, Abd El-Monsef et al. [1] introduced the notions of -open sets and S-continuity
in topological spaces early in 1983. Andrijevic [3] introduced the notion of semi-preopen sets which are
equivalent to S-open sets. Since then, S-open sets [1] played a significant role in the theory of generalized

open sets in topological spaces. In [21], Mahmoud and El-Monsef defined and studied f-irresolute functions.
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T. Noiri [26] studied some weak and strong forms of S-irresolute functions in 2003. This work is concerned

with the extension various forms of S-irresolute functions to generalized topological spaces.

2. PRELIMINARIES

A collection g of subsets of X is called a generalized topology (briefly GT) on X [11] if and only if ) € ¢

and G; € g for i € I # 0 implies G = |J,.;Gi € g. A set X with a GT g on X is called a generalized

icl
topological space (GTS) and is denoted by (X, g). By a space X or (X, g), we will always mean a GTS. A
GT g on X is called a strong GT [13] if X € g. For a space (X, g), the elements of g are called g-open sets
and the complements of g-open sets are called g-closed sets.

For A C X, the g-closure of A, denoted by cA is the intersection of all g-closed sets containing A and
the g-interior of A, denoted by iA is the union of all g-open sets contained in A. It was pointed out in [14]
that each of the operations ¢4 and cA are monotonic i.e. if A C B C X, then iA C iB and cA C c¢B,
idempotent [16], i.e. if A C X, then i(¢A) = iA and ¢(cA) = cA, iA is restricting [16], i.e. if A C X, then
1A C A, cA is enlarging [16], i.e., if A C X, then A C cA. In a space (X,g), for A C X, x € iA if and only
if there exists an g-open set V containing x such that V C A and x € cA if and only if V. N A # ) for every
g-open set V containing z [9]. In a space (X, g), A C X is g-open if and only if A = iA and is g-closed if
and only if A =cA [8] and cA = X \ i(X \ A4).

A subset A of a topological space is called S-open [1] if A C cl(int(cl(A))). The complement of a S-open
set is called S-closed. For a subset A of a topological space (X, 7), the S-closure of A, denoted by Scl(A) is
the intersection of all S-open sets containing A and the S-interior of A, denoted by Bint(A) is the union of
all S-open sets contained in A.

In a GTS (X,g), a subset A of X is said to be g-8-open (resp. g-a-open, g-preopen, g-semiopen) [14]
if A C cicA (resp. A C iciA, A C icA, A C ciA). We denote by S(gx) (resp. a(gx), m(gx), o(gx)) the
class of all g-f-open (resp. resp. g-a-open, g-preopen, g-semiopen) sets of (X, g). From [14], it is clear that,
g C algx) € olgx)  Blgx), algx) © m(gx) © Blgx) and each of Blgx) (resp. algx), 7(gx); 7(gx))
forms a GT on X. The complements of a g-8-open sets (resp. g-a-open, g-preopen, g-semiopen) is called
g-P-closed (resp. g-a-closed, g-preclosed, g-semiclosed) set. We denote by S(gx,x), the set of all g-S-open
sets of (X,g) containing z € X and by Sc(gx) the class of all g-S-closed sets of (X,g). For A C X, we
denote by BcA the intersection of all g-3-closed sets containing A and by iA the union of all g-5-open sets

contained in A.

3. g-B-RECULAR SETS AND ¢-/3-6-OPEN SETS

We first state a lemma which will be used in the sequel. Proofs can be checked easily and therefore

omitted.
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Lemma 3.1. The following hold for a subset A of GTS (X, g):

(i) Arbitrary union of g-B-open sets is g--open.

(ii) Arbitrary intersection of g-f-closed sets is g-f-closed.

(iii) BiA = AN cicA.

(iv) BcA = AUiciA.

(v) x € BcA if ANU # O for every g--open set U of X containing x.
(vi) Be(X \ A) = X \ BiA.

(vii) A is g-B-closed if and only if A = BcA.

(viii) BiA is g-B-open and BcA is g-f-closed.

Lemma 3.2. [22]/ In a GTS (X,g), X is both g-semiopen and g-3-open.

Definition 3.1. A subset A of a space X is said to be g-B-regular if it is both g-B-open and g-B-closed. The
family of all g-B-regular sets of a space X is denoted by Br(X) and those of containing a point x of X by
Br(X,z).

Theorem 3.1. For a subset A of a GTS (X, g),
(i) A € B(gx) if and only if BcA € pr(X).
(i) A € Be(gx) if and only if BiA € Br(X).

Proof: (i) First suppose, A € 8(gx). Then A C cicA and therefore, Sc(cA) C Be(cicA) = cicA C cic(BcA)
i.e. BcA is g-B-open. Since ScA is g-f-open and g-S-closed, fcA € Sr(X). Next suppose, ScA € pr(X).
Then A C BecA C cic(fcA) C cic(cA) = cicA. Hence A € B(gx).

(ii) Follows from (i) and Lemma 3.1 (vi).

Theorem 3.2. The following are equivalent for a subset A of a GTS (X, g).
(i) A € Br(X);

(i1) A = BiBcA;

(iii) A = BeBiA.

Proof: Proofs of (i) = (ii) and (i) = (iii) are obvious.

Proofs of (ii) = (i) and (iii) = (i) follow from Lemma 3.1 and Theorem 3.1.

Definition 3.2. In a GTS (X, g), a point x € X is said to be in the g-B-0-closure of A, denoted by $-0-cA,
if AN BcV # 0 for every g-B-open set V of X containing x.
If B-0-cA = A, then A is said to be g-$-0-closed. The complement of a g-B-0-closed set is said to be

g-B-0-open. For a subset A of X, union of all g-B-0-open sets contained in A is said to be g-B-8-interior of
A, denoted by B-0-iA.
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Lemma 3.3. For a subset A of a space (X,g),
B-0-cA=n{V:ACV andV is g-B-0-closed } ={V:ACV andV € pr(X)}

Proof: We give a proof of the first equality, because that of the other is quite similar. Suppose that, x & -
6-cA. Then there exists, g-B-open set V containing x such that ¢V N A = (). Therefore by Theorem 3.1,
X\ BcV is g-B-regular and so g-f-6-closed set containing A such that z ¢ X \ ScV. Hence,z ¢ N{V : ACV
and V' is g-f-6-closed set}.

Conversely, suppose that, z € N{V : A C V and V is g-3-6-closed set}. Then there exist, a g-8-6-closed
set V containing A and « € V. Also, there exists a U € B(gx) such that x € U C fcU C X \ V. Then we
have, BcU NA C ScUNV =0 and so x & B3-0-cA.

Lemma 3.4. Let A and B be any subset of a GTS (X, g). Then the following properties hold:
(i) x € B-0-cA if and only if ANV # @ for every V € Br(X, x).

(i) If A C B then [-0-cA C p-0-cB.

(iii) B-0-c(B8-0-cA) = 3-0-cA.

(i) intersection of an arbitrary family of g-B-6-closed sets in X is g-B-0-closed in X.

(v) A is g-p-0-open if and only if for each x € A, there exists V € Br(X,x), such that x € V C A.
(vi) If A € B(g) then BcA = B-0-cA.

(vii) If A € pr(X) then A is g-B-0-closed.

(viii) A € Br(X) if and only if A is g-5-0-open and g-B-6-closed.

Proof: We give only the proofs of (iii) and (iv). Others proofs are obvious.

(iii) We have $-0-cA C -0-c¢(B-0-cA). Now, if z ¢ -0-cA, there exits V € fr(X,z) such that ANV = .
Since V € Br(X, z), we have 3-6-cANV = (). This implies z & B-0c(B-0cA) and so S-0-¢(8-0-cA) C B-0-cA.
(iv) Let A, be a g-B-0-closed for each @« € A. Then for each « € A, we have A, = 8-6-cA,. Therefore -
0-c(Nacads) C Naeaf-0-cAn=NnecaAa C f-0-c(NaeaAs). Hence, 5-0-c(Nacala) = NaeaAq. Therefore,
Naeady is g-B-0-closed.

Corollary 3.1. For a subset A of a GTS (X, g), the following properties hold:

(i) A is g-B-0-open in X if and only if for each x € A there exists V € fr(X,x) such that x € V C A.
(ii) B-0-cA is g-B-0-closed and B-0-iA is g-3-0-open.

(iii) Arbitrary union of g--0-open sets is g-f-0-open.

Theorem 3.3. For a subset A of a GTS (X, g), the following properties hold:
(i) If A € B(gx) then BcA = B-0-cA.
(i) A € Br(X) if and only if A is g-5-0-open and g-B-0-closed.
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Proof: (i) Let A € 8(gx) and x ¢ BcA. Then, there exists V € B(gx, ) such that ANV = ). Now, since
A € B(gx) we have AN BcV = (. This implies z ¢ $-6-cA and so 5-0-cA C S-cA. Also, for every subset A
of X, we have 8-cA C (-0-cA. Hence, ScA = (-0-cA.

(ii) Suppose A € Br(X). Then A = ScA=p-6-cA. Hence A is g-B-0-closed. Again, since X \ A € 8r(X), we

get X \ A is g-f-0-closed and so A is 5-6-open. The converse part is obvious.

Remark 3.1. It is clear that in a GTS (X,g), g-8-regular = g-3-0-open = g-B-open. But the converses

are not necessarily true.

Example 3.1. Let X = {a,b,c,d} and g = {0,{a},{a,b},{b,c},{a,b,c}} be a GT on X. Then the subsets
{a,b}, {a,b,c} and {a,b,d} of X are g-B-0-open but not g-f-regular.

Example 3.2. Let X = {a,b,c,d} and g = {0,{a,c},{b,c},{a,b,c}} be a GT on X. Then the subset {b, c}

of X is g-B-open but not g-5-0-open.

4. g--IRRESOLUTE FUNCTIONS

Definition 4.1. Let gx and gy be generalized topologies on X and Y respectively. Then a function
f: (X,9x) = (Y,gy) is defined to be generalized continuous or more properly (gx,gy)-continuous [11]

if f~X(V) € gx for each V € gy .

Definition 4.2. A function f : (X,g9x) — (Y, gy) is called (B, gy)-continuous [24] if f=2(V) € B(gx) for

each V € gy.

Definition 4.3. [4] A function f: (X,gx) — (Y,gy) is called g-a-irresolute if f=*(V) is g-a-open in X

for every g-a-open set V of Y.

Definition 4.4. A function f : (X,9x) — (Y,gy) is called g-f-irresolute if the inverse image of each
g-B-open set of Y is g-B-open in X.

Definition 4.5. A function f : (X,g9x) — (Y,gy) is said to be g-B-irresolute at x € X if for each V €
Blgy, f(x)), there exists U € B(gx,x) such that f(U) C V.

Definition 4.6. A function f : (X,9x) — (Y,gy) is called weakly g-f-irresolute (resp. strongly g-53-
irresolute) if for each point x € X and each g-B-open set V of Y containing f(x), there exists a g-f-open
set U of X containing x such that f(U) C BV (resp. f(BcU) C V).

Remark 4.1. From the above definitions we have the following implications:
Strongly g-B-irresolute = g-f-irresolute = weakly g-B-irresolute and g-a-irresolute = g-B-irresolute =

(8, gy )-continuous.
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We now state basic properties of a g-(-irresolute function. Some results of the following Theorem may be

analogous to Theorem 3.18 of [24] in terms of other terminologies.

Theorem 4.1. Let f: (X,g9x) — (Y, gy) be a function. Then the following are equivalent:

(i) f is g-B-irresolute;

(ii) f~1(F) is g-B-closed in X for every g-B-closed subset F of Y;

(iii) f(BcA) C Be(f(A)) for every subset A of X;

(iv) Be(f~1(B)) C f~Y(BeB) for every subset B of Y ;

(v) f71(BiV) C Bi(f~1(V)) for every subset V of Y;

(vi) for every x € X and for every g-f-open set V containing f(x), there exists a g--open set U of X
containing x such that f(U) C V;

Proof: (i) = (ii): Obvious.

(ii) = (iii): Let A be any subset of X. Then since f~1(Bc(f(A))) is a g-B-closed set we get BcA C
Be(f7H(f(A))) € Be(f~H(Be(f(A)))) = f~1(Be(f(A))). Hence f(BeA) C Be(f(A)).

(iii) = (iv): For any subset V of Y, using (iii) we get f(Bc(f~1(V))) C Be(ff~1(V)) C BeV. Therefore,
Be(F (V) € f1 1 (Be(f~ (V) € f1(BeV).

(iv) = (v): For any subset V of Y, using (iv) we get, f =1 (Bc(Y\V)) D Be(f~H(Y\V)) = Be(X\f~1(V)). Now
by Lemma 3.1, f~1(8iV) = f1(Y'\ Be(Y \ V) = X\ /= (Be(Y \ V) € X\ Be(X \ /=1 (V) = Bi(f (V).
(v) = (i): Let V be any g-B-open subset of Y. Then f~1(V) = f~1(8iV) c Bi(f~1(V)) c f~1(V). This
implies f~1(V) = Bi(f~1(V)) i.e. f~1(V) is g-B-open set of X. Hence f is g-B-irresolute.

(i) = (vi): Let f be g-B-irresolute. Also let z € X and V € B(gy, f(x)). Then x € f~1(V) = gi(f~1(V)).
If we set U = f~1(V), then U € B(gx) and f(U) C V. Hence f is g-f-irresolute for each = € X.

(vi) = (i): Let V € B(gy) and = € f~%(V). Then f(x) € V. So, there exists U € B(gx, ) such that f(U) C
V. Thenz € U C f~1f(U) Cc f~4(V) and 2 € U = BiU C Bi(f~1(V)). Therefore f~1(V) c Bi(f~1(V))
and so f~1(V) = Bi(f~1(V)). Hence f is g-B-irresolute.

Theorem 4.2. Let f : (X,gx) — (Y,9y) be a bijective function. Then f is g-B-irresolute if and only if
Bi(f(U)) C f(BiU) for every subset U of X.

Proof: Let V be any subset of X. Then by above Theorem 4.1, f~Y(Bi(f(V))) C Bi(f~Lf(V)) = BiV.
Therefore, f£~1(Bi(f(V))) C F(8iV) so Bi(f(V)) C F(BiV).

Conversely, let V be any g-B-open set of Y. Then V = BiV = Bi(ff~1(V)) C f(Bi(f~1(V))) ie.
FUV) € FTUF(BI(f1(V)). Since f s bijective, this implies f~1(V) € f~1f(Bi(f~1(V))) = Bi(f~1(V)
i.e f~1(V) = Bi(f~1(V)). Therefore f~1(V) is g-B-open set of X and so f is g-B-irresolute.
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Definition 4.7. [10] A GTS (X, g) is called S-compact if each cover of X by g-S-open sets of X, has a

finite subcover.

Theorem 4.3. Let f : (X,gx) — (Y,gy) be a g-B-irresolute function. If (X, gx) is S-compact then so is

(Y, g9v)-

Proof: Let {U, : @ € A} be a g-B-open cover of Y. Then since f is g-B-irresolute, {f~*(U,) : o € A} is a
g--open cover of X. Now, since (X, gx) is S-compact, there exists a finite subcover, say

{7 Uai)s 71 Uas)s ooy f71(Ua,)} such that {ff 71 (Uay) 7 (Uas)s ooy [ (Ua,)} € {Uay Uass -y Uy }

is a finite subcover of (Y, gy). Hence (Y, gy ) is S-compact.

5. PROPERTIES OF WEAKLY g—ﬂ—IRRESOLUTE FUNCTIONS

Theorem 5.1. For a function f: (X, gx) — (Y, gy), the following are equivalent:
(i) f is weakly g-B-irresolute;

(i6) (V) C Bi(f~1(BeV)) for every g-B-open set V of Y

(iii) Be(f~H(V)) C f=Y(BcV) for every g-B-open set V of Y.

Proof: (i) = (ii): Let V be any g-f-open set of Y and x € f=*(V). Then f(U) C BcV for some U € B(gx,z).
This implies U C f~1(B3cV) and z € U C Bi(f~1(BcV)). Hence f=1(V) C Bi(f~1(BeV)).

(ii) = (iii): Let V € B(gy) and = € f~1(BcV). Then f(x) ¢ BcV. So, there exists W € B(gy, f(x)) such
that V N W = (). Now, since V is g-B-open, we have V N BcW = @ and so f~H(V) N Bi(f~1(BcW)) = 0. As
z € fHW) C Bi(f~H(BeW)) € Blgx ), we have ¢ Be(f~1(V)). Hence, Be(f~1(V)) C f~H(BcV).

(iii) = (i): For x € X, suppose V' € B(gy, f(z)). Then by Lemma 3.1, 3¢V € Br(Y)and x ¢ f~1(Bc(Y\BcV).
Since Y\ BcV is a g-B-open set of Y, we get x ¢ Be(f~H(Y \ BeV)). So there exists U € 3(gx,z) such that
7YY\ BeV)NU = 0. This implies f(U)N (Y \ BeV) =0 and so f(U) C BcV i.e. f is weakly g-S-irresolute.

Theorem 5.2. For a function f: (X,gx) — (Y, gy), the following are equivalent:
(i) f is weakly g-B-irresolute;

(ii) Be(f=1(V)) C f=H(B-0-cV) for every subset V of Y;

(iii) f(BecU) C B-0-¢(f(U)) for every subset U of X ;

(iv) f~Y(F) € Be(gx) for every g-B-0-closed set F of Y ;

(v) f71(G) € Blgx) for every g-B-0-open set G of Y.

Proof: (i) = (ii): Let V be any subset of Y and @ ¢ f~1(3--cV). Then f(z) ¢ B-6-cV and so there exists
Q € B(gy, f(x)) such that VN Be@ = (. Since f is weakly g-S-irresolute, there exists P € 3(gx, =) such that
f(P) C BcQ. Hence f(P)NV =0 and so PN f~1(V) = (. Therefore, z ¢ Be(f~1(V)) and consequently
Be(fH(V)) € f7H(B-0-cV).
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(ii) = (iii) : For any subset U of X, we have 3cU C Be(f~1(f(U))) € f~1(B-6-f(U)) and so f(BcU) C B-6-
c(f(U)).

(iii) = (iv): For any g-B-6-closed set F of Y, f(Bc(f~Y(F))) C B-O-c(f(f~*(F))) C B-6-cF = F. This
implies Be(f~1(F)) C f~Y(F) and hence Be(f~1(F)) = f~1(F). Therefore f~1(F) € Be(gx).

(iv) = (v): Obvious.

(v) = (i): For any z € X, let Q € B(gy, f(z)). Then by Theorem 3.1 (i) and Theorem 3.3 (i), we get
BeQ is g-B-6-open in Y. If we set P = f~1(8cQ), then P € B(gx,z) and f(P) C BeQ. Hence f is weakly

g-B-irresolute.

Theorem 5.3. For a function f: (X, gx) — (Y, gy), the following are equivalent:

(i) f is weakly g-B-irresolute;

(i) for each x € X and 'V € B(gy, f(x)), there exists U € B(gx,x) such that f(BcU) C BcV;
(iii) f~1(R) € Br(X) for every R € Br(Y).

Proof: (i) = (ii): For any = € X, let V € B(gy, f(z)). Then by Theorem 3.1 and 3.3, eV is g-3-f-open and
g-B-0-closed in Y. If we set U = f~1(BcV), then by Theorem 5.2, we have U € Br(X) and so U € B(gx, x).
Also we have f(BcU) C pcV.

(ii) = (iii): Let R € Br(Y) and # € f~!'(R). Then we have f(z) € R and there exists U € ((gx,z) such
that f(BcU) C R. This implies z € U C BcU C f~1(R) and so f~(R) € B(gx). Again since Y \ R € Br(Y)
JY\R) = X\ f7U(R) € Bgx). Thus /= (R) € fe(gx) and consequently /' (R) € Ar(X).

(iii) = (i): For any = € X, suppose V € B(gy, f(z)). Then by Theorem 3.1, we get BcV € gr(Y, f(x)) and
F1(BeV) € Br(X,z). If we take, U = f=(BcV), then U € B(gx,z) and f(U) C BcV. Hence f is weakly

g-[-irresolute.

Theorem 5.4. For a function f: (X, gx) — (Y,gy), the following are equivalent:
(i) f is weakly g-B-irresolute;

(ii) f~1(V) C B-8-i(f~1(B-0-cV)) for every g-B-open set V of Y ;

(iii) B-0-c(f~1(V)) C f=H(B-0-cV) for every g-B-open set V of Y.

Proof: The proof is quite similar to the Proof of Theorem 5.1, if we observe that every g-0-closed set is

g-B-6-closed.

Theorem 5.5. For a function f: (X, gx) — (Y, gy), the following are equivalent:
(i) f is weakly g-B-irresolute;

(ii) B-0-c(f~1(V)) C f~1(B-0-cV) for every subset V of Y ;

(i11) f(B8-0-cU) C B-0-c(f(U)) for every subset U of X ;



Int. J. Anal. Appl. 16 (4) (2018) 564

(iv) f=Y(F) is g-B-0-closed in X for every g-B-0-closed set F of Y ;
(v) f~HG) is g-B-0-open set in X for every g-B3-0-open set G of Y.

Proof: The proof is quite similar to Proof of Theorem 5.2 and hence omitted.

Definition 5.1. A GTS (X, g) is said to be g-B-regular if for each F € Bc(gx) and each x ¢ F, there exist
disjoint g-B-open sets U and V' such that x € U and F C V.

Lemma 5.1. The following properties are equivalent in a GTS (X, g):

(i) X is g-B-reqular;

(i) For each U € (gx) and each x € U, there exists V € B(gx) such that x € V C BV C U;
(i11) For each U € B(gx) and each x € U, there exists V € fr(X) such that x € V C U

Proof: Follows from Theorem 3.1.

Theorem 5.6. A function f : (X,gx) — (Y,gy) is g-B-irresolute if and only if it is weakly g-B-irresolute
and (Y, gy) is g-B-reqular.

Proof: Suppose that f is weakly g-B-irresolute. Let V be any g-3-open set of Y and x € f~(V), then
f(x) € V. Now, since Y is g-f-regular, by above Lemma 5.1, there exists W € 8(gx) such that f(z) € W C
BcW C V. Again since f is weakly g-S3-irresolute, there exists U € S(gx, z) such that f(U) C ScW. This

implies x € U C f~1(V) and f~1(V) € B(g9x). Hence f is g-B-irresolute. The converse part is obvious.

Proposition 5.1. /28] Let (X,gx) and (Y,gy) be generalized topological spaces and let U = {U x V :
U€gx,V €gy}. ThenlU generates a generalized topology gx <y on X XY, called the generalized product

topology on X x Y, i.e. gxxy = {all possible union of members of U}

Proposition 5.2. [28] Let (X,gx) and (Y, gy) be generalized topological spaces, gxxy be the generalized
topology on X XY, AC X, BCY and K C X xY. Then the following hold:

(i) K is gx xy-open if and only if for each (x,y) € K, there exist U, € gx and V, € gy such that (z,y) €
U, xV, CK.

(ii) ¢(A x B) = cA x ¢B.

(iii) i(A x B) = iA x iB.

Proposition 5.3. Let (X, gx) and (Y, gy) be generalized topological spaces, gx xy be the generalized topology
on X XY, ACX,BCY and K C X xY. Then the following hold:

(ii) Be(A x B) = BcA x BeB.

(iii) Bi(A x B) = BiA x BiB.
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Theorem 5.7. A function [ : (X,g9x) — (Y,gy) is weakly g-B-irresolute if the graph function, defined by
G(f) = (z, f(x)) for each x € X, is weakly g-B-irresolute.

Proof: Let v € X and V € B(gx). Then using Lemma 3.2, we get X x V is g-f-open set of X XY containing
G(f). Since G is weakly g-fS-irresolute, there exists U € S(gx,x) such that G(U) C fe(X x V) C X x V.
Hence f(U) C BcV i.e. f is weakly g-S-irresolute.

Definition 5.2. [27] A GTS (X,g) is said to be g-5-Ty if and only if for each pair of distinct points

x,y € X, there exits disjoint g-B-open sets containing x and y respectively.

Lemma 5.2. A GTS (X,g) is g-B-T» if and only if for each pair of distinct points x,y € X, there exist
U € B(gx,z) and V € B(gx,y) such that fcU N BV = (.

Proof: Follows from Theorem 3.1.

Theorem 5.8. IfY is a g-8-T5 space and [ : (X,gx) — (Y, gy) is a weakly g-B-irresolute injection, then
X is g-8-Ts.

Proof: Let z,y be any two distinct points of X, then since f is an injection, we have f(z) # f(y). Now YV
being g-8-T5, by Lemma 5.1, there exists U € B(gy, f(z)) and V € B(gy, f(y)) such that ScU N BcV = 0.
Again since f is weakly g-B-irresolute, there exist P € B(gx,z) and @ € S(gx,y) such that f(P) C BcU
and f(Q) C BcV. This implies PN Q = (. Therefore X is g-3-Tb.

Definition 5.3. A function [ : (X,g9x) — (Y,gy) is said to have strongly g-S-closed graph if for each
(z,y) € (X xY)\ G(f), there exist U € B(gx,x) and V € B(gy,y) such that (BcU x BcV)NG(f) = 0.

Theorem 5.9. If a function [ : (X,gx) — (Y, gy) is weakly g-B-irresolute, where Y is g-B-Ts, then G(f)

is strongly g-B-closed.

Proof: Let (z xy) € (X xY)\G(f). Then since y # f(x), by Lemma 5.1, there exists, U € B(gx, f(z)) and
V € B(gy,y) such that ScU N BcV = 0. Again since f is weakly g-S-irresolute, by Theorem 5.3, there exists
W € B(gx,x) such that f(8cW) C SeU. This implies f(BcW) N BeV =0 and so (BcW x V)N G(f) = 0.
Hence G(f) is strongly g-B-closed in X x Y.

Theorem 5.10. If a function f: (X,g9x) = (Y, gy) is weakly g-f-irresolute injection and G(f) is strongly
g-B-closed, then X is g-8-T5.

Proof: Let z,y € X and = # y. Since f is an injection f(z) # f(y) and (z, f(y)) ¢ G(f). Again since G(f)
is strongly g-3-closed, there exists U € 8(gx,x) and V € B(gy, f(y)) such that f(8cU) N BcV = 0. Also, f
being weakly g-[S-irresolute, there exists W € 3(gx,y) such that f(W) C BcV. Hence f(BcU)N fF(W) =0
and so U NW = 0. Therefore X is g-3-Ts.
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Definition 5.4. A GTS (X, g) is said to be connected [29] if there are no nonempty disjoint sets A,B € g
such that AUB =X. A GTS (X, g) is said to be B-connected [29] if (X, B(gx)) is connected.

Theorem 5.11. If a function f : (X,g9x) — (Y,gy) is a weakly g-B-irresolute surjection and X is [3-

connected, then Y is B-connected.

Proof: If possible, suppose that Y is not S-connected. Then there exists nonempty disjoint sets A, B € S(gy)
such that Y = AU B. This implies A, B € fr(Y) by Lemma 3.2. Now, since f is weakly g-g-irresolute,
by Lemma 3.2 and Theorem 5.3, we get f~1(A), f~1(B) € pr(X). Moreover f being a surjection, X =
F7H(A)U f~Y(B) where f~1(A) and f~!(B) are disjoint nonempty sets. Therefore X is not S-connected.

6. PROPERTIES OF STRONGLY g—ﬁ—IRRESOLUTE FUNCTIONS

Theorem 6.1. For a function f: (X, gx) — (Y, gy), the following are equivalent:

(i) f is strongly g-p-irresolute;

(ii) for each x € X, and each V € B(gy, f(x)), there exists U € B(gx,x) such that f(5-0-cU) C V;

(iii) for each x € X and each V € B(gy, f(x)), there exists U € pr(X,x) such that f(U) C V;

(i) for each x € X and for each V € B(gy, f(z)), there exist an g-f-open set U in X containing x such
that f(U) C V;

(v) f~YG) is g-B-8-open in X for every G € B(gy);

(vi) f~1(F) is g-B-8-closed in X for every F € Be(gy);

(vii) f(B-0-cA) C Be(f(A)) for every subset A of X ;

(viii) B-0-c(f~1(B)) C f~1(BcB) for every subset B of Y.

Proof: We first observe that (i) to (iv) are equivalent from Theorem 3.1 and Theorem 3.3.

(iv) = (v): Let G € B(gy) and z € f~1(G). Then we have f(z) € G and there exists a g-8-f-open set U in
X containing = such that f(U) C G. Therefore, z € U C f~1(G). Hence by using Corollary 3.1, f~1(G) is
g-B-6-open in X.

(v) = (vi): Obvious.

(vi) = (vii): Let A be any subset of X. Then f~1(B8c(f(A))) is g-B-0-closed in X and so we get 5-6-cA C j3-
0-c(f 1 (F(A)) C f-c(f~ (Be(F(A)) = £~ (Be(F(A))). Hence f(B-0-cA) C B-c(f(A)).

(vii) = (viii): Let B be any subset of Y. Then we have f(3-0-c(f~*(B))) C Be(f(f~*(B))) C fcB. Hence
B-0-c(f~1(B)) C f~H(BeB).

(viii) = (i): Let z € X and V € B(gy, f(x)). Since Y \ V € Be(gy), we have B-0-c(f~2(Y \ V)) C
Y (Be(Y \ V) = f~1(Y \ V). This implies f~1(Y \ V) is g-B-6-closed in X and so f~(V) is a S-6-open
set containing z. Then there exists U € B(gx,z) such that BcU C f~1(V) i.e. f(BcU) C V. Therefore f is

strongly g-(-irresolute.
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Theorem 6.2. A g-B-irresolute function f: (X, gx) — (Y, gy) is strongly g-B-irresolute if and only if X is

a g-B-regular space.

Proof: First let, every g-S-irresolute function be strongly g-S-irresolute. The identity function iy : (X, gx) —
(X, gx) is g-p-irresolute and therefore strongly g-S-irresolute. Therefore, for any P € S(gx) and any point
x =iq(x) € P, there exists Q € B(gx, ) such that ig(8cQ) C P. This implies € Q C Sc@ C P. Hence by
Lemma 5.1, X is g-f-regular.

Conversely, let f: (X,g9x) — (Y,gy) be g-G-irresolute and X be g-f-regular. Then for any € X and
any Q € B(gy, f(x)), we get f~1(Q) € B(g9x,x). Now, since X is g-B-regular, there exists P € 3(gx,z) such
that x € P C BcP C f~1(Q) i.e. f(BcP) C Q. Hence f is strongly g-3-irresolute.

Corollary 6.1. Let X be a g-8-reqular space. Then a function f : (X,gx) — (Y,gy) is strongly g-8-

irresolute if and only if it is g-B-irresolute.

Theorem 6.3. Let f: (X, gx) — (Y,gy) be a function and G(f) : X — X XY be the graph of f. If G(f)

is strongly g-B-irresolute, then f is strongly g-B-irresolute and X is g-B-reqular.

Proof: Suppose G(f) is strongly g-f-irresolute. To show, f is strongly g-f-irresolute, let z € X and
Q € B(gy, f(x)). Now by Lemma 3.2, we have X x Q is a g-f-open set of X x Y containing G(f).
Since G(f) is strongly g-B-irresolute, there exists P € S(gx,x) such that G(8cP) C X x Q. This implies
f(BcP) C @ and so f is strongly g-g-irresolute. To show X is g-f-regular, let P € 5(gx,x). Then since
G(f) € P x Y, using Lemma 3.2 we get, P x Y is g-8-open set in X x Y. Hence there exists S € 8(gx, )
such that G(8¢S) C P x Y. Therefore we obtain, z € S C 8¢S C P. So by Lemma 5.1, X is g-S-regular.
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